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ABSTRACT

The proposed iron calorimeter detector (ICAL) at India-based Neutrino Obser-

vatory (INO), aims to precisely measure the atmospheric oscillation parameters

sin2 θ23 and ∆m2
32, and determine the mass-hierarchy (MH) of the neutrinos. We

present the reach of the proposed INO-ICAL in measuring these atmospheric-

neutrino-oscillation parameters using full event-by-event reconstruction for the

first time. We find that the precision of the parameters deteriorates after the

realistic consideration of event-by-event reconstruction.

Low event statistics is a common feature among neutrino experiments. Hence,

for the first time in INO we study the fluctuations arising from low event statistics

and their effect on the parameter sensitivities and mass-hierarchy analysis for a

5-year exposure of the 50 kton ICAL detector. We find a reasonable agreement

between the unfluctuated and the average fluctuated precision reach obtained in

sin2 θ23 −∆m2
32 plane. We also find a mean resolution of ∆χ2 ∼ 2.9, which rules

out the wrong mass hierarchy with a significance of 1.7σ. A 15% probability of

identifying wrong MH is also observed as a result of fluctuations in the data.

We apply few event selection criteria to improve the reconstructed sample of

muons, but discovered that all reconstructed muon events must be included to get

maximum constraints on the oscillation parameters. We also find an improvement

in the precision measurements with the addition of hadron information.
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Neutrino physics

The Standard Model (SM) a SU(3) × SU(2) × U(1) gauge invariant quantum field

theory of elementary particle physics, almost completely describes the behaviour of

all known particles and three of the fundamental forces of nature. After the Higgs

boson discovery at CERN [1, 2], the SM fully acquired the status of the theory

of the elementary particles up to the electroweak energy scale of approximately

300 GeV. The quest for a fundamental theory that can explain all the phenomenon

in our universe had led us to the SM, but it is far from complete. For example,

the gravitational force, the weakest among all the forces, is excluded and the SM

accounts for less than 5% of the mass-energy density in the universe, the rest is

dark matter (26%) and dark energy (69%) [3]. Most pertinent to this thesis is that

neutrinos are considered massless fermions in the SM, but observations of neutrino

oscillations [4–12] have proved that they are massive. The implications of neutrinos

being massive, has opened a new window into the physics beyond the Standard

Model. Furthermore, there have also been hints of one or more sterile neutrinos

that mix with active flavor neutrinos [13–16]. Sterile neutrinos, an extension of

the SM, could explain the generation of neutrino masses and mixing, as well as

throw light on the observed matter-antimatter asymmetry of the Universe via the

leptogenesis mechanism [17, 18]. Sterile neutrinos also present themselves as a

perfect candidate for the dark matter searches [19]. Therefore, understanding the

neutrinos is key to a better understanding of our universe.

The current chapter presents a brief overview of neutrinos, its source and

properties. A detailed description on the neutrino oscillations, and the current

status on the oscillation parameters from different experiments around the globe

are discussed in the subsequent sections.
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1.1 A brief history of neutrinos

In the SM, neutrinos are massless fermions (spin 1/2 particles) that interact only

via the weak interaction through the exchange of W± or Z0 bosons. The neutrino

was postulated by W. Pauli in 1930 as a neutral massive (of the order of electron

mass) particle with spin 1/2 to explain the observed continuous energy spectrum

of electrons in the β decay [20]. Subsequently the discovery of the neutron by J.

Chadwick [21] enabled E. Fermi to build the first theory of β decay in 1934 [22].

The first method of neutrino detection was proposed by B. Pontecorvo using the

radiochemical method [23]. Later in a pioneering reactor neutrino experiment1

(1953-59) led by F. Reines and C.L. Cowan [24] confirmed the existence of neu-

trinos.

In 1956 Lee and Yang [25] postulated parity violation in weak interaction and

proposed it as a solution to θ − τ problem.2 The first experiments in which a

large parity violation in the weak processes was observed were performed by Wu

et al. [26] in the β decay of 60Co,3 and Lederman et al. [27] in the decay chain of

pions (1957). This led to the theory of the two component neutrino [20], which

assumed the neutrino to be a massless particle, and predicted the neutrino fields

to be either left-handed (helicity −1) or right-handed (helicity +1), and vice-versa

for the antineutrino fields. The experiment by Goldhaber et al. [28] measured a

negative helicity for the neutrino4 and confirmed the two neutrino-theory in 1958.

Later the structure of weak interaction (V − A type interaction) was generalized

from the two neutrino theory by Feynman and Gell-Mann [29] and Sudarshan and

Marshak [30].
1Antineutrinos from the reactor were detected by observing the process ν̄ + p → e+ + n,

where the two photons with opposite momentum emitted from e+ − e− anhilation are detected
in coincidence with a delayed γ-rays from the neutron capture by cadmium.

2Two strange particles θ and τ (now known asK+) have the same mass, charge, decay lifetime
and spin (zero) - except that θ decays to two pions (θ+ → π+π0) and τ decays to three pions
(τ+ → π+π−π+), states with opposite parity.

3Observed an asymmetry in the angular distribution of the electrons coming from the β decay
of polarized 60Co nuclei to confirm parity violation.

4Helicity of the neutrino was obtained from the measurement of circular polarisation of the
γ rays produced in the reaction chain: e− + 152Eu → ν + 152Sm∗ (152Sm + γ). Neutrinos
(antineutrinos) were observed to be left-handed (right-handed) with negative (positve) helicity.
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The second flavour of neutrino, νµ, was discovered by G. Danby et al. [31] at

Brookhaven neutrino experiment in 1962 and confirmed the existence of the second

generation of leptons (νµ, µ−). In the late 1960s, S. Weinberg [32], A. Salam [33],

and S. Glashow [34] proposed a SU(2) × U(1) gauge theory which unified the weak

and electromagnetic interaction into one electroweak interaction. The electroweak

theory predicted the existence of a scalar Higgs (H) boson and massive vector

W± and Z0 bosons, which take part in charged current (CC) and neutral current

(NC) interactions, respectively. The discovery of the third charged lepton τ± at

the SPEAR e+e− collider at Stanford [35] was incorporated into the electroweak

theory along with the τ neutrino (ντ ) and the third generation of quarks (top and

bottom). The first confirmation of the electroweak theory was with the discovery

of NC interations at CERN [36] in 1973. The direct observation of intermediate

vector bosons W± [37] and Z0 [38] at the CERN pp̄ collider experiment in 1983

and the precise measurements of the decay width of Z0 at e+e− colliders, LEP

at CERN and SLC at SLAC [39–42] (1989-92), established that the number of

different active neutrinos with mass less than 45 GeV, half the mass of the Z0, is

2.984±0.008.5 Finally the third type of neutrino ντ was observed by the DONUT

collaboration at the Fermilab [43] in 2000, completing the third family of particles.

The electroweak theory of the SM assumes neutrinos to be massless and was

successful in explaining the neutrino properties, but recent experiments on neu-

trino oscillations [4–7, 9–12, 44] have proved that the neutrinos are massive. The

SM can be extended to include massive Dirac neutrinos, and as a consequence

there must be a right-handed neutrino state, the sterile neutrino, which does not

interact with known SM matter. Anomalies observed in few of the neutrino os-

cillation experiments, LSND and MiniBooNE [13–15], hints the presence of one

or more sterile neutrinos,6 but so far there is no significant evidence. The other

possibility is that the neutrinos are Majorana particle [46,47], where the neutrinos

and antineutrinos are identical.7 In beyond the SM theories, Majorana neutrinos

can explain the smallness of their mass via the see-saw mechanism, as well as
5The Planck result for the effective number of light neutrino families, Neff = 3.15± 0.23 [3],

also agrees well with the electroweak theory of the SM
6LSND result was excluded by 90% CL in a global analysis performed by MINOS, Daya Bay

and Bugey-3 [45], but one of the MiniBooNE mode is still allowed.
7This would imply the violation of lepton number.
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explain the baryon asymmetry seen in the universe.

The neutrino masses are extremely small in comparison to other elementary

particles, and measuring it is crucial for both particle physics and cosmology.

Cosmological observation gives the current best limit on the effective neutrino

mass, i.e. the sum of neutrino masses Σimνi < 0.12 eV (95% C.L.) [48]. The search

for the Majorana neutrinos in the neutrinoless-double β decay have the effective

neutrino mass8 limit aroundmββ = 0.12−0.25 eV [50]. The least model-dependent

mass measurement is in β-decay experiments, which results in an effective mass9

limit m2
νe < 2 eV2 [51]. Experiments on neutrino oscillations have given stringent

limits on the mass-square differences, as oscillations are only sensitive to mass-

square difference, but it also can measure the hierarchy of neutrino masses (see

Sec.1.3).

1.2 Neutrino interactions with matter

Neutrinos interact only through the weak CC and NC interactions via the exchange

of massive W± and Z0 vector bosons. Figure 1.1 shows the NC and CC vertex,

where the neutrino flavor να, α = e, µ, τ , exchanges neutral Z0 and charged W±

bosons respectively. The CC exchange by the neutrino produce its charged lepton

counterpart, while there is no final state charged lepton in NC exchange.

να να

Z0

(a)

να α

W±

(b)

Figure 1.1: Feynman diagrams for the neutrino (a) neutral current (NC) vertex
and (b) charge current (CC) vertex. Here α = e, µ, or τ .

The neutrinos go through various NC and CC interactions across the differing

energy scales. As the neutrinos interact very weakly with the matter, its interac-
8In double β-decay, the effective mass is a linear combination of neutrino mass states given

by mββ = |ΣiU2
eimνi |, where Uei are the elements of the PMNS mixing matrix [49].

9The effective electron neutrino mass in single beta decay is taken as m2
νe = Σi|Uei|2m2

νi
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tion cross-section is very small,10 and is proportional to the neutrino energy. The

various processes mediated by the neutrinos and their respective energy thresholds

are as follows [53]:

(i) Threshold-less and low energy process:

The neutrinos with very low energy, i.e. Eν ∼ 0− 1 MeV, undergo the threshold-

less process, which includes coherent scattering and neutrino capture.

(a) Coherent scattering: The neutrino interacts coherently with the nucleus
(AZ

N) via NC exchange.11

να + AZ
N → να + A∗ZN . (1.1)

(b) Neutrino capture: The nucleus captures the electron neutrino because it is
energetically favourable,12

νe + AZ
N → e− + AZ+1

N−1. (1.2)

Also, Inverse β-decay (ν̄e + p→ e+ + n) with energy thresholds between Eν ∼

1 − 10 MeV and threshold-less neutrino-electron elastic scattering process (να +

e− → να+e−) mediated by NC and CC exchange are few of the low energy process

undergone by the neutrino.

(ii) Intermediate and high energy processes:

Neutrinos with higher energy probe the target nucleus at smaller length scales.

Their interactions in the energy range Eν ∼ 0.1−500 GeV can mainly be classified

in to elastic and quasi-elastic (QE) scattering, resonance production (RES) and

deep inelastic scattering (DIS).

(a) Elastic and quasi-elastic scattering: Neutrinos with energy Eν . 2 GeV,
scatter off a nucleon via CC and NC exchange liberating a nucleon (or multiple
nucleons). The quasi-elastic scattering is mediated by the CC exchange, where
the interactions are given by,

CC ναn→ α−p, ν̄αp→ α+n. (1.3)
10Roughly of the order of 10−49 m2 to 10−42 m2 [52].
11Threshold-less coherent scattering are yet to be detected by the experiments, and are pro-

posed as a possible mechanism to detect relic neutrinos from the early universe.
12Neutrino capture is similar to the β-decay, except that it interacts with the nucleus.
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(a) (b)

Figure 1.2: Total CC cross-section per nucleon per neutrino energy as a function
of neutrino energy for (a) neutrinos and (b) antineutrinos [53]. The comparison
of theoretical and experimental values are also shown.

The elastic scattering is mediated by NC exchange, where the interactions are:

NC
{

ναn→ ναn, ναp→ ναp
ν̄αn→ ν̄αn, ν̄αp→ ν̄αp.

(1.4)

The other high energy CC QE process include inverse muon decay, where muon
neutrinos with energy above the muon production threshold (∼ 11 GeV13) can
interact with electrons to produce a muon:

νµ + e− → νe + µ−. (1.5)

The cross-section for this particular process is very low compared to other QE
process.

(b) Resonance production: In an inelastic neutrino and baryon (N) interaction
via CC (NC) exchange, mesons are produced from the decay of the baryon
resonances (N∗), i.e. να + N → α−(να) + N∗ and N∗ → π + N ′. This
resonant single pion production is dominant in the neutrino energy range
Eν ∼ 1− 2 GeV. The possible CC (three processes) and NC (four processes)
RES reactions are given by,

CC


ναp→ α−pπ+, ν̄αp→ α+pπ−,
ναn→ α−pπ0, ν̄αp→ α+nπ0,
ναn→ α−nπ+, ν̄αn→ α+nπ−.

(1.6)

NC


ναp→ ναpπ

0, ν̄αp→ ν̄αpπ
0,

ναp→ ναnπ
+, ν̄αn→ ν̄αnπ

0,
ναn→ ναnπ

0, ν̄αn→ ν̄αnπ
0,

ναn→ ναpπ
−, ν̄αn→ ν̄αpπ

−.

(1.7)

13The energy threshold is very high, as the energy required Eν ≈ m2
µ/2me.
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Neutrino interaction Threshold energy Cross-section (10−38 cm2)
Elastic and quasi-elastic scattering . 2 GeV 0.55
Resonance production ∼ 1− 2 GeV 1.02
Deep inelastic scattering & 2 GeV 0.05

Table 1.1: Range of threshold energy required for different neutrino interactions
and the neutrino cross-section measured at 2 GeV. Refer to the Fig. 1.2 for the
variation of cross-section with the neutrino energy.

The baryonic resonance can also produce multiple pions or kaons14 in the final
state as resonant production.

(c) Deep inelastic scattering: Neutrinos with energy Eν & 2 GeV, scatter off
quarks in the nucleon via the CC and NC interactions producing a lepton and
a cascade of hadrons (X). The reaction channels are given by,

CC ναN → α−X, ν̄αN → α+X,

NC ναN → ναX, ν̄αN → ν̄αX.
(1.8)

The neutrino and antineutrino CC cross-sections for the intermediate and high

energy processes are illustrated in the Fig. 1.2. Table 1.1 summarizes the cross

section and threshold energy of different neutrino interactions.

1.3 Neutrino oscillations

In 1968 the Homestake experiment, performed by Ray Davis and collaborators [54]

measured the solar neutrino flux using a radiochemical technique15 as proposed

by B. Pontecorvo [23]. The experiment measured electron neutrinos with an en-

ergy threshold of Eν = 0.814 MeV,16 but was only able to detect 1/3 of the solar

neutrino flux above this threshold predicted theoretically by John N. Bahcall and

collaborators [55].17 This measured discrepancy is explained by neutrino oscilla-

tions, where the neutrino is a superposition of all three flavors with a definite mass
14The kaon reactions channels have small cross-sections due to the kaon mass and as these

channels are not enhanced by any dominant resonance.
15They measured the number of Argon (37Ar) atoms produced from chlorine (37Cl) via the

inverse β reaction νe + 37Cl→ 37Ar + e−.
16Homestake event rate comes from high energy 8B neutrinos, since the 8B neutrinos from the

PP chain reaction have relatively large energy than the other neutrinos produced in the chain
reaction (see Fig. 1.8).

17This seen anomaly was called the “solar neutrino problem”. There was also a deficit in at-
mospheric neutrino flux measured, which was referred to as the “atmospheric neutrino problem”.
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and has certain probability, which depends on flight distance and energy of the

neutrino, to be identified as a particular flavor.

Neutrino oscillation were proposed by B. Pontecorvo [56] in 1957, where he

suggested an oscillation between Majorana neutrino and antineutrino in analogy

with the strangeness-oscillation of neutral kaons [57]. Later in 1962, the oscil-

lations between different active neutrino flavors was explained by Z. Maki, M.

Nakagawa and S. Sakata [49].

1.3.1 Oscillations in vacuum

The neutrino states produced with leptons in the weak interaction are called weak

flavor eigenstates (νe, νµ, ντ ). These, along with any sterile neutrinos if present

(νs1, νs2 etc.), are linear superpositions of the fundamental mass eigenstates νj
(j = 1, 2, 3, ...) with definite masses (mj) [52]

|να〉 =
n∑
j=1

U∗αj |νj〉 . (1.9)

Here n = 3 + ns (ns is the number of sterile neutrinos), Uαi are the elements of a

n× n unitary matrix. The massive neutrino states |νj〉 are the eigenstates of the

Hamiltonian, i.e. H |νj〉 = Ej |νj〉, with energy eigenvalues Ej =
√
p2 +m2

j . The

time evolution18 of the mass eigenstates have plane wave solutions given by

|νj(t)〉 = e−iEjt |νj〉 . (1.10)

From Eqs. (1.9) and (1.10), the time evolution of neutrino flavor state να is,

|να(t)〉 =
∑
j

U∗αje
−iEjt |νj〉

=
∑
j

U∗αje
−iEjt

∑
γ

Uγj |νγ〉
(1.11)

Hence the pure flavor state |να(t)〉 at t = 0, becomes a superposition of differ-

ent weak flavor eigenstates (|νγ〉) as it evolves in time (t > 0). The transition
18The mass eigenstates propagate according to the time-dependent Schrodinger equation

i ddt |νj(t)〉 = H |νj(t)〉, with no potentials.
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amplitude for detecting a neutrino of flavor νβ at any time t is given by,

A (να → νβ) = 〈νβ|να〉

=
∑
j

U∗αjUβje
−iEjt

(1.12)

The transition probability is, then, given by

P (να → νβ) = |A (να → νβ) |2

=
∑
j

∑
k

U∗αjUβjUαkU
∗
βke
−i(Ej−Ek) (1.13)

In the ultra-relativistic case, we have

Ej =
√
p2 +m2

j ≈ E +
m2
j

2E , (1.14)

where E = p is the energy of the neutrino as mi → 0.19 Substituting for t = L in

Eq. (1.13), where L is the distance travelled by the neutrino20

P (να → νβ) =
∑
j

∑
k

U∗αjUβjUαkU
∗
βkexp

(
−i

∆m2
jkL

2E

)
, (1.15)

where ∆m2
jk = m2

j − m2
k is the mass-square difference between the mass eigen

states. The phase of the transition probability is determined by the mass-square

difference, whereas the amplitude is determined by the elements of the unitary

matrix. Therefore oscillation experiments are only sensitive to ∆m2
jk, and not to

mi. The transition probability can be written in a useful form by separating the

real and imaginary parts in Eq. (1.15)

P (να → νβ) = δαβ − 4
∑
j>k

<e
[
UβjU

∗
αjU

∗
βkUαk

]
sin2

(
∆m2

jkL

4E

)

+ 2
∑
j>k

=m
[
UβjU

∗
αjU

∗
βkUαk

]
sin

(
∆m2

jkL

2E

)
.

(1.16)

19All the mass eigenstates are assumed to have equal momentum (p).
20Ultra relativistic neutrinos travel almost with the speed of light, also assuming c = ~ = 1,

t = L is a reasonable approximation.
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For anti-neutrinos Uαj → U∗αj [58], thus we have

P (ν̄α → ν̄β) = δαβ − 4
∑
j>k

<e
[
UβjU

∗
αjU

∗
βkUαk

]
sin2

(
∆m2

jkL

4E

)

− 2
∑
j>k

=m
[
UβjU

∗
αjU

∗
βkUαk

]
sin

(
∆m2

jkL

2E

)
.

(1.17)

Accounting for factors of ~ and c in Eq. (1.16),

∆m2
jkL

4E ≈ 1.27∆m2
jk

L

E
, (1.18)

where the units of ∆m2
jk is eV2, L is km, and E is GeV. Hence the oscillations oc-

cur when the transition probabilities are non-zero, which requires non-degenerate

neutrino masses and non-zero mixing as evident from Eqs. (1.16) and (1.17). The

transition probabilities for the channel α = β are called survival probabilities, and

the quadratic terms in Eqs. (1.16) and (1.17) will have a real form without any

imaginary terms. Hence the CP asymmetry, ACP
αβ = P (να → να) − P (ν̄α → ν̄α),

can be measured only in a transition between different flavors and is given by

ACP
αβ = 4

∑
j>k

=m
[
UβjU

∗
αjU

∗
βkUαk

]
sin

(
∆m2

jkL

2E

)
. (1.19)

Two-flavor vacuum oscillations

In the case of two flavor neutrino oscillations, the mixing is governed by a 2 × 2

unitary matrix U with a single effective parameter (θ).

U =

 cos θ sin θ

− sin θ cos θ

 (1.20)

Assuming νe → νµ flavor oscillations, the transition and survival probabilities from

Eq. (1.15) are given by21

P (νe → νµ) = Peµ = sin2 2θ sin2
(

1.27∆m2 L

E

)
, and

P (νe → νe) = Pee = 1− P (νe → νµ)
(1.21)

21Where the sum is over four elements with the combinations of j ∃ (1, 2) and k ∃ (1, 2).
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Figure 1.3: Oscillation probability as a function of distance traveled by the neu-
trino (L), for a given set of parameters ∆m2

21 = 0.003 eV2, sin2 2θ = 0.7 and
Eν = 2 GeV.

A plot of the oscillation probabilities as a function of L, is shown in Fig. 1.3,

for a particular set of parameters ∆m2
21 = 0.003 eV2, sin2 2θ = 0.7 and energy

Eν = 2 GeV. At L = 0, the oscillation probability is zero and the survival

probability is one. As L increases, the oscillation probability increases and reaches

a maximum at 1.27∆m2L/E = π/2 or L = 824 km. Here the amplitude of

oscillation is given by the mixing angle, and sin2 2θ = 0.7 signifies a maximum

oscillation, or maximum mixing, of 70%. As L increases further, the oscillation

probability reduces until around 1.27∆m2L/E = π, to get the initial composition

of neutrino flavor.

Note when the neutrino masses are degenerate or zero, viz. ∆m2 = 0, there are

no oscillations. Also, large ∆m2 signifies oscillation sensitivity at short baselines

(L) and vice versa.

Three-flavor vacuum oscillations

In case of three flavor oscillations, the three active neutrinos νe, νµ and ντ evolve

in a more complicated, oscillatory manner, as they are linear superpositions of

three, rather than two, mass eigenstates. The mixing is governed by a 3 × 3

unitary matrix, often refered as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
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matrix [49], and is represented by the following well-known parametrization,

U =


c12c13 s12c13 s13e

−iδ

−c23s12 − s23s13c12e
iδ c23c12 − s23s13s12e

iδ s23c13

s23s12 − c23s13c12e
iδ −s23c12 − c23s13s12e

iδ c23c13




1 0 0

0 ei
α21

2 0

0 0 ei
α31

2

 ,
(1.22)

where sij = sin θij, cij = cos θij.22 The oscillations are governed by two indepen-

dent mass squared differences (∆m2
21,∆m2

32; ∆m2
ij ≡ m2

i −m2
j ; i, j = 1, 2, 3; i 6=

j), mixing angles (θ12, θ13, θ23) and one (δ) or three (δ, α21, α31) CP violating

phases, depending on whether neutrinos are Dirac or Majorana particles [59],

respectively.23

Figure 1.4: Schematic representation of the possible neutrino mass hierarchies [60],
normal (NH) and inverted (IH) hierarchy.

The parameter ∆m2
21 was found to be small and positive from solar and reactor

neutrino experiments [61], but the sign of ∆m2
32 is yet to be determined. Corre-

spondingly, two three-neutrino mass spectra are possible: Normal Hierarchy (NH)

(m1 < m2 < m3) and Inverted Hierarchy (IH) (m3 < m1 < m2), as illustrated in

Figure 1.4. Note that the absolute mass scales are not known, but measuring the

mass hierarchy will provide the information on the lightest and the heaviest of the

active neutrinos.
22Given by the limits: angles θij = [0, π/2] and δ = [0, 2π].
23A 3×3 unitary matrix has 32 = 9 independent parameters, three amplitudes and six phases.

The Dirac neutrino fields can be redefined to absorb five of the unitary phase to get three
amplitudes (θ12, θ13, θ23) and one CP phase (δ), while Majorana type neutrinos will have two
additional phases (α21, α31).
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Understanding the oscillations is easier under the approximation of one mass-

scale dominance,24 i.e. assuming ∆m2
21 = 0; this approximation works well for

reasonable energies and length scales [62]. Under this approximation, the simpli-

fied analytical expressions for three-flavor vacuum oscillations are given by

Pµµ = 1− sin2 θ23 sin2 2θ13 sin2
(

1.27∆m2
31L

E

)

− cos4 θ13 sin2 2θ23 sin2
(

1.27∆m2
31L

E

)
,

(1.23)

Peµ = sin2 θ23 sin2 2θ13 sin2
(

1.27∆m2
31L

E

)
. (1.24)

As a consequence of the approximation, these expressions are independent of the

phase δ, which means the neutrino vacuum oscillation probability will be equiva-

lent to antineutrino vacuum oscillation probabilities (Pαβ = P̄αβ).

1.3.2 Matter effects on oscillations

νe,µ,τ νe,µ,τ

p, n, e p, n, e

Z0

(a)

νe e

e νe

W±

(b)

Figure 1.5: Feynman diagrams for the neutrino scattering inside the matter via
(a) neutral current (NC) interaction and (b) charge current (CC) interaction.

In matter, neutrino propagation is affected by interactions; they can scatter on

the electrons (e−), protons (p) and neutrons (n) present. The incoherent elastic

and the quasi-elastic scattering have a negligible effect on the neutrino propaga-

tion [51], where as coherent forward elastic scattering significantly modifies oscilla-

tion probabilities [63,64].25 Contributions from neutral current (NC) interactions
24Since ∆m2

32 � ∆m2
21, the oscillations are assumed to be dominated by one mass-scale ∆m2

32
and the value of ∆m2

21 ≈ 0. Hence ∆m2
32 = ∆m2

31 in this approximation.
25In a coherent scattering, the wave function of the nucleus remains the same before and after

the interaction. Hence, the charge, spin, isospin or other quantum numbers will not change,
whereas, the incoherent elastic and the quasi-elastic scattering changes the states of the initial
particles in the process.
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of all three neutrinos flavors (νe, νµ and ντ ) with matter particles are the same

(Fig. 1.5(a)), hence they do not have any impact on neutrino oscillation prob-

abilities. Electron neutrinos have an additional charge current (CC) interaction

(Fig. 1.5(b)),26 which results in an appearance of additional phase difference in

neutrino system through matter potential given by,

Acc = ± 2
√

2GFneE

= ± 7.63× 10−5 ρE,
(1.25)

where the sign is positive for ν and negative for ν̄. Here, GF is the Fermi coupling

constant, E is the neutrino energy in GeV, and ne is the electron number density,

which is related to the matter density ρ in gcm−3. The time evolution of the flavor

eigenstates in the presence of a matter potential is given by the expression:

i
d

dt
[να] = 1

2E
(
UM2U † +A

)
[να] , (1.26)

where U is the PMNS mixing matrix given by the eqn (1.22) and

[να] =


|νe〉

|νµ〉

|ντ 〉

 ,M2 =


0 0 0

0 ∆m2
21 0

0 0 ∆m2
31

 ,A =


Acc 0 0

0 0 0

0 0 0

 (1.27)

The resultant Hamiltonian, i.e. H = 1
2E

(
UM2U † +A

)
, in the flavor basis

can be transformed into the mass basis and diagonalized27 to obtain the correct

mass eigenstates in matter, which can then be mapped to the vacuum eigen-

states. Therefore, assuming one-mass scale dominant approximation and within

the framework of constant density, the effective oscillation parameters [∆m2
31]m

and sin 2θm13 in matter28 can be expressed as [62]:

[
∆m2

31

]m
=
√

(∆m2
31 cos 2θ13 − Acc)2 + (∆m2

31 sin 2θ13)2
, (1.28)

sin 2θm13 = sin 2θ13∆m2
31√

(∆m2
31 cos 2θ13 − Acc)2 + (∆m2

31 sin 2θ13)2
. (1.29)

26As the ordinary matter only contains electrons, protons and neutrons, and are devoid of
muons and tau leptons. Only the electron neutrinos can take part in CC scattering.

27The Hamiltonian will no longer be diagonal in the mass basis after rotation from the flavor
basis, hence the mass eigenstates in a vacuum are not the eigenstates of the Hamiltonian in
matter. Therefore the resultant Hamiltonian is diagonalized.

28Here, the oscillation parameters with superscript “m" are those prone to matter effects.
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Correspondingly the oscillation probabilities in Eqs. (1.23) and (1.24) are modified

as follows:

Pm
µµ = 1− sin2 2θ23 cos2 θm13 sin2

1.27

(
∆m2

31 + Acc + [∆m2
31]m

)
L

2E


− sin4 θ23 sin2 2θm13 sin2

(
1.27[∆m2

31]m L
E

)

− sin2 2θ23 sin2 θm13 sin2

1.27

(
∆m2

31 + Acc − [∆m2
31]m

)
L

2E

 , and

(1.30)

Pm
eµ = sin2 θ23 sin2 θm13 sin2

(
1.27[∆m2

31]m L
E

)
. (1.31)

For the analysis presented in this thesis, the matter effects are applied by

numerically evolving the full three flavor neutrino propagation, as described in

Eq. (1.26), using the method reported in Ref. [65], which assumes the Preliminary

Reference Earth Model (PREM) [66] density profile for the Earth.29 The following

are the consequences of matter effects:

1. The transition and survival probabilities are different in matter and vacuum.

2. The matter effects are not the same for neutrinos and antineutrinos as the
value of Acc is positive for a neutrino and negative for an antineutrino, which
can be clearly seen from Figure 1.6, even in the absence of CP violation. The
CP phase (δ) drops out for one mass scale approximation, but if present,
also has the same effect on the oscillation probabilities.

3. When the value of Acc is zero, the matter modified parameters reduce to
the vacuum parameters as expected, i.e., [∆m2

31]m = ∆m2
31 and sin 2θm13 =

sin 2θ13.

4. For very dense matter Acc →∞, therefore sin 2θm13 → 0. Hence there will be
no oscillation in dense matter as the amplitude of the mixing tends to zero.

5. Resonance happens when Acc = ∆m2
31 cos 2θ13, which implies [∆m2

31]m =
∆m2

31 sin 2θ13 and sin 2θm13 = 1. The matter mixing angle sin 2θm13 is maximum
regardless of the value of the vacuum mixing angle sin 2θ13. This is called
the MSW resonance [64]. The peaks (around 103 in L/Eν) in νe oscillations
in Figure 1.6(b) and 1.6(d) are due to the resonance, where the transition
probability becomes maximal.

29However, the equations from (1.28) to (1.31) are obtained by assuming the approximation
of one mass-scale dominance to understand the matter effects better, and are not used in the
analysis.
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Figure 1.6: Survival and oscillation probabilities as a function of log(L/Eν) are
shown for both neutrinos and antineutrinos assuming normal [Fig (a) and (b)]
and inverted hierarchy [Fig (c) and (d)]. The probabilities are compared with
and without matter effects, showing the difference in the effect of MSW res-
onance for neutrinos and antineutrinos for the different hierarchies. Here we
choose around Eν ≈ 5 GeV, where it satisfies the resonance condition for con-
stant density ρ = 5.51 gcm−3. The oscillation parameters are chosen to be
θ13 ∼= 8.6◦, θ12 ∼= 33.4◦ θ23 ∼= 45◦ ∆m2

31 = 0.00232 eV2 and ∆m2
21 = 7.5×10−5 eV2.

6. If ∆m2
31 is positive, i.e. normal hierarchy, the resonance will happen in

neutrino oscillations (see Figure 1.6(a) and 1.6(b)).

7. If ∆m2
31 is negative, i.e. inverted hierarchy, the resonance will happen in

antineutrino oscillations (see Figure 1.6(c) and 1.6(d)).

From items 6 and 7 it is clear that matter effects can distinguish normal and

inverted mass hierarchy, provided the resonance is observed separately in neutrino

and antineutrinos.
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1.4 An overview of neutrino sources and exper-

iments

Knowledge of the neutrino flux is of fundamental importance in designing a neu-

trino oscillation experiment and in performing data analysis. Most of the fluxes

are modeled, and are validated using experimentally observable parameters of the

model. The neutrino flux covers wide range of energy, from µeV neutrinos, which

are relics from big-bang nucleosynthesis,30 to EeV cosmogenic neutrinos.31 Figure

1.7 shows the measured energy spectrum of the solar, supernova, geo, reactor and

atmospheric neutrinos, along with the expected rate of neutrinos from cosmologi-

cal, cosmogenic, supernova background and active Galactic nuclei32 (AGN). The

low energy cosmic neutrino flux is exceedingly difficult to measure directly, but its

existence was confirmed by an analysis of the Planck (2013) data [69].

Figure 1.7: Measured and expected rate of natural and reactor neutrinos [70].

The higher end of the spectrum is modeled by neutrinos from γ-ray burst, AGN

and cosmogenic origins. These high energy neutrinos are yet to be detected. The
30Big-bang nucleosynthesis refers to the production of nuclei in the early phase of the universe,

shortly after the big-bang.
31Cosmogenic neutrinos are high energy neutrinos, which are produced in the interaction

between high energy cosmic rays and background photons (cosmic microwave background -
CMB) in the universe [67].

32Active galactic nuclei (AGN) are energetic astrophysical source with an actively accreting
super massive black hole [68]. The cold matter (gas and dust) forming accretion disks around
black holes feed them matter producing massive burst of radiation.
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recent observation of PeV scale neutrinos33 by the IceCube neutrino observatory

[71] is consistent with their origin being astrophysical rather than cosmogenic at

the 99% confidence level (CL). Detecting the high energy neutrinos in EeV range

requires large scale detectors34 in the future.

Many experiments have detected neutrinos emanating from the Sun [54] and a

supernova burst [74–76], registering energies from few keV to few tens of MeV.35

The atmospheric neutrino flux has the widest range of energies from a few MeV

to hundreds of TeV. Atmospheric neutrinos along with reactor, accelerator and

solar neutrinos are used extensively in neutrino oscillation studies. Solar and

atmospheric neutrinos are among the naturally produced neutrinos used in oscil-

lation experiments, therefore their fluxes, energy spectra, and baselines cannot be

controlled. Hence a good understanding of their fluxes is of utmost importance.

1.4.1 Solar neutrinos

The sun is an abundant source of electron neutrinos with energies of the order of

1 MeV. The neutrinos are produced in the thermonuclear reactions known as pp

(proton-proton) chain, where four protons and two electrons combine to form 4He

nucleus along with the emission of two neutrinos and some energy.

4p+ 2e− → 4He + 2νe + 26.731 MeV− Eν . (1.32)

Figure 1.8 shows the solar neutrino spectrum predicted by the BPS08(GS)

standard solar model [77]. The pp reactions produce relatively large flux of neu-

trinos, but with low energies. Larger energies are observed for the neutrinos from
3He p and 8B reactions.

33The estimated neutrino energies were (2.6± 0.3)× 106 GeV and (7.7± 2.0)× 105 GeV.
34Radio Askaryan neutrino detectors like ARA [72] or ARIANNA [73] will be important in

detecting them in the future.
35The neutrinos from supernova explosion (SN1987A) were simultaneously measured by

Kamiokande II [74] and Irvine-Michigan-Brookhaven (IMB) [75] with energies 10 to 40 MeV,
whereas the Mont Blanc events [76] were detected 4.5 hr before the other detectors detected
them, and hence are generally assumed to be statistical fluctuations.
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Figure 1.8: Solar neutrino spectrum predicted by the BPS08(GS) standard solar
model [77].

Solar neutrino experiments

The first evidence of solar neutrinos came after the measurement of relatively

energetic 8B neutrinos by the Homestake experiment in 1968 [54]. The experiment

observed the radio-chemical reaction in which chlorine (37Cl) nuclei are converted

to argon (37Ar),36 with the absorption of a neutrino,

νe + 37Cl→ 37Ar + e−, (1.33)

which has an energy threshold of 0.814 MeV. Gallium based experiments,37 GALLEX

[78, 79] and GNO [80] at Gran Sasso (Italy) and SAGE [81] at Baksan (Russia)

were primarily sensitive to neutrinos from the pp reaction, due to its lower energy

threshold of 0.233 MeV. Borexino [82–86], a liquid scintillator detector at Gran

Sasso directly observed the 7Be neutrino flux for the first time [82], and was the

first experiment to measure the flux of pep [83] solar neutrinos.
36The 37Ar nuclei produced in the reaction are radioactive with a half-life of 34.8 days. They

were chemically extracted and counted using a proportional counter.
37Gallium experiments utilized the reaction νe + 71Ga→ 71Ge+ e−, where 71Ge atoms decay

through electron capture with a half-life of 11.43 days.
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Decay Branching ratio (%)
π± → µ± + νµ(ν̄µ) 99.9877
π± → e± + νe(ν̄e) 0.0123
K± → µ± + νµ(ν̄µ) 63.55
K± → π0 + µ± + νµ(ν̄µ) 3.353
K± → π0 + e± + νe(ν̄e) 5.07
KL → π± + µ∓ + ν̄µ(νµ) 27.04
KL → π± + e∓ + ν̄e(νe) 40.55
µ± → e± + ν̄µ(νµ) + νe(ν̄e) 100

Table 1.2: Atmospheric neutrino producing decay modes of the secondary cosmic
ray particles and its branching ratios [51].

Water Cherenkov detectors, Kamiokande [87,88] and Super-Kamiokande [89–92]

using H2O, and SNO [93–96] using heavy water (D2O), measured the 8B neutrino

flux, which was instrumental in establishing neutrino oscillations. The Super-

kamiokande experiment observed the elastic scattering (ES) of neutrinos, i.e. να+

e− → να + e−, and measured a flux less than half of that predicted by the solar

standard model [90]. The measured flux ΦSK
ES = (2.35±0.02±0.08)×10−6 cm−2s−1,

was consistent with the observation made by the Homestake experiment.38

The SNO experiment observed CC [νe+d→ e−+p+p], NC [να+d→ να+p+n]

and elastic scattering [να+e− → να+e−] of the neutrinos, and measured a relative

excess of NC events over the CC events [95]. Note that the NC reactions are

equally sensitive to all active neutrino flavors, while CC reactions are only sensitive

to νe. The relative flux measured is ΦSNO
CC /ΦSNO

NC = 0.340± 0.023+0.029
−0.031 [95], which

demonstrated that about two out of three νe oscillate to νµ or ντ . Hence, the result

solved the solar neutrino problem and proved neutrino oscillation hypothesis.

1.4.2 Atmospheric neutrinos

Atmospheric neutrinos are the decay products of the secondary cosmic ray particles

produced in the interaction of a primary cosmic ray, which are predominantly
38Note that Super-Kamiokande experiment is sensitive to all active neutrinos (νe, νµ, ντ ),

however νe sensitivity is larger than νµ and ντ sensitivity since σ(νµ,τe) ≈ 0.16σ(νee).
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Figure 1.9: Schematic of decay modes producing atmospheric neutrinos.

protons, with the nuclei in the Earth atmosphere in interactions like

p+ An → π± +X , (1.34)

where An represents the nuclei in earths atmosphere (mainly nitrogen, oxygen

and carbon), and X represents a collection of other hadrons and nuclei. The

primary cosmic ray particles are highly energetic particles emerging from galactic

and extragalactic sources. The main components of the primary cosmic ray flux

are protons (79%), alpha particles (15%), and heavy nuclei (4%) [52].

The secondary particles produced are mainly pions (π±), but primary cosmic

rays of higher energy also lead to secondary kaons (K±). The decay channels of

the secondary and tertiary particles with their respective branching fractions are

given in the Table 1.2. Note that only the neutrino flavors νe(ν̄e) and νµ(ν̄µ) are

produced in the atmosphere (see Fig. 1.9). Production of ντ requires the decay of

heavier mesons (like Ds → τντ ),39 but their contribution is very small with the ντ
flux is estimated to be about 10−6 times lower than νµ or νe [97].

39The branching fraction of Ds → τντ is just 5.5% [51] and the ντ contribution from the decay
of other heavier mesons is negligible compared to the Ds contribution [97].
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The energy spectrum of the atmospheric neutrino flux follows an approximate

single power function, ∝ E−γν , above a few GeV. The spectral index γ is estimated

to be around 3.0 and 3.5 for νµ and νe respectively.40 Figure 1.10(a) shows the

energy spectrum of neutrino flavors νe(ν̄e) and νµ(ν̄µ) calculated from different

models (Honda [98], Bartol [99] and Fluka [100]).
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Figure 1.10: Different model calculations of (a) the direction integrated fluxes and
(b) flux ratios, as a function of neutrino energy for different neutrino species. The
figures are reproduced from Honda et al. [98].

In the subsequent decay of secondary and tertiary particles, the flux of neu-

trino flavors Φ [νµ + ν̄µ] and Φ [νe + ν̄e] are produced approximately in a 2:1 ratio.

Figure 1.10(b) shows the Φ [νµ + ν̄µ] /Φ [νe + ν̄e] ratio as a function of neutrino

energy Eν . The ratio increases with the increase in energy, as the high energy

tertiary muons reach the Earth without decaying in to electrons. Historically,

many experiments41 on atmospheric neutrinos have measured this ratio in search

for neutrino oscillations.

The flavor ratio cannot be measured directly, as the neutrinos are not observed

directly. Instead, the charged lepton counterparts produced in the CC interaction

are detected. Hence the experiments measure the ratio-of-ratios,

Rµ/e ≡
(Nµ/Ne)data

(Nµ/Ne)expected
, (1.35)

40The systematic uncertainty is estimated to be 5% , which mainly arises from the spectral
index of the primary cosmic ray. The detailed systematic calculations are described later.

41Initially the experiments were built in search of nucleon (proton) decay where the atmo-
spheric neutrinos were the background, but later the study of atmospheric neutrinos took the
center stage.
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where, Nµ and Ne are the number of µ and e candidates; any deviation of Rµ/e

from unity is evidence of oscillations.
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Figure 1.11: Schematic showing the direction of a neutrino (up or down going)
and the L associated with the zenith angle θz.

The atmospheric neutrinos are a unique source in that they cover a wide range

of Eν and L. Hence they are sensitive to neutrino oscillations over a wide range of

∆m2. Figure 1.11 shows the schematic of the relationship between the direction

of a neutrino (up or down going) and L associated with a particular zenith angle

(θz).42

The primary cosmic rays arrive almost isotropically around the globe, hence

the neutrino flux is quite symmetric about the up and down directions, i.e., Φν will

be equal in θz and the π−θz directions. However at low energies, Eν < 3 GeV [101],

the up-down symmetry is affected by the geomagnetic effects.43 At higher energies

the flux is essentially symmetric in zenith angle, and any asymmetry observed will

be a model-independent proof of neutrino oscillations. The up-down asymmetry

is usually expressed as

AUDα =
(
U −D
U +D

)
α
, (1.36)

where, U and D are the up-going and the down-going neutino fluxes measured

for a particular neutrino flavor α. Here any deviation of AUDα from zero signifies
42The distance traveled by the neutrino is given by L =

√
(R+ L0)2 − (R sin θz)2 ±R cos θz,

but by convention 0 ≤ θz ≤ π/2 are up-going, and π/2 < θz ≤ π are down-going in the analysis
presented in this thesis. Hence L =

√
(R+ L0)2 − (R sin θz)2 +R cos θz is chosen.

43The low energy charged particle (mainly muons) gets deflected by the Lorentz force of the
Earth’s magnetic field and is prevented from reaching the Earth’s surface.
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the oscillation of neutrino flavor να into other flavors. A negative value for AUDα
signifies oscillation in up-going events and a positive value signifies oscillation in

down-going events.

Atmospheric neutrino oscillation experiments

The first experimental observation of atmospheric neutrinos was from the deep

underground laboratories at Kolar Gold Field in India [102] and East Rand Propri-

etary Gold Field in South Africa [103] in 1965. The first indication of atmospheric

neutrino anomaly was presented by the water Čerenkov detector at Kamiokande in

1988 [104], where only (59± 7)% of the predicted muon flux was detected. Later,

Kamiokande also measured Rµ/e to be 0.60+0.07
−0.06 ± 0.0544 for events with visible

energy Evis < 1.33 GeV (sub-GeV) [105] and 0.57+0.08
−0.07± 0.07 for Evis > 1.33 GeV

(multi-GeV) [106].45 The IMB (Irvine-Michigan-Brookhaven) experiment, housing

a water Čerenkov detector, measured Rµ/e = 0.54±0.05±0.11 for Evis < 1.5 GeV

[109,110], in agreement with the anomaly observed in Kamiokande data.

In 1998, Super-Kamiokande (SK) experiment discovered the atmospheric neu-

trino oscillations [111], by measuring the up-down asymmetry AUDµ = −0.296 ±

0.048 ± 0.01 for νµ candidates and AUDe = −0.036 ± 0.067 ± 0.02 for νe candi-

dates. The asymmetry in νe events was consistent with zero, while νµ like events

observed a negative asymmetry. The up-going νµ travel larger distances than the

down-going νµ, and thus having a greater probability to oscillate into another fla-

vor giving a negative value for asymmetry. The measurements from SK favored

νµ → ντ channel over the νe � νµ channel, and gave model-independent evidence

for neutrino oscillations.

Later other experiments, such as Soudan 2 [112], an underground iron tracking

calorimeter, and MACRO [113], a multipurpose scintillator detector, obtained re-

sults consistent with neutrino oscillations.46 The high energy neutrino telescopes,

ANTARES [114] and IceCube-DeepCore [115], have also observed the neutrino
44Here, and elsewhere in this thesis, if two uncertainties are quoted the first is statistical and

the second is systematic.
45Meanwhile the NUSEX [107] and Frejus [108] experiments did not find any indications of

the atmospheric neutrino anomaly in their data.
46Soudan 2 and MACRO detectors are completely different from water Čerenkov detectors

used by SK, Kamiokande and IMB, hence an independent confirmation.
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oscillation in the atmospheric neutrinos. These results have also been confirmed

in accelerator and reactor experiments that will be described in Sec. 1.4.3.

1.4.3 Reactor and accelerator neutrinos

The sensitivity of oscillation experiments depends on many factors, such as the

neutrino energy and flux, the distance traveled by the neutrino (baseline), the

size and efficiency of the detector, and the backgrounds involved. In the case of

solar and atmospheric neutrino experiments, the neutrino energy, flux and baseline

are fixed, whereas in reactor and accelerator neutrino experiments all the above

mentioned factors can be varied. Hence they can probe the oscillation sensitivity in

regions of very low and high ∆m2 by changing the energy and baseline. Generally

the reactor and accelerator experiments are classified according to the baseline

i.e., short baseline (SBL) experiments covering a few meters, and long baseline

(LBL) experiments covering distances up to several hundred kilometers.

Reactor neutrinos and oscillation experiments

Nuclear fission of heavy isotopes (235U, 238U, 239Pu and 241Pu) in the reactors pro-

duce pure electron antineutrinos (ν̄e) flux. On average, each fission reaction pro-

duces 200 MeV of energy along with six electron antineutrinos, and for each GW

of thermal power, approximately 2 × 1020 electron neutrinos are produced per

second [52]. The energies of the neutrinos emitted are mostly around 2− 3 MeV,

extending up to approximately 8 MeV.

Short baseline reactor experiments like IIL [116], Bugey [117] and Savannah

River [118] were unable to observe the disappearance of ν̄e due to their short

baselines (≈ 10 − 100 m). CHOOZ [119, 120] and Palo Verde [121, 122] with

baselines ≈ 1 km, were sensitive to ∆m2 ≈ 3 × 10−3 eV2 ≈ ∆m2
31, but found no

evidence of ν̄e disappearance and could only constrain the value of θ13 and ∆m2
31.

Tha KamLAND [6,123,124] reactor neutrino experiment, with an average base-

line of about 180 km, is sensitive to ∆m2 in the range measured by solar neutrino

experiments. They observed the disappearance of ν̄e and further constrained the

solar oscillation parameters θ12 and ∆m2
12.
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In 2012, three reactor neutrino experiments Double Chooz [9], Daya Bay [12],

and RENO [11] observed ν̄e disappearance and measured a non-zero value of θ13.

Daya Bay reported a 5.2σ evidence while RENO gave a significance of 4.9σ in

measuring non-zero θ13.

Accelerator neutrinos and oscillation experiments

High energy proton beams are focused on to a heavy nuclear target to produce

beams of charged pions and kaons, which eventually decay to produce accelerator

neutrinos. The direction of the accelerator neutrinos can be modulated by focusing

the parent charged particles using a magnetic field, and a pure neutrino beam with

νµ and ν̄µ is produced at the end by using concrete dumps to block other particles

left over in the decay. Accelerator experiments can select either a νµ or ν̄µ beam

by using a positive or negative charged pion/kaon beam, respectively.

Short baseline accelerator experiments did not find any evidence of neutrino

oscillations, except LSND [13], where they observed ν̄µ to ν̄e oscillations at a

baseline of 30 m. The LSND observed an excess of 87.9 ± 22.4 ± 6.0 ν̄e events

consistent with oscillations in the ∆m2 range of 0.2−10 eV2, and is best regarded

as an anomaly by other experiments. The MiniBooNE accelerator experiment

with a baseline of 541 m [14, 15] investigated the LSND result and obtained an

excess of 78.4 ± 28.5 ν̄e events, consistent with oscillations in the ∆m2 range of

0.01− 1 eV2 overlapping with the LSND result.

The sensitivity obtained by LSND and MiniBooNE at higher ∆m2 is inter-

preted as a possible sterile neutrino contribution. In a recent search for the sterile

neutrinos [45], combining the data from MINOS [125], Daya Bay [126] and Bugey-

3 [117], have excluded the LSND (at 90% CL) and MiniBooNe ν̄µ � ν̄e (> 3σ)

result. They excluded the sterile neutrino mixing phase space allowed by the

LSND and MiniBooNE experiments for ∆m2
41 < 0.8 eV2 at a 95% C.L.

The K2K long-baseline accelerator experiment [7] (baseline ≈ 250 km) is the

first of its kind with a near (300 m) and far detectors. K2K observed the dis-

appearance of νµ, and also confirmed the exclusions of CHOOZ and Palo Verde

experiments by investigating νµ → νe transitions.
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The long-baseline accelerator experiments can measure the value of θ13, within

an uncertainty related to the unknown in CP -violating phase δ, by observing νµ →

νe transitions. MINOS [127–129], a long-baseline (735 km) oscillation experiment,

and T2K [8,130,131], an off-axis long baseline (295 km) oscillation experiment,47

have observed νe appearance and have given constrains on θ13. Another off-axis

long-baseline (810 km) experiment, NOνA [132,133], has observed the appearance

of νe. OPERA [134, 135] a long baseline (730 km) oscillation experiment has

observed the appearance of ντ in a high energy (〈Eν〉 = 17 GeV) νµ beam from

CERN (CNGS).48

1.5 Current status of oscillation parameters

The solar neutrino oscillation parameters θ12 and ∆m2
21 have been measured by

many solar neutrino experiments and reactor neutrinos experiments like Kam-

LAND. The mass-square difference ∆m2
21 is small and positive of the order 10−5 eV2.

The latest oscillation analysis of solar and KamLAND data [136] gives ∆m2
21 =

(7.37+0.17
−0.16) × 10−5 eV2 and sin2 θ12 = 0.297+0.017

−0.016. Existing data from SK (Super-

Kamiokande) [137], T2K [138], MINOS [139] and NOνA [140] experiments give

constraints on atmospheric neutrino oscillation parameters |∆m2
32| and θ23. The

νµ and ν̄µ disappearance in T2K, and the NOνA neutrino disappearance data pre-

fer close to maximal mixing in θ23, whereas the disappearence in MINOS neutrino

data and the NOνA anti-neutrino data disfavours the maximal mixing [141]. The

neutrino appearance results in T2K and NOνA favour the second octant of θ23.

The reactor experiments have measured a non-zero value of θ13, and this prior

knowledge of θ13 is also exploited by planned accelerator experiments to measure

δ. The neutrino and anti-neutrino appearance data in T2K favours δ ∼ 3π/2 and

disfavours δ ∼ π/2 for both NH and IH. The NOνA neutrino appearance data

aligns with the T2K result, but the anti-neutrino appearance data are better de-

scribed by δ ∼ π/2. A combined results from T2K, NOνA and MINOS favours

NH, where the IH is disfavoured at ∆χ2 ≈ 2 [141]. A summary of the present
47An off-axis can be used to generate a narrow-band neutrino spectrum, as the neutrino energy

will be nearly independent of the parent meson energy at angles away from on-axis (away from
initial meson direction).

48The high energy neutrinos allows the production of τ -leptons, which has a production thresh-
old of ≈ 3.5 GeV
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information on these parameters can be found in Table 1.3.

Parameter best-fit value ±1σ 3σ range

sin2 θ23

(NH) 0.582+0.015
−0.019 0.428→ 0.624

(IH) 0.582+0.015
−0.018 0.433→ 0.623

sin2 θ13

(NH) 0.0224+0.0006
−0.0006 0.0204→ 0.0243

(IH) 0.0226+0.0006
−0.0006 0.0206→ 0.0246

sin2 θ12 0.310+0.013
−0.012 0.275→ 0.350

∆m2
21 [10−5 eV2] 7.39+0.21

−0.20 6.79→ 8.01

∆m2
3l [10−3 eV2]

(NH) +2.525+0.033
−0.031 +2.431→ +2.622

(IH) −2.512+0.034
−0.031 −2.606→ −2.413

δ [deg]
(NH) 217+40

−28 135→ 366

(IH) 280+25
−28 196→ 351

Table 1.3: Current best-fit values of neutrino oscillation parameters and their 3σ
allowed ranges assuming normal (NH) and inverted (IH) neutrino mass hierarchies.
The values are taken from Ref. [141]. Note that ∆m2

3l ≡ m2
31 > 0 for NH and

∆m2
3l ≡ m2

32 < 0 for IH.

1.6 Future progress

After the discovery of neutrino oscillations, the neutrino oscillation experiments

have come a long way in explaining the neutrino masses and mixing. The hierarchy

of neutrino masses, the octant of θ23, and the CP symmetry in the lepton sector

are few of the questions yet to be answered by the oscillation experiments. The

nature of the neutrino (Dirac or Majorana), the smallness and the absolute scale

of the neutrino mass, the existence of sterile and cosmogenic neutrinos, the direct

observations of big-bang neutrinos are further frontiers in neutrino physics.

Understanding the neutrino type, whether Dirac or Majorana, will throw light

on the mechanism by which it acquires mass and can also explain the smallness of

the neutrino mass. The search for neutrino-less double-β decay (0νββ) will help

in understanding the nature of the neutrinos [51].
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Extensive research of the atmospheric and the accelerator sector is planned

to identify the mass-hierarchy of the neutrinos. MINOS+, DUNE [142], Hyper-

Kamiokande [143], PINGU [144], ORCA [145] and ICAL at the INO [101] are

the future experiments in atmospheric sector. Most of these detectors but for

MINOS+ and ICAL are unable to measure the charge of the final-state lepton

and hence to discriminate a neutrino from an antineutrino; such a distinction

is required to identify the mass hierarchy. ICAL at INO [101], can distinguish

the charge of the final state lepton to observe the matter resonance separately

for atmospheric neutrinos and antineutrinos, thus having sensitivity to the mass-

hierarchy. The analysis presented in this thesis determines the reach of INO in

measuring the atmospheric neutrino oscillation parameters and mass-hierarchy. A

brief description of the ICAL detector is given in the next chapter.
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The India-based Neutrino Observatory (INO) [101, 146, 147] is a proposed multi-

institutional project to build an underground laboratory to conduct high-energy

physics, astrophysics and nuclear physics experiments. The main aim of the

project is to study the properties of the neutrinos emerging from various natu-

ral and laboratory sources. One of the immediate aims is to observe neutrino

oscillations in atmospheric neutrinos and deduce the neutrino mass-hierarchy by

exploiting matter effects. A brief description of the proposed Iron Calorimeter

(ICAL) detector at INO, and its main structural components, which enable it

to detect and distinguish a neutrino from an antineutrino, is presented in this

chapter.

2.1 Location of INO

The proposed INO site is in south India, close to Pottipuram village in Theni dis-

trict of Tamilnadu.1 The observatory will be set up at the coordinates 9◦57′47.65′′N

and 77◦16′22.55′′E [147], beneath the Bodi West Hills (Fig. 2.1(a)). The natural

vertical rock cover, in excess of 1.2 km from the hill overhead, reduces the experi-

mental background due to cosmic ray muons. Figure 2.1(b) shows the comparison

of background muons predicted at INO with the other underground experiments

around the globe.

The INO will accommodate the ICAL detector, which will observe atmospheric

neutrino oscillations, the details of which are explained in the next section. How-

ever, INO will also house other experiments like neutrino-less double-β decay, dark

matter searches and low energy neutrino spectroscopy (Eν < 1 MeV); the details
1The site was chosen considering many factors: seismic stability, rock mechanics and stability,

land availability, accessibility, and environmental conditions.
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(a) (b)

Figure 2.1: (a) The site proposed for INO - the Bodi hills, Theni. (b) Cosmic
muon background as a function of depth [147].

of these experiments are discussed elsewhere [146].

2.2 The ICAL detector

The detection of neutrinos depends on many factors, such as the flux (Φν), cross-

section (σν), detector size (number of target nuclei nd) and the exposure time (t)

of the detector. The number of neutrino events detected is directly proportional

to these factors, i.e. N ∼ Φνσνndt. For the atmospheric neutrino detection, the

neutrino flux (Refer section 1.3.2) cannot be controlled by the experiment. Also,

the neutrino interaction cross-section is very low as they interact very weakly

with the matter. Hence to observe a statistically significant number of events in

a shorter time scale, the ICAL detector is proposed to be large, with 50 kton of

iron as the target material [147].

In the ICAL, the atmospheric neutrinos interact with the iron nuclei and un-

dergo CC and NC interactions. Here the neutrinos of interest are of intermediate

and high energy, with Eν ∼ 0.4− 500 GeV. Hence the relevant interactions in the

ICAL are QE and RES at intermediate energies (Eν . 2 GeV) and DIS at higher
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energies (Eν & 2 GeV), which have a cross-section of the order 10−42 m2 (as given

in Sec 1.2). In the detector, the neutrinos are never observed directly, but the

final state charged leptons and hadrons produced in the reaction are measured to

gauge the neutrino properties.

The ICAL is designed to have very good muon detection efficiency of greater

than 85% for muons with a momentum greater than 2 GeV (and an incident zenith

angle cos θz ≥ 0.4), combined with excellent angular resolution of less than 1◦ [101].

The ICAL will employ Resistive Plate Chambers (RPCs), a gaseous detector, as

the active detectors elements [148] to detect the charged particles passing through

them (see section 2.2.3). The most important property of the ICAL will be its

ability to discriminate the muon charge using the magnetic field (see Sec. 2.2.2),

where it can distinguish between ν and ν̄ events by observing the charge on final

state muons.

2.2.1 The ICAL detector geometry
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Figure 2.2: Schematic of ICAL detector.

The ICAL detector has a modular structure, consisting of three identical mod-

ules each of size 16 m (length in x) ×16 m (breadth in y) ×14.5 m (height in z)

separated by 20 cm, as shown in Fig. 2.2. Each module will consist of 151 layers
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of 5.6 cm thick iron plates interleaved with 4 cm air gap to deploy the RPCs.

The area of each module is 16 m× 16 m, where 32 iron plates of area 2 m× 4 m

are deployed in each layer. The iron plates are supported at 2 m intervals in x

and y directions by steel support structures of width 16 cm, and the RPCs of size

1.84 m× 1.84 m× 2.5 cm are placed as a grid within the air gaps created by the

iron layers and the support structures.

The combined mass of 50 kton, and size of 48.4 m × 16 m × 14.5 m in x,

y and z direction, provides the target nuclei to achieve a significant number of

neutrino interactions in a reasonable time. The neutrino interactions are expected

to be dominant in the iron layers, which contributes to 98% of the mass of the

detector [101]. The iron layer will also serve to hold the solenoidal magnetic

field [149].

2.2.2 The ICAL solenoidal magnet
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Figure 2.3: (a) The schematic of the central module of the ICAL showing the
solenoidal copper coils and the coil slots. (b) Magnetic field map in the central
plate (z = 0) of the central module [150]. The magnitude (in T) and direction of
the magnetic field is shown using the length and direction of arrows respectively.
The magnetic field strength is also shown using the color-code. Note that ICAL
has three identical modules, but only the central module is represented here.

The schematic of the central module is shown in the Fig. 2.3(a). The coor-

dinate system is such that the origin (x = 0, y = 0 and z = 0) is at the center

of the central module, and the same is used in rest of this thesis.2 Vertical slots,
2Considering all three modules, the ICAL detector will have an extent of ±24.2 m, ±8 m and

±7.25 m in the directions of x, y and z respectively.

33



extending till y = ±4 m, are cut at x = x0 ± 4 m (where x0 is the center of each

module) to accommodate four current carrying copper coils.3 A current of ∼ 5 kA

per coil will be supplied to produce a magnetic field upto 1.5 T [149]. Figure

2.3(b) shows the magnitude and direction of the magnetic field produced in the

central iron plate (z = 0) of the central module. The variation of magnetic field

strength in different regions of the detector is discussed in chapter IV

A magnetized detector can change the trajectory of the charged particle, and

can measure the charge and momentum of the particle from the direction and

curvature of the trajectory that it creates in the detector. The magnetized ICAL

detector can measure the charge and momentum of the final state lepton in the

neutrino interaction, and can distinguish between the neutrino and an antineu-

trino interaction. This important feature of the ICAL detector can contribute to

unraveling the MH of neutrinos by observing the earth-matter effects in neutrino

oscillations for neutrinos and antineutrinos separately.

2.2.3 The Resistive Plate Chambers

The Resistive Plate Chambers are parallel plate gaseous detectors used to detect

charged particles based on the principle of gas ionization. The first RPCs were

developed by R. Santonico and R. Cardarelli in 1981 [152] as an alternative to

discharge spark counters. The excellent detection efficiency, timing resolution

(∼ 1 ns), spatial resolutions and low cost are the main features of the RPCs.4

A schematic diagram of the top and cross-sectional view of the RPC is shown

in the Figure 2.5. The RPC consists of two high resistive electrodes (resistivity

∼ 1010−1012 Ωcm), preferably glass or bakelite, separated by a small gap to confine

the mixture of ionizing gas. The ICAL will employ 1.84 m × 1.84 m RPCs, with

glass electrodes of 3 mm thickness separated by a 2 mm gas gap [101]. Cylindrical

button spacers made of polycarbonate material (bulk resistivity > 1013 Ωcm) are

used to maintain a uniform gas gap.5 A continuous flow of a uniform mixture of
3Each coil will be made up of few turns (five for ICAL prototype detector [151]) of electrolytic

copper conducting tubing having a central bore for flowing low conductive water to reduce heat.
4Recent developments in multi-gap RPCs [153] have achieved less than 100 ps timing resolu-

tions at more than 90% detector efficiency.
5The button spacers with a diameter of 10 mm and a width of 2 mm are usually glued between

the electrodes to maintain a constant air gap.
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Figure 2.4: Schematic showing the top view (left) and the cross sectional view
(right) of the RPC.

Freon (95.2%), Isobutane (4.5%) and SF6 (0.3%) is maintained through a special

inlet and outlet nozzles. The side spacers are glued along the edges to conceal the

gas. The outer surface of the two electrodes have a conductive graphite coating,

and a high voltage is applied across them to maintain a uniform and constant

electric field (∼ 5 kV/mm) in the gas gap. The signal generated by the charged

particle passing through the RPC, is picked up by the copper strips (150 µm thick

and 2.8 cm wide) placed orthogonally on the external surfaces. Insulating mylar

sheets are placed above the graphite coating to detach the copper strips from the

conducting surface [154].

Working principle of RPC

The charged particle passing through an RPC ionizes the gas between the elec-

trodes, creating a free electron ion pair.6 The applied electric field across the

RPC accelerates these primary electrons and ions towards the oppositely charged

electrodes, where a signal is induced on the copper strips via charge multipli-

cation process inside the gas gap. The multiplication process occurs when the

primary electrons from the ionization acquires sufficient energy from the acceler-

ating electric field to further ionize the gas, producing secondary particles, and

then secondary producing tertiary particles and so on. The amount of charge

multiplication depends up on two factors − the ionization probability per unit
6The process of ionization (A + x → A+ + x + e−; where a charged particle x ionizing an

atom A) has a typical cross-section of σ ' 10−20 m2 [155].
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path length α,7 and the probability of the electron capture by the gas per unit

path length β. Hence the total number of electrons created via the multiplication

process for a path length x is given by [155]

n = n0 exp[(α− β)x], (2.1)

where n0 is the original number of electrons. We define M = n/n0 as the charge

multiplication factor.

The value of the multiplication factor M determines the gain of the detector

and its mode of operation. When M > 108 or (α− β)x > 20, the RPCs begins to

operate in streamer mode, where the gas gap breakdown due to discharge and a

conductive channel is formed between the electrodes. In the ICAL, the RPCs are

designed to operate in avalanche mode8 [148, 154], where the electrons undergo

multiplication and propagation corresponding to a Townsend avalanche with a

multiplication factor less than 108. This can be achieved by reducing electric

field inside the RPC gas gap, or by using suitable gas mixtures [156] where the

parameters α and β in Eq. (2.1) depend on the characteristics of the gas.

A gas mixture of Freon (R134a or C2H2F4), Isobutane (C4H10) and Sulphur

hexafluoride (SF6) is used in the ICAL RPCs. The Freon acts as a target for

primary ionization and also helps to trap the unbound but energetic secondary

electrons produced in the avalanche. The electronegative gas (SF6) also helps

to absorbs the excess electrons from the gas volume before they can initiate a

new avalanche, whereas the Isobutane, an organic gas, helps to quench9 the UV

photons produced in the recombination process [154]. A schematic diagram of

avalanche production in the RPC is shown in Fig. 2.5, where the primary electron

and ion from the ionization drift to opposite electrodes forming an avalanche.10

High resistive electrodes prevent the avalanche from spreading throughout the

gas volume, and hence the electric field drops down in the small area where the
7α = 1/λ is the first Townsend coefficient, where λ is the mean free path of the electron.
8The streamer modes have higher gain, but lead to a reduced life time for the electrodes.

Hence avalanche mode is chosen in ICAL, which has a relatively low signal output.
9The gas molecules absorbs the photons and then dissapiates this energy via non-radiative

process like dissociation or super-elastic collision.
10Since the electrons are more mobile than the heavy positive ions, the avalanche takes the

form of liquid drop with electrons at the spherical head [155].
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Figure 2.5: Schematic of the charge multiplication via avalanche formation in the
RPC. (a) shows the primary ionization, (b) shows the avalanche development and
(c) shows the localized change in electric field in the region giving signal.

avalanche reach the electrode. The charge Q0 deposited in the electrode decays

exponentially with time, and the charge Q at any time t is given by

Q = Q0 exp(−t/τ) (2.2)

where τ = ρε0εr is the relaxation time, which depends on the volume resistivity ρ

and the dielectric constant εr of the material. For glass electrodes, ρ ∼ 1012 Ωcm,

hence the relaxation time τ is ∼ 2 s. During this time the electric field is effectively

switched off near the area of discharge and the detector stays inactive in the region.

The localized drop in field is detected by the copper strips mounted orthogonally

on the RPC, providing the position of the particle in x− y plane. Together with

the layer number of the triggered RPC, the position of the particle is measured.

Finally, the constant high voltage applied across the electrodes, replenishes the

drop in electric field after the relaxation time of the detector.

RPCs can be used both as a trigger11 or as a timing device, based on their appli-

cation in an experiment. Timing RPCs have time resolutions down to 50 ps [154],

and are used in Time of Flight (TOF) measurements. The timing is measured

from the spread in RPCs temporal response to a charged particle passing through

its gas volume, and is crucial in identifying the directionality of incoming particle.

In ICAL, it serves to differentiate up and down going neutrinos, which is essential

to observe the oscillations.
11As a trigger criterion, a signal in the RPC classifies an event as true or interesting, whereby

limiting random coincidences from background hits.

37



2.2.4 Electronic readouts

The typical signals produced by the RPCs operating in avalanche mode have an

amplitude of 2.5 mV across a 50 Ω load with a rise time of about 1 ns [157]. Hence

the RPC signal needs a high speed and a low noise pre-amplification before further

processing via the data acquisition system (DAQ). The DAQ system includes

front- and back-end electronics connected to a computer interface. The front-end

electronics converts the amplified analog signal of the RPC to a logical signal via

low threshold discriminator circuits.

A dedicated trigger system based on the event topology, generates a global

trigger, which is latched along with the back-end electronics. The trigger criteria

for the ICAL detector is given by M × N/P , where M is the multiplicity given

by the number of strips on one RPC plane that has fired, and N is the number of

layers having suchM -fold multiplicity among a group of P consecutive layers [158].

The DAQ records strip hit profile, timing, pulse profile etc. of an event, only if

the specific trigger signal is generated to initiate the DAQ.

2.3 Physics goals of INO-ICAL

The main physics goals of INO-ICAL are as follows [101]:

• To reconfirm the neutrino oscillations in atmospheric neutrinos by observing
the first oscillation minimum in νµ → ντ channel,

• Observe the effect of matter on νµ and ν̄µ oscillations separately, and deter-
mine the MH by measuring the sign of ∆m2

32, independent of the CP phase
δ.12

• Precise measurement of atmospheric oscillation parameters θ23 and ∆m2
32.

• To determine the true octant of θ23, and its deviation from maximal mixing
[101].

• Observation of high energy cosmic muons [160].

• Test for the violation of charge conjugation - parity - time (CPT) or Lorentz
symmetry in the neutrino sector [161].

12The ICAL is insensitive to CP phase δ [159], as muon events in ICAL are dominated by
Pµµ where δ appears as a sub-dominant term. Also the uncertainty in the measurement of large
range of neutrino path lengths and energy, completely dilutes the dependence on δ.
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• Search for the neutrino decay [162], existence of sterile neutrinos, and any
non-standard interactions (NSI) [163] effecting neutrino oscillations.

• Indirect dark matter searches [164].

The analysis presented in this thesis mainly concentrates on the first four goals,

and the detailed description of other goals are described elsewhere [101,160–164].

2.4 Summary

The ICAL is primarily designed to observe the atmospheric neutrino oscillations,

where the cosmic ray muons form a considerable background. Hence, the ICAL

is proposed to be built underneath a rock cover of ∼ 1.2 km to remove those

backgrounds. The heavy (∼ 50 kton) modular structure of ICAL, mainly iron

and glass, will provide enough target material to obtain a statistically significant

number of neutrino events in a reasonable time frame.

The ICAL is most sensitive to muons, where it can observe the CC atmospheric

muon neutrino and antineutrino interactions. The fast response time of RPC also

allows the distinction of upward and downward going events, which is crucial in

observing the oscillations. One of the main aims of the ICAL is to measure the

MH of the neutrinos by exploiting the matter effects separately in neutrinos and

antineutrinos. To allow the distinction between neutrino and antineutrino events,

ICAL detector is magnetized to up to ∼ 1.5 T so that it detects the charge of the

final state lepton to differentiate the event type.

Observing the oscillations and achieving the physics goals of the ICAL depends

on the capability of the ICAL to reconstruct various particles in the final states of

the neutrino interaction. It is crucial to understand and estimate the capability of

the ICAL in measuring them, and how it affects the sensitivity of ICAL in mea-

suring the neutrino oscillation parameters. Hence, a simulation of ICAL detector

is performed and is discussed in the following chapters.
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Simulated data are used to estimate the performance of the ICAL and its ability to

achieve its physics goals. NUANCE [165] neutrino event generator, along with the

atmospheric neutrino flux [98] at the Kamioka site, is used to generate neutrino

interactions. A GEANT4 [166] based simulation tool-kit developed by the INO

collaboration is used to propagate the secondary particles within a virtual model

of the ICAL detector. The output from the GEANT4 simulation is digitized and

then reconstructed using track-fitting algorithms to get the direction, energy and

momentum of the final-state particles. The flow chart in Fig. 3.1 shows the

simulation frame-work implemented and the details of the processes are described

in the following sections of this chapter.

3.1 NUANCE

NUANCE is a FORTRAN based software program [165] for generating neutrino

interactions. The main interactions modeled in NUANCE include QE scattering,

RES production, DIS, coherent nuclear processes,1 neutrino electron scattering

and inverse muon decay (as described in Sec. 1.2). These interactions can be

modeled within a target volume that has a user-specified geometry2 and target

materials of known density, nuclear Fermi momenta and binding energy.

A simple ICAL geometry, containing mainly iron and glass components of

the detector, with support structures and copper coils are given as the input to
1Generally in coherent reactions, the neutrinos scatter of an entire nucleus rather than its

individual constituents, with negligible transfer of energy to the target.
2The user can specify a simple detector geometry with one or more volume (sphere, cylinder

or box), which can be nested accordingly to form a full scale detector.
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Figure 3.1: Flow chart showing the hierarchy of the simulation frame-work as
implemented in the ICAL simulation package.

NUANCE along with the atmospheric neutrino flux [98]. The NUANCE program

models the neutrino interactions with the atoms in iron and glass media to generate

the secondary particles, where the cross-section and rates of all possible CC and

NC interactions are summed over to obtain the total cross-section and event rates.

Finally from the calculated event rates, NUANCE generates the neutrino events

for the user specified time interval corresponding to the proposed data-taking
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period.

NUANCE also has an option to apply neutrino oscillations across varied os-

cillation parameters. The effect of earth matter on neutrino oscillations is calcu-

lated by assuming 25 concentric shells of variable earth matter density, but for

the present study we have used NUANCE only to generate neutrino events and

oscillations are applied separately.

3.2 GEANT4

GEANT4 [166] is a C++ toolkit to simulate the passage of particles through matter.

The simulation aspects include implementing the geometry of the system, assign-

ing the materials involved, identifying the fundamental particles of interest, gener-

ating the primary particles of the event, tracking the particles through the mate-

rials and any external electromagnetic field, applying the different physics process

governing the particle interactions3 and investigating the detector response, gen-

erating the event data, storing and visualizing the events and associated tracks.

Geometry and material of the system: GEANT4 toolkit provides the classes

to create complex geometries with a large number of components and materials.4

The interleaved structure of the ICAL, with iron and glass RPCs, are modeled

using the GEANT4 classes, along with the support structures and the coils for

the electromagnetic field. It also provides an option to define the RPCs as the

sensitive part of the detector, which records the information needed to simulate

the detector response and outputs.

Primary particles: GEANT4 can derive primary particles of the event from

internal or external sources. The output from the NUANCE (external source)

containing the energy, vertex and timing information of all the primary particles is

given as the input to GEANT4. The basic properties of the particle, like the mass,

charge and lifetime, are assigned using particle definitions listed in GEANT4. It
3GEANT4 covers physics of particle interactions over a wide range of energy and are widely

used in many applications of space science, high-energy and nuclear physics and medical imaging.
4The GEANT4 class G4VUserDetectorConstruction is used to define the geometry and the

material composition of the detector, where the user has to define the exact structure and the
materials used in the detector.
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also computes the physical characteristics, like radiation and interaction lengths,

excitation energy loss and Bethe-Bloch coefficients.

Particle transport, interaction and response: In GEANT4 the particles are

transported in the virtual detector volume step-by-step, until the particle comes

to rest or leaves the detector. All physics processes associated with the particle can

contribute to what happens to it during a step. GEANT4 has physics list classes

associated with different physics processes,5 which are applied at different stages

of tracking i.e., at rest, along step and post step. The physics processes such

as continuous energy loss, multiple scattering, bremsstrahlung, and Čherenkov

radiation are applied along the step, whereas the secondary particle production

by a decay or interaction is invoked at the end of the step, via the post-step

process [166].

The particles are tracked until it has zero kinetic energy, and no tracking cuts

are involved which might lead to improper stoppage of the particles. However to

reduce the infrared divergences in electromagnetic processes,6 a production cut is

applied, where no more secondary particles are produced, if the primary particle

no longer has enough energy to produce secondaries which travel at least 1 mm

(production threshold distance).

3.3 Digitization

During the process of digitization, the energy deposited due to the energy loss of

the particle in the sensitive parts of the detector is converted to a detectable signal.

A charged particle passing through the RPCs generate a signal by ionizing the gas,

and the avalanche signal is detected by the mutually orthogonal copper strips (in

x and y directions). The exact location of the signal can only be obtained within

the spatial resolution of the RPCs given by w/
√

12, where w is the strip width.

In ICAL simulations, the strip width has been taken as 2 cm,7 which corresponds
5The classes G4eIonisation, G4eBremsstrahlung (for electrons), G4hIonisation,

G4hLowEnergyIonisation (for hadrons), and G4MuEnergyLoss, G4MuBremsstrahlung,
G4MuPairProduction (for muons) cover the electromagnetic physics list. The class
G4HadronicProcess serves as the base-class for all hadronic processes.

6Infrared divergences involve the production of large number of photons and electrons with
very low energy, and hence increasing the computation time

7Strip width is subjected to change when the actual detector is setup (default width is 2.8 cm).
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to a 0.57 cm uncertainty in the position.

The anticipated timing resolution of the RPC’s time-to-digital converters (TDCs)

is ∼ 1 ns, along with the mutually independent design of the orthogonal pickup

strips, allow the independent timing measurements in x and y strips. Hence the

measured data will be composed of two sets: X[z] = {(x1, t1), (x2, t2), ...., (xn, tn)}

and Y [z] = {(y1, t
′
1), (y2, t

′
2), ...., (yn, t′n)} refered to as hits, where z is the layer

number, and t and t′ are the timing measured independently by x and y strips

respectively [167]. The digitization involves the translation of these global coordi-

nates into the information on the Xth x strip and the Y th y strip at the Zth plane.

The ICAL only stores the hit level information from each RPC strip, whereas

the analogue level information on the pulse height/shape or energy/charge is not

retained.
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Figure 3.2: Schematic showing the hit pattern generated by muons and hadrons.

The majority of the analysis discussed in this thesis uses CC νµ events only,

where the information on the incident neutrino is obtained from the information

on final state µ± and the hadrons. The µ± being a minimum ionizing charged

particle, leaves one or two hits per layer on average, forming a well-defined track,

whereas the hadrons form several hits per layer forming a shower of hits. Figure

3.2 shows the schematic of a typical hit pattern generated by a single CC νµ event,

within a certain part of the detector.

44



3.4 Reconstruction

The energy, direction and charge of the muons is obtained by reconstructing the

muon trajectory, where the direction and curvature of the trajectory gives the

charge and momentum of the muon respectively. The energy of the hadrons is

obtained by calibrating the number of hits that are not associated with the muon

track. In rare cases (less than 1% of times), the hadrons leave a well-defined track

which may be misidentified as muon. Hence in those cases the longest track is

identified as the muon.

The process of reconstruction involves identifying and fitting the particle tra-

jectory in order to measure the properties of the particle. As the digitized hits

obtained from the muon and hadron are identical, proper identification and sep-

aration of the hits is essential to obtain a better estimate of the muon energies

using a fitter, and hadron energies via hit-calibration. Hence in the ICAL, the

reconstruction is performed in two steps [167], (i) the track finder, and (b) the

track fitter, which are described in the following sections.

3.4.1 The track finder

The track-finder algorithm essentially separates the muon hits from the hadrons,

and attempts to find the muon trajectories by investigating hit pattern and pro-

gressively traversing the muon hits along all possible directions. The track finder

algorithm used in ICAL is based on Ref. [168], which is being used in the MINOS

experiment. The general procedure of track finding used in ICAL simulation is as

follows [167]:

Forming INOhit and clusters

The output from the digitization process which includes the hits from x and y

strips, are used in the track finding algorithm. Most of the events have an inter-

action vertex within the iron layer, and there is no way to identify the vertex just

from the hit pattern. Hence the track finding algorithm does not start from the

vertex or rear-end of the track, but processes the whole set of measurements. It
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starts by combining the hit information from x and y strips, where the X[z] and

Y [z] measurements from the same z plane, and same RPC, with a less than 5 ns

time difference are paired to get a meaningful order (x, y, z, t) called the INOhit.8

The separation of muon and hadron hits is done based on the number of hits

in each layer. Hits in a layer, with more than six hits, are assumed to come from

hadrons, as muons only produce an average of one or two hits per layer. Hence

the rest of the hits are separately identified as the muon hits, which are further

used in the remaining track finder and fitter algorithms. The second step is to

form the clusters in each layer, by combining adjacent INOhits which are close

to each other (within a separation of three strip widths) to form a single object.

These clusters are further processed to identify the one or more possible tracks in

an event.

Forming triplets, track-lets and tracks

The clusters in three successive layers are joined to form the triplets, where the

slopes of the line segments joining the successive clusters are checked for all possible

combinations, and the one with less than 15◦ difference in slopes of constituent

small line segments (joining two clusters) is accepted to form the triplets. These

triplets are further joined together to form a chain of triplets called track segments

or track-lets, where the angular separation between the triplets is required to be

less than 15◦. Finally, the tracks are formed by joining a few of the track segments

together. In a few cases, where the track finder gives multiple tracks, the longest

track is identified as the muon track.

The direction of the particle trajectory (up-ward or down-ward going) is ob-

tained by measuring the sign on dT/dz, where T (z) are the measured timing data

of the clusters along the z direction. Once the direction of the track is obtained,

the start of the track and the production vertex is also identified.
8Here the time t of the INOhit is the average of the time of x and y hits.
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3.4.2 The track fitter

The seed track obtained from the track finder is fit using the track fitter based on a

Kalman filter algorithm [150,169], where the observables of the track are estimated

via the method of least-square minimization. The track in space is regarded as

a dynamical system,9 where a state vector X̄ with five parameters describes the

track at each point of its trajectory. In the ICAL the state vector is a function of

z, and is given by

X̄i = [x, y, dx/dz, dy/dz, q/p] , (3.1)

where i is the layer number in z direction, x and y are hit points, q/p is the ratio of

charge and momentum of the muon, dx/dz and dy/dz are slopes in the z direction

respectively. The initial state near the vertex is calculated from the seed track

and is given as the input to initialize the Kalman filter.

The Kalman filter
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Figure 3.3: Extrapolation, Kalman filtering and smoothing at the i-th layer of the
detector.

The Kalman filter [169] is a recursive optimal estimator, which combines the

prior knowledge, model predictions and noisy measurements to determine the state

of a given dynamical system. The parameters of the state vector X̄ are not discrete

values, but are distributions with separate mean and variances. The Kalman filter

algorithm for track fitting involves three stages, (i) extrapolation, (ii) filtering and
9The trajectory of the track is considered as a function of space rather than time.
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(iii) smoothing, where it propagates the mean and variance of the state vector all

along the particle trajectory to obtain the best estimate of the state. Figure 3.3

shows the estimates obtained from each stage on the ith layer of the detector.

To understand the Kalman filter, lets assume the initial estimate of the mean

and variance in the layer [i− 1] to be X̄i−1|i−1 and Pi−1|i−1 respectively, where n|d

denotes the estimate at n-th layer from d measurements made. The measurements

made by the detector in the layer [i] is given by the vector,

mi = hiX̄i|i + vi, (3.2)

where hi is the transformation matrix that maps the state vector in to the measure-

ment domain, and vi is the measurement noise with covariance Ri. To minimize

the noise and to estimate an optimal state, the Kalman filter proceeds as follows:

Extrapolation:

Using the previous [i−1] measurements, the Kalman filter predicts (extrapolates)

the mean and variances in the next layer [i] using the equations,

X̄i|i−1 = Fi−1X̄i−1|i−1 (3.3)

Pi|i−1 = Fi−1Pi−1|i−1F
T
i−1 +Qi−1, (3.4)

where F is the transportation matrix, which propagates the mean and variances

to other layers, and it contains the information on local magnetic field which is

required to predict the particle motion. The process noise, such as energy loss

fluctuations and multiple Coulomb scattering, are included in the noise matrix

Q.10

Filtering:

The filtering is the process where an optimal state vector is obtained from the

predicted and the measured value, by minimizing the incremental χ2,
10The detailed calculations used in ICAL can be found in Ref. [167].
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∆χ2 =
(
X̄i|i − X̄i|i−1

) [
Pi|i−1

]−1 (
X̄i|i − X̄i|i−1

)T
+
(
zi − hiX̄i|i

)
[Ri]−1

(
zi − hiX̄i|i

)T
,

(3.5)

with respect to X̄i|i, to obtain the filtered state vector and the covariance matrix

as follows:

X̄i|i = X̄i|i−1 +Ki

(
zi −HiX̄i|i−1

)
, (3.6)

Pi|i = Pi|i−1 −KiHiPi|i−1, (3.7)

where Hi is the projector matrix given by Hi = ∂hi
∂Xi|i−1

, and Ki is the Kalman gain

matrix given by,

Ki = Pi|i−1H
T
i

[
HiPi|i−1H

T
i +Ri

]−1
. (3.8)

This process is continued until the end of the track is reached to obtain the fitted

track.

Smoothing:

Smoothing involves applying backward filter to re-evaluate the previously esti-

mated state vectors X̄i using all measurements made in n layers . The smoothed

state vector and the covariance matrix at the i-th layer (i < n) is given by,

X̄i|n = X̄i|i + Ai
(
X̄i+1|n − X̄i+1|i

)
, (3.9)

Pi|n = Pi|i + Ai
(
Pi+1|n − Pi+1|i

)
ATi , (3.10)

where Ai is the smoother gain matrix given by,

Ai = Pi|iF
T
i

(
Pi+1|i

)−1
. (3.11)

Finally, the interaction vertex is obtained by extrapolating the track at its

beginning by half a layer of iron, as the interactions are supposed to happen in

the iron layers. The momentum and charge of the muon is obtained from the best
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fit values of q/p near the vertex. Similarly, the direction θ and φ of the muon is

obtained from the best fit values of the parameters dx/dz and dy/dz. Identifying

the charge of the muon differentiates the interaction being that of a neutrino from

an antineutrino.

The energy of the hadronic shower can be obtained from the calibration of

the hadron hits, which are separated from those associated to a muon during the

reconstruction [170]. Hence, the incident neutrino energy can be reconstructed

from the combined information on muon and hadron energies. Since hadrons have

very poor energy resolution in the ICAL [170], as they have a small number of

hits and pass through very few layers, the muon and hadron energies are used

separately in the oscillation analysis.

3.5 Summary

The ICAL simulation framework includes the generation of neutrino events, trans-

portation of the secondary particles within a virtual detector and its reconstruc-

tion. NUANCE a neutrino event generator, along with the Honda neutrino flux,

is used to generate the neutrino interactions within the ICAL detector. The sec-

ondary particles generated by the NUANCE are transported in a virtual ICAL

detector simulated using a GEANT4 based C++ code developed by the INO collab-

oration. The GEANT4 toolkit also applies the necessary physics processes that

take place during the propagation of the secondary particles within the detector

medium.

The signal induced by the events in the sensitive part of the detector (RPCs)

are digitalized to form the position (x, z) or (y, z) and time t, referred to as hits.

A CC νµ interaction produces a hadron shower along with a muon, which leaves a

track in the detector. The muon tracks identified by the track-finding algorithm

is fit using a Kalman filter based track algorithm to estimate the muon energy,

direction and charge. The sensitivity of ICAL to observe the oscillation, depends

on the reconstruction efficiencies and resolutions that are obtained. Hence the

factors affecting the reconstruction efficiency and resolutions are studied, and the

ways to improve them are discussed in the following chapter.
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The response of the ICAL in reconstructing the energy, direction and charge of

the secondary particle produced in the interaction, determines its effective reach

in measuring the neutrino oscillation parameters and the related physics goals.

The ICAL is mainly sensitive to CC muon neutrinos, where the charge of the

muon is measured to differentiate the νµ and ν̄µ events. Hence the extent of

the sensitivity of the ICAL in measuring the MH depends on the charge identi-

fication and reconstruction efficiency of the muon. The following sections briefly

discuss the simulated response of the ICAL, where the muon resolution and effi-

ciencies are obtained by generating a CC muon neutrino data set for an exposure

of 50 kton× 100 years. The subsequent sections describe the event-selection pro-

cess, which improves the reconstructed resolutions and efficiencies by removing

the badly reconstructed events.

4.1 Quality of the reconstruction

The CC muon-neutrino data is generated with neutrino energies ranging from 0.4

to 500 GeV. The secondary muon produced loses energy as it traverses the iron

layers, and requires a minimum of ∼ 200 MeV to pass through three layers, for

a track to be reconstructed from the RPC hits. Hence in the following sections,

the resolutions and efficiencies are studied for muons with energies greater than

200 MeV.1
1Note that all particles including hadrons are used in the simulation, but only muon recon-

struction efficiencies and resolutions are studied in this chapter.
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4.1.1 Reconstruction efficiency

The reconstruction of muons is affected by the non-uniform magnetic field, incident

energy and direction, and dead spaces such as coil slots and support structures.

Figure 4.1 compares the generator level muon information, refered to as true,

with the reconstructed muon data, where Fig. 4.1a and Fig. 4.1b represents the

zenith angle (θz) and energy (Eµ) distribution of the muons, respectively. The

distributions are averaged over the azimuthal angle φ.
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Figure 4.1: Comparison of the true (dashed black) and reconstructed (solid or-
ange) values of (a) the muon zenith angle, and (b) the energy of the muon, for a
50 kton× 100 years exposure of the ICAL detector.

The dip at cos θz = 0 in the reconstructed distribution of muon zenith angle

(see Fig. 4.1a), shows the inability of the detector to reconstruct the horizontal

events as they pass through very few layers. Note that cos θz = +1 and cos θz = −1

signify the up-going and down-going directions, respectively.2

The reconstruction efficiency (εrec) is calculated from

εrec = Nrec

Ntot
, (4.1)

with binomial uncertainty δεrec =
√
εrec(1− εrec)/Ntotal, where Ntot and Nrec are

the number of events generated and reconstructed, respectively. The reconstruc-

tion efficiency as a function of true muon energy (Etrue
µ ) is shown in Fig. 4.2, where

2The zenith angle distribution is largely symmetrical with respect to cos θz = 0, and the mild
asymmetry is due to geomagnetic effects.
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the variation of efficiency is shown for different bins of the muon zenith angle.
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Figure 4.2: Reconstruction efficiency as a function of true muon energy (φ aver-
aged) in various zenith angle bins for an exposure of 50 kton×100 years. Note the
efficiencies in different zenith angle bins: cos θz[0.2 - 0.4] (open circle magenta),
cos θz[0.4 - 0.6] (solid square blue), cos θz[0.6 - 0.8] (solid diamond green), cos θz[0.8
- 1.0] (open diamond orange), and cos θz averaged (solid circle black).

The reconstruction efficiency increases with increasing energy at all incident

angles and almost saturates above Etrue
µ = 2 GeV. This is due to the fact that the

high-energy muons traverse more layers giving a larger number of hits, which re-

sults in a well defined track. Hence the reconstruction efficiency increases for more

energetic muons because they are relatively easy to reconstruct compared to those

with low energy.3 Also as the zenith angle increases (θz[0◦ → 90◦], i.e. cos θz[1→

0]), the muons pass through fewer layers giving less hits. Hence the efficiency

drops with the increase in the zenith angle (see Fig. 4.2).4

4.2 Relative charge identification efficiency

Muon charge identification is crucial in MH determination at ICAL, where it is

used to differentiate a neutrino from an antineutrino event,5 which allows νµ and

ν̄µ events to be binned separately to observe the matter resonance in neutrino
3Low energy muons pass through very few layers leaving a small trail of the helical track with

a smaller radius of curvature. Hence they are difficult to reconstruct.
4The reconstruction efficiency for the events in the horizontal bins cos θz[0 - 0.2], is signifi-

cantly worse and is not shown in the Figure 4.2.
5In the CC muon-neutrino interaction, µ+ (µ−) is a byproduct of ν̄µ (νµ) interaction.
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oscillations.

The relative charge identification (CID) efficiency (εcid) is the fraction of events

identified with correct muon charge among the total reconstructed events, given

by the expression

εcid = Ncid

Nrec
, (4.2)

with binomial uncertainty δεcid =
√
εcid(1− εcid)/Nrec, where Nrec is the number of

events reconstructed and Ncid is the number of events with correct CID. Figure 4.3

shows the relative CID efficiency as a function of true muon energy for different

bins in muon zenith angle.
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Figure 4.3: Charge identification efficiency as a function of true muon energy (φ
averaged) in various zenith angle bins for an exposure of 50 kton×100 years. Note
the efficiencies in different zenith angle bins: cos θz[0.2 - 0.4] (open circle magenta),
cos θz[0.4 - 0.6] (solid square blue), cos θz[0.6 - 0.8] (solid diamond green), cos θz[0.8
- 1.0] (open diamond orange), and cos θz averaged (solid circle black).

The CID is obtained from the direction of the curvature of the muon trajectory

in the magnetic field. At low energies, the smaller curvature of the track are

harder to reconstruct due to multiple scattering and shorter trajectories, whereas

at higher energies the muon passes through many layers forming a long track

with a large radius of curvature. Hence the relative CID efficiency increases with

increase in muon energy, as the reconstruction of the direction of the trajectory

tends to be easier with increased track length and the number of hits. However,

for Etrue
µ greater than 10 GeV there is a small decrease in εCID due to the tracks

becoming straighter, which means that the sign of the curvature becomes less
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straightforward to determine. Also as a muon passes through less layers with

increasing muon zenith angle (θz[0◦ → 90◦], i.e. cos θz[1→ 0]), the CID efficiency

decreases with increasing θz (see Fig. 4.3).

4.2.1 Muon energy resolution

The muon energy resolution is a measure of the quality of muon energy reconstruc-

tion. Figure 4.4 shows the residual distribution of muon energy, i.e. the difference

in reconstructed (Ereco
µ ) and true muon energy (Etrue

µ ), in different bins of the true

muon energy.6 The resolutions are obtained from the root mean square (RMS)

values, where about 90% of the reconstructed events are considered in each energy

bin.
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Figure 4.4: Difference in reconstructed (Ereco
µ ) and true (Etrue

µ ) energy of the muon
for the (a) low-energy bin of [1 to 1.5] GeV in Etrue

µ and (b) high-energy bin of [20
to 25] GeV in Etrue

µ .

The low-energy distribution (see Fig. 4.4a) peaks at zero as expected, but with

an asymmetrical positive tail, where few events are mis-reconstructed with high

energies. The residual energy distribution at high energies show an additional

peak (at ∆Eµ = −20 GeV in Fig. 4.4b), other than the expected peak at zero.

This is due to the presence of partially contained (PC) events, where the µ± leaves

the detector volume and the part of the track within the detector are reconstructed

with low energies [171]. Muons with low energies are fully contained within the
6The y-axis in Fig. 4.4 is plotted using a vertical logarithmic scale to clearly differentiate the

number of events in the tail of the distribution.
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detector, hence no additional peaks are observed in the low-energy bins.
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Figure 4.5: Muon-energy resolution as a function of true muon energy (φ averaged)
in various zenith angle bins for an exposure of 50 kton × 100 years. Note the
efficiencies in different zenith angle bins : cos θz[0.2 - 0.4] (open circle magenta),
cos θz[0.4 - 0.6] (solid square blue), cos θz[0.6 - 0.8] (solid diamond green), cos θz[0.8
- 1.0] (open diamond orange), and cos θz averaged (solid circle black).

The muon-energy resolution as a function of the true muon energy in different

zenith-angle bins is shown in Fig. 4.5, where the energy resolution RE (and the

uncertainty δRE) is defined as

RE = σEµ
Eµ

= RMS
Eµ

δRE = δRMS
Eµ

.

(4.3)

The muon energy resolution improves with increase in the energy, as the num-

ber of hits and the number of layers traversed by the muon increases. However at

high energies the muons have enough momentum to exit the detector, where they

form straight line trajectories with large radii of curvature. Hence the energy res-

olution improves initially (till 10 GeV) and then it gets relatively worse (∼ 60%)

in the high-energy region (20 to 50 GeV).

4.2.2 Muon zenith-angle resolution

The muon angular resolutions are calculated in terms of cos θz. Figure 4.6 shows

the residual cos θz, i.e. the difference in the cosine of the reconstructed (cos θreco)
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Figure 4.6: The difference in cosine of the reconstructed (cos θreco) and true
(cos θtrue) zenith angle of the muon for (a) low energy bin of [1 to 1.5] GeV in
Etrue
µ and (b) high energy bin of [20 to 25] GeV in Etrue

µ .

and true (cos θtrue) values of the muon zenith angle, in different bins of the true

muon energy.7 The angular resolutions (and the error in resolutions) is estimated

using the RMS values (and the error in RMS) calculated in each energy bin, where

all the events that are reconstructed are considered. Figure 4.7 shows the muon

angular resolution as a function of true muon energy in different cos θz bins.
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Figure 4.7: Muon angular resolution as a function of true muon energy (φ aver-
aged) in various zenith-angle bins for an exposure of 50 kton×100 years. Note the
efficiencies in different zenith-angle bins: cos θz[0.2 - 0.4] (open circle magenta),
cos θz[0.4 - 0.6] (solid square blue), cos θz[0.6 - 0.8] (solid diamond green), cos θz[0.8
- 1.0] (open diamond orange), and cos θz averaged (solid circle black).

7Figures 4.6a and 4.6b show the residual zenith angle distribution of muons in low (1 to
1.5 GeV) and high (20 to 25 GeV) energy bins respectively.
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The muon angular resolution improves with increasing muon energy. The

muons passing trough the body diagonal (cos θz[0.4 − 0.8]) of the ICAL detector

are less likely to encounter or pass through a large part of the dead spaces in the

detector like the support structures. Hence they show better angular resolution

than the vertical and horizontal muons (see Fig. 4.7).

4.3 Event selection

The reconstruction of muons is limited by the geometrical design of ICAL, where

it is affected by the non-uniform magnetic field and dead spaces such as coil

slots and support structures. The horizontal muons can only pass through very

few layers due to the geometrical constrains, and hence they give very few hits

which results in poor reconstruction. Also the muons crossing a support structure

might be reconstructed as two separate tracks with different energy and direction.

Similarly, the partially contained muons are not well reconstructed, as only a

part of the track is observed within the detector. Hence to remove these poorly

reconstructed events to obtain a sample of better reconstructed data, certain event-

selection criterion are applied as in Ref. [171,172]; the criteria vary depending on

the magnitude of the magnetic field in the regions of the ICAL detector. The

details are explained in the following sub-sections.

4.3.1 Definition of the regions

The ICAL detector employs a magnetic field up to 1.5 T,8 where the strength and

the direction of the magnetic field determines the quality of reconstruction. The

magnetic field breaks the azimuthal symmetry of the detector, whereby the muons

with the same zenith angle and energy have a different response in the detector

for different azimuthal angles [171, 172]. Hence the different selection criteria are

applied on the basis of the magnetic field strength in the region where the events

lie.

Depending on the magnitude of the magnetic field, the entire ICAL is divided
8Due to the edge effects of the solenoidal magnet, the magnetic field is non-uniform and

rapidly varying in different regions of the detector.
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Figure 4.8: Cross-sectional view of ICAL (all three modules) in the x - y plane,
showing the division of regions on the basis of the magnetic field strength. The
arrows indicate the direction of the solenoidal magnetic field in those regions.

into three regions central, side and peripheral, as shown in the cross-sectional

(x - y plane) view of the ICAL in Fig 4.8.9 Considering three modules of size

16 m × 16 m × 14.4 m each and choosing an origin at the centre of the central

module, the ICAL will have conventionally 24 m, 8 m and 7.2 m on either side of

the origin in x, y and z directions respectively (see Fig. 4.8). The variation of the

magnetic field strength in each of the regions is shown in Fig. 4.9. The position,

size and the magnetic properties of the separate regions are as follows:

Central region (CR)

The region |x| ≤ 20 m and |y| ≤ 4 m, with z unconstrained is defined to be the

central region (shown as blue striped region in Fig. 4.8). Here the magnetic field

is highest and reaches up to 1.5 T in magnitude. It is also fairly uniform with

≈ 12% coefficient of variation10 (see Fig. 4.9), despite the fact that the direction

of the magnetic field would flip along y in the regions |x| < 4 m, 4 m ≤ |x| < 12 m

and 12 m ≤ |x| < 20 m as denoted by the direction of arrows in Fig. 4.8.11

9Note that the separation of regions is only based on the strength, rather than the direction
of the magnetic field.

10Coefficient of variation is defined as the ratio of standard deviation σ to the mean.
11The magnetic field lines are in one direction within the coils and in opposite directions

outside the coils (smaller in magnitude by 13%) for a single module, but with all three modules
aligned the magnitude of the magnetic field will be continuous for |x| ≤ 20 m (ignoring the 20 cm
gap between the modules).
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Figure 4.9: The variation of magnetic field strength in the central, side and pe-
ripheral regions of the ICAL in the x - y plane, where each point corresponds to
the magnetic field measurement made in steps of ∆x = ∆y = 0.05 m.

Peripheral region (PR)

The region |y| > 4 m with z unconstrained is defined to be the peripheral region,

where it has maximally varying magnetic field in both magnitude and direction

due to the fringe field arising from the solenoidal ICAL magnet. The magnetic

field in this region reaches a maximum around 1 T with ≈ 28% coefficient of

variation (see Fig. 4.9).

Side region (SR)

The region |x| > 20 m and |y| ≤ 4 m, with z unconstrained is defined to be the

side region, where the magnetic field is smaller by ≈ 13% and opposite in direction

to the adjacent central region. The side region has a uniform magnetic field of

1.3 T, with less than 5% coefficient of variation (see Fig. 4.9). The properties of

the regions are summarized in the Table 4.1.

The central region is the largest among the three regions, where the events

generated within the central region are either fully contained or will leave a long

enough track within the detector. The side region is the smallest, and has better

uniform magnetic field among the three regions. The events generated in the side
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Position (m) Magnetic field
VariationRegion

x y Strength (T) coefficient
Central |x| ≤ 20 |y| ≤ 4 1.5 12%

Peripheral unconstrained |y| > 4 1.0 28%
Side |x| > 20 |y| ≤ 4 1.3 13%

Table 4.1: The position of different regions, and strength of magnetic field within
each region. The z axis of each region is unconstrained and hence not specified.

and peripheral regions are more likely to leave the detector, as they are near the

edge of the detector.

4.3.2 Selection criterion

Appropriate event selection criteria are applied in each of the regions to achieve

a sample of reconstructed events that are well reconstructed, which are then used

in the oscillation analysis. Most of the event selection criterion are applied in all

the regions (common selection) and a few are region specific as described below:

χ2 selection (CS)

The χ2 selection is applied across all the regions, where the events with χ2/ndf <

10 are selected. The χ2 is the chi-square of the fit for the track obtained from the

Kalman filter, and ndf is the number of degrees of freedom. Here ndf = 2Nhits−5,

where the Kalman filter fits five parameters to form the track and Nhits are the

number of hits associated with the track, with each hit having two degrees of

freedom as they are either in (x, z) or (y, z) coordinates.12

Horizontal event selection (HS)

The horizontal events (cos θz[0 - 0.35])13 pass through very few layers, where the

reconstruction efficiency is ∼ 18% (38% less than the rest of the events com-

bined). The energy and angular resolutions for the horizontal events are 60% and

16% worse in comparison to the other events.14 Hence, to remove the poorly re-
12For more details on the Kalman filter refer Sec. 3.4.2.
13cos θz = 0 to 0.35 is a loose selection for horizontal events which is used in the analysis.
14The values are obtained for the events averaged over the muon energy and azimuthal angle.
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constructed horizontal events, a selection criterion of | cos θz| ≥ 0.35 is applied in

all the regions.

z-vertex selection (ZS)

A cut on the z-position of the event vertex (zv) is applied in all the regions to limit

the events with track leaving from top and bottom of the detector. The up-going

events with vertices lying below z = 6 m and the down-going events with vertices

lying above z = −6 m are selected, as they would have enough layers to form a

track.

Nhits selection (NS)

The Nhits selection is a region-specific selection, which is mainly applied to remove

the badly-reconstructed events from the partially-contained (PC) events. All the

events with the interaction vertices in the central region, and with Nhits > 0, are

selected as they either have a reasonable track length or are contained within

the detector to reconstruct the direction and momentum. The rest of the events

within the peripheral and side regions are classified into partially-contained (PC)

and fully-contained (FC) events according to the end position of the track. If the

track end lies within |x| ≤ 23 m and |y| ≤ 7.5 m and z ≤ 7 m, then the event is

classified as FC and is selected. The remaining events are classified as PC, and a

selection criterion of Nhits > 15 is applied on all such PC events.

Other selections (OS)

Other selections include placing criteria on track observables such as the recon-

structed energy, azimuthal and zenith angle, which are made based on the analysis

requirement and the general trend of poor reconstruction that can be observed in

certain values of reconstructed variables. The analysis presented in this thesis is

based only on the CC neutrinos with energies less than 50 GeV, hence a selection

criterion Erec
µ ≤ 50 GeV is applied. Also an additional selection of Erec

µ ≥ 0.2 GeV

is applied, as the successful reconstruction of muon track requires the muon to

traverse a minimum of three layers.15

15The 95% of the data sample corresponds to muon events within 0.2 to 50 GeV.
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Almost 9% and 11% of the reconstructed events were observed to be wrongly

reconstructed at | cos θrec
z | ≥ 0.9999 and |φrec| ≤ 0.07 rad respectively. Hence a

selection criteria of | cos θrec
z | ≤ 0.9999 and |φrec| ≥ 0.07 rad are also applied. Table

4.2 lists the selection criteria used in this analysis.

Item Criterion Region Events
CS χ2/ndf < 10 all all
HS | cos θz| ≥ 0.35 all all

ZS zv < 6 m all up going
zv > −6 m all down going

NS
Nhits > 0

CR all
PR FC
SR FC

Nhits > 15 PR PC
SR PC

OS

Erec
µ ≥ 0.2 GeV

all allErec
µ ≤ 50 GeV

| cos θrec
z | < 0.9999

|φrec| ≥ 0.07 rad

Nomenclature

CS - χ2 selection
HS - Horizontal selection
ZS - Z vertex selection
NS - Nhits selection
OS - Other selection

CR - Central region
PR - Peripheral region
SR - Side region

FC - Fully contained
PC - Partially contained

Table 4.2: List of different selection criteria applied in different regions, with the
right column defining the acronyms used.

4.4 Effect of selection criterion

The event selection removes most of the events that are badly reconstructed, hence

the number of reconstructed events drops from 41% to 22%. The statistical impact

of event selection is discussed in the next section, while its effect on the quality of

reconstruction is discussed here.

Figure 4.10 compares the reconstructed muon information with (WS) and with-

out (WOS) event selection, where Figs. 4.10a and 4.10b show the zenith angle

(θz) and energy (Eµ) distribution of muons respectively (averaged over azimuthal

angle φ).

The reconstruction efficiency and resolution increases with event selection. Fig-

ure 4.11 shows the effect of event selection on the residual distribution of muon

energy (Figs. 4.11a and 4.11b) and zenith angle (Figs. 4.11c and 4.11d) in various

bins of true muon energy.

The tails of residual distributions decreases considerably after event selection,
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Figure 4.10: With (WS) and without (WOS) selection comparison of (a) muon
zenith angle and (b) the energy of the muon, for a 50 kton × 100 years exposure
of the ICAL detector.

which is evident from the reduction of the RMS values in Fig. 4.11. Hence the

fraction of low energy events that were reconstructed at high energy is reduced

via the event selection (see Figs. 4.11a and 4.11b). Also note the reduction of the

additional peak in the residual distribution of muon energy (see 4.11b), which re-

sulted from the wrong reconstruction of highly energetic partially-contained events

as events with low energy. Hence the event selection is also able to reduce the

mis-reconstructed events among the partially-contained events. Figure 4.12 shows

the improvement in the efficiencies and resolutions of the reconstructed events

after event selection.

The resolution improves considerably at low and high energies with the event

selection applied. An overall improvement of 23% and 19% is observed in energy

and zenith angle resolution of muons (averaged over muon energy, zenith and

azimuthal angles) after the event selection. The CID efficiency shows ∼ 6% to 10%

improvement at all muon energies, after the event selection. The reconstruction

efficiency decreases as expected, and an overall 42% reduction is noted (averaged

over muon energy, zenith and azimuthal angles).

4.5 Statistical effect of selection

The event selection removes about 47% of the events that are reconstructed. The

fraction of the number of reconstructed events in central, peripheral and side
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Figure 4.11: Difference in reconstructed and true values of (a) muon energy in
the low energy bin 1 ≤ Etrue

µ ≤ 1.5 GeV, (b) muon energy in the high energy
bin 20 ≤ Etrue

µ ≤ 25 GeV, (c) cosine of muon zenith angle in the low energy bin
1 ≤ Etrue

µ ≤ 1.5 GeV and (d) cosine of muon zenith angle in the high energy bin
20 ≤ Etrue

µ ≤ 25 GeV, is compared with (WS) (solid, orange) and without (WOS)
(dashed, blue) selection.

regions, that satisfy the different event selection criteria, is shown in Table 4.3 for

different bins in true muon energy.16 On average, the χ2 selection (CS) removes

∼ 25% of the reconstructed events, whereas the horizontal event selection (HS),

z-vertex selection (ZS), Nhits selection (NS) and other selections (OS) remove 6%,

4.6%, 15% and 3.6%, respectively.17

The event selection is able to improve the CID efficiencies and resolutions, but a

lot of good events are also lost in the process. Note that theNhits selection performs
16The number of events in different energy bins are averaged over the zenith and azimuthal

angles of the muon.
17Note that these percentages are hierarchical, where the event selection criteria CS, HS, ZS,

NS and OS are applied in the given order.
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event selection.

well in the side and peripheral regions by identifying the partially contained high

energy events that are poorly reconstructed, but at low energies (0.2 - 1.5 GeV) the

partially-contained events are completely removed. Figure 4.13 shows the residual

distribution of muon energy for the partially contained events that are lost during

event selection in side and peripheral regions.

In Fig. 4.13, the energy resolutions are within 5% of the events that are se-

lected, but are lost for the optimal selection. Similarly a lot of better reconstructed

events are lost to various event selection criteria applied. Hence in the oscillation

analysis discussed in next chapter, we also study the effect of event selection on

the parameter determination.
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Figure 4.13: Residual distribution of muon energy for the low energy partially-
contained events that are lost to event selection.

4.6 Summary

The ability of the ICAL to measure the oscillation parameters, and observe the

MH, depends on the extent of ICAL to identify and reconstruct the neutrino

events at different energies and directions. Hence a CC νµ data for an exposure

of 50 kton× 100 years is simulated to study the response of ICAL in the neutrino

energy range 0.2 - 50 GeV. An overall reconstruction of 41%, with a 81% charge

identification efficiency is observed.

Various event selection criteria are applied to improve the response of ICAL.

The charge identification efficiency increases by ∼ 8%, whereas the energy and

angular resolutions show a relative improvement of 23% and 19% respectively,

but almost 47% of the reconstructed events are lost in the process. Hence the

event selection improves the quality of the events, while the quantity of the events

reduces considerably.

The reach of ICAL in measuring the oscillation parameters depends on the

oscillation sensitivity and the exposure time (event statistics) of ICAL. The qual-

itative and quantitative effect of the event selection on the oscillation sensitivity,

within the framework of low event statistics is studied and discussed in the fol-

lowing chapters.
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Oscillation analysis

One of the main goals of the ICAL is to precisely determine the atmospheric neu-

trino oscillation parameters sin2 θ23 and ∆m2
32, and measure the MH of neutrinos.

The present chapter describes the reach of the ICAL in measuring these param-

eters within the framework of low event statistics. The idealized case, where the

NUANCE data is folded with detector efficiencies and smeared by the resolution

functions obtained from GEANT-based studies of single muons with fixed direc-

tion and energy, has been presented previously [173]. The analysis presented here

uses a realistic approach, where an event-by-event reconstruction is performed by

simulating each event in a GEANT-based detector environment as described in

Chapter 3.

The first step in the analysis procedure is event generation, where a CC νµ

sample is generated for an exposure of 50 kton × 1000 years. The generated

events are reconstructed event-by-event and the event selection criteria are applied

as described in Chapter 4 to remove badly reconstructed events. The selected

events are binned after applying event-by-event oscillations, and are used in the

χ2 analysis to determine the oscillation parameters. Each of these procedures is

described in detail in the following sections.

5.1 Event generation

The analysis presented in this chapter mainly focuses on the reach of ICAL in

measuring the oscillation parameters and the effect of fluctuations that arise from

the low event statistics. To impart fluctuations, a NUANCE data file with CC νµ

events are generated for an exposure of 50 kton×1000 years, where the sub-samples

corresponding to five years of data are used as the experimentally simulated sample

(pseudo-data set) and the remaining 995 years of data are used to construct the
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probability distribution functions (PDFs) that are used in the χ2 fit. Hence the

five-year experimental sample is completely uncorrelated with respect to the PDFs

that are used to fit the data.

In the previous studies [173–175] the data were analyzed for an exposure of

five or 10 years, but was scaled down from a 1000 year sample. The main purpose

of scaling was to reduce the statistical fluctuations arising from the low event

statistics. Hence the experimental data were unfluctuated, and as the same sample

was used to construct the PDF, the experimental data were also correlated and

the reconstructed central value was always practically the same for both. The

present analysis will mainly focus on the effects of low event statistics by studying

the χ2 fits to the data samples with and without fluctuations.

The muon events in the ICAL includes the contribution from atmospheric νµ
and νe flux, hence they are generated and reconstructed before applying the os-

cillations. The general analysis procedure to determine the oscillation parameters

with and without fluctuations, is shown using a flowchart in Fig. 5.1. The event-

by-event oscillation and the relative flux of oscillated νµ and νe events are discussed

in the next section.

5.2 Applying oscillations

The determination of neutrino oscillation parameters to a high accuracy requires

a precise calculation of oscillation probabilities. Numerically, the oscillation prob-

abilities may be computed to a required precision, but the non-uniform Earth

matter poses a problem analytically. In the analysis, the oscillations probabilities

are calculated very precisely by numerically evolving the neutrino flavor eigen-

states [65] using the equation,

i
d

dt
[να] = 1

2E
(
UM2U † +A

)
[να] , (5.1)

where [να] denotes the vector of flavor eigenstates, να, with α = e, µ, τ , and U is the

PMNS mixing matrix given by Eq. (1.22). Here, M2 is the mass-squared matrix

with the diagonal piece proportional to m2
1 removed: M2 = diag(0,∆m2

21,∆m2
31),
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Figure 5.1: Flow chart showing the two different analysis procedures, with and
without fluctuations.

and A is the diagonal matrix, diag(A, 0, 0), with matter term A given by

A = ± 2
√

2GFneE

= ± 7.63× 10−5 ρE,
(5.2)

where the sign is positive for ν and negative for ν̄. Here, E is the neutrino energy

in GeV, GF is the Fermi coupling constant, and ne is the electron number density,

which is related to the matter density ρ in gcm−3. The difference in sign of A for

ν and ν̄ leads to differing oscillation probabilities, which in turn are sensitive to

the sign of ∆m2
32.

The precise calculation of oscillation probabilities depends on the accurate

interpretation of the density profile of the Earth. The Earth matter density is

not uniform, but it increases progressively as it reaches the center of the Earth.

The Preliminary Reference Earth Model (PREM) [66], an average Earth model,
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provides the density profile of Earth that is used to calculate the oscillation prob-

abilities [65]. It identifies nine principal regions based on the discontinuities in

the Earth’s density. The nine concentric shells in Fig. 5.2a shows the schematic

representation of those regions (assuming spherical symmetry).

PR
E
M

SH
E
LLS

θz

down

up

r

Inner core Outer core Mantle

(a) (b)

Figure 5.2: (a) Concentric shells showing the schematic of principal regions iden-
tified by PREM profile. (b) The variation of radial density of the Earth as given
by PREM [176].

Figure 5.2b shows the variation of the Earth’s density profile with the distance

r (in km) from the center of the Earth, where the density changes abruptly at

core-mantle and inner-outer core transitions. Note that the average Earth model

does not reflect the actual structure of the Earth in the first few tens of kilometers,

as the lateral heterogeneity is very large. Also the absolute values of the densities

themselves are not well established, which is known to affect the oscillation prob-

abilities [65]. However, the present analysis only uses the absolute values of the

density obtained from the PREM profile, and any uncertainties pertaining to the

PREM profile are beyond the scope of this thesis. Inversely in neutrino tomogra-

phy, the neutrino oscillation physics can be used to probe the internal structure

of the Earth [177–179] giving a better understanding of the Earth’s density.

The ICAL has an advantage because it can differentiate between ν and ν̄ events

and observe the matter effects separately. The muon signal in the ICAL will have

contributions from the component of the νe flux (Φνe) that has oscillated to νµ and

the component from νµ flux (Φνµ) that has survived.1 Hence the total number of
1The atmospheric ντ flux (Φντ ) is estimated to be about 106 times lower than Φνµ and
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events appearing in the detector for an exposure time T is obtained from

d2N

dEν d cos θz
= T ×ND × σνµ

[
Pµµ

d2Φνµ

dEν d cos θz
+ Peµ

d2Φνe

dEν d cos θz

]
, (5.3)

where ND is the number of targets in the detector. Here Pµµ and Peµ are the

survival (νµ → νµ) and transition (νe → νµ) probabilities for the νµ and νe channel,

respectively.

5.2.1 νµ channel

The muon neutrinos are the most abundant component of the atmospheric neu-

trino in comparison to other neutrino flavors. The νµ flux is twice that of νe flux,

and increases with increasing neutrino energy. A five year pseudo-data set contain-

ing CC νµ information is generated and reconstructed before applying oscillations,

where the effect of event selection is also studied by applying the event selection

criterion. The νµ survival probabilities are calculated including the Earth matter

effects, and the oscillations are applied via the accept or reject method. Here, the

true values of the oscillation parameters are used assuming NH, from Ref. [180];

see Table 5.1.

Parameter Input Value
sin2 θ23 0.5
sin2 θ12 0.304
sin2 θ13 0.0219
∆m2

21 (eV2) 7.53×10−5

∆m2
32 (eV2) 2.32×10−3

δCP 0

Table 5.1: Assumed values of oscillation parameters [180] used to construct the
pseudo-data, where δcp is assumed to be zero.

Accept or reject method

The accept or reject method decides whether a ν or ν̄ has not oscillated, which is

referred to as ‘survived’, or has oscillated into other neutrino flavors. Initially, the

νµ survival probability Pµµ is calculated for each ν or ν̄ with a given energy and

Φνe [97].
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direction. To decide whether an unoscillated νµ survives oscillations to be detected

as νµ, a uniform random number r is generated between 0 and 1. If Pµµ > r, the

event is accepted and is considered to have survived the oscillations. Otherwise, it

is considered to have oscillated into another flavor and is rejected. Figures 5.3(a)

and 5.3(b) show the zenith angle distribution of muons before and after applying

the oscillations for ν̄µ and νµ events respectively. They also compare the zenith

angle distributions with (WS) and without (WOS) event selection.
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Figure 5.3: cos θz distributions with and without oscillations for (a) µ+ obtained
from ν̄µ events. (b) µ− obtained from νµ events. The distributions are also com-
pared with (WS) and without (WOS) selection criterion.

The upward going neutrinos (cos θz > 0) would travel a larger distance com-

pared to downward going neutrinos (cos θz < 0) with a larger probability to oscil-

late into another flavor, which is evident from the reduction of events in the bins

cos θz > 0. Almost 70% of events survive the oscillations. Table 5.2 quotes the

total number of νµ events which survive the oscillations for a 50 kton × 5 years

exposure of Φνµ flux.

Procedure WOS WS
Unoscillated 8314± 91 5210± 72
Oscillated 6103± 78 3802± 61

Table 5.2: Number of CC νµ events, before and after oscillation for a 50 kton ×
5 years exposure of Φνµ flux, is shown with (WS) and without (WOS) applying
selection criterion.

In Fig. 5.3 the oscillation signatures are different in ν̄µ and νµ events, where it

depends on the sign of ∆m2
32. This difference is solely due to the matter effects,
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as we have assumed no CP violation. (It has been clearly established that CC µ

events in the ICAL are insensitive to δcp [101].) Hence, in the process of binning,

the νµ events are separated from ν̄µ events to have a maximum sensitivity to the

MH.

5.2.2 νe channel

The νe → νµ transition probability is negligible in comparison to νµ → νµ survival

probability. The Figure 5.5 shows the comparison of oscillation probabilities Peµ
and Pµµ at different neutrino energies, where Peµ are relatively smaller at all

length scales except when it satisfies the matter resonance condition (the peak at

log(L/Eν) ≈ 3.4 in Fig. 5.4b; see Sec. 1.3.2 for details). Hence the fraction of

muon events coming from the νe channel will be negligible at ICAL, despite the

fact that the atmospheric νe flux is almost half that of the atmospheric νµ flux.
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Figure 5.4: Comparison of oscillation probabilities Peµ and Pµµ at different neu-
trino energies (a) 1 GeV, and (b) 5 GeV.

The fraction of oscillated νe events, i.e. the ratio of the number of νµ like

events coming from the νe flux to the total νµ like event in the ICAL, is given by,

Fraction of νe = Nνe→νµ

Nνe→νµ +Nνµ→νµ
. (5.4)

Figure 5.5 shows the fraction of ν̄e and νe in the detector for an exposure of
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Figure 5.5: Fraction of ν̄e in ν̄µ, and νe in νµ sample (50 kton× 100 years).

50 kton× 100 years,2 where it is observed to account for 0.7% and 2% of the total

sample respectively. Hence in the present analysis, the contribution from the νe
channel is neglected. However, the νe channel is known to marginally dilute the

sensitivity of oscillation parameters, which will be discussed later.

5.3 Binning scheme

The reconstructed muon information from the νµ channel are used for binning.

During reconstruction, the positive and negative charged particles are convention-

ally tagged with positive and negative momentum respectively. Hence the muons

with negative reconstructed momentum are identified as µ− from a neutrino event,

and the ones with positive momentum are identified as µ+ from an anti-neutrino

event. The information on the reconstructed muons with negative and positive

charges are binned separately in QµEµ and cos θz bins after applying oscillations,

where Qµ = ±1 for µ±. Hence the events with negative QµEµ indicate those

identified as νµ, and the ones with positive QµEµ is identified as ν̄µ events.

Figure 5.6(a) shows the uniform binning in cos θz from −1 to 1, whereas Fig.

5.6(b) shows the variable binning in QµEµ from −50 GeV to 50 GeV, with and

without event selection. As the atmospheric neutrino flux falls rapidly at higher

energies, wider bins were chosen to ensure adequate statistics in those energy
2The sample size is increased to an exposure of 50 kton× 100 years to have good statistics.
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regions. Table 5.3 summarizes the binning scheme that is used in the current

analysis.
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Figure 5.6: (a) Binning in cos θz, and (b) binning in Eµ of five year oscillated
pseudo-data. The solid (orange) line and the dashed (blue) line shows the binning
with (WS) and without (WOS) event selection cuts.

Observable Range Bin width Bins Total bins

Eµ (GeV)

[-1.2, -0.2], [0.2, 1.2] 1.0 2

18

[-2, -1.2], [1.2, 2] 0.4 4
[-2.5, -2], [2, 2.5] 0.5 2
[-5.5, -2.5], [2.5, 5.5] 1.0 6
[-8, -5.5], [5.5, 8] 2.5 2
[-50, -8], [8, 50] 42 2

cos θz [-1, 1] 0.2 10 10

Table 5.3: The binning scheme for the reconstructed observables cos θz and Eµ
.

The use of finer binning is known to marginally improve the precision in both

sin2 θ23 and |∆m2
32|, where it has been studied previously [173] for energies less than

11 GeV. Increasing the range of energies beyond 11 GeV is also known to improve

the result [174], as the lower part of the L/E spectrum contains more events that

are sensitive to oscillations. Also, by increasing the number of high energy bins,

the overall precision can be improved. However, it is not feasible due to the limited

statistics available within the frame work of low event statistics. The optimization

of bin widths at higher energies will be presented in a later section, where the

fluctuations are removed to observe the effect of different binning. However, the

current analysis will use the binning shown in Table 5.3, to focus on the effects of

fluctuations arising from the low event statistics.3

3The binning shown in Table 5.3 is obtained from the requirement of fit stability, where the
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5.4 Constructing the PDF
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Figure 5.7: PDF for ν̄µ and νµ are shown for (a) binning in cos θz, and (b) binning
in Eµ. The ν̄µ (νµ) entries for qµEµ < 0 (> 0) indicate the charge misidentified
content. The effect of the event selection is also shown by the distributions with
(WS) and without (WOS) event selection criterion.

The probability distribution functions (PDFs) are used to fit the pseudo-data

in the chi-square analysis, where separate PDFs are generated for νµ and ν̄µ by

binning the reconstructed muon information as a function of cos θz and QµEµ.

Figures 5.7(a) and 5.7(b) shows the ν̄µ and νµ PDFs that are properly normalized

for the χ2 analysis. In the present analysis, two cases exist where the PDFs are

created in two different methods.

1. With fluctuations: this is the most realistic case where the data have fluc-
tuations arising from low event statistics. Here the experimental data is
split from a larger sample, and the remainder of the sample is used for the
construction of the PDF. Hence the PDFs are uncorrelated with respect to
the experimental sample.

2. Without fluctuations: this is the ideal case where the fluctuations in the data
are removed by scaling a large sample of data. Here the PDFs are generated
from the same sample. Hence they are correlated with the experimental data
used for the analysis.

fluctuated data sets where subjected to the chi-square fit, and the present binning was chose on
the basis of better convergence of the fit.
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5.5 The χ2 analysis and systematics

The χ2 method is used to fit the pseudodata and determine the atmospheric

neutrino oscillation parameters sin2 θ23 and ∆m2
32. The basic ingredients of the

χ2 test include, the theoretical and experimental values of n observables, their

uncorrelated errors, and the correlated errors due to k independent sources of

systematics. In general, the idea of a χ2 function is to measure the difference

in the theoretical and experimental values in the units of total (theoretical and

experimental) uncertainities. In the present analysis, the systematic uncertainties

are incorporated via the pull approach [181], which is analytically equivalent to the

conventional covariance approach for small uncertainties, and is computationally

much faster. After binning the oscillated events, the five year pseudodata set is

fit by defining the following χ2 [173,182]:

χ2 = min
{ξk}

ncos θz∑
i=1

nEµ∑
j=1

2
(Npdf

ij −Ndata
ij

)
−Ndata

ij ln
 Npdf

ij

Ndata
ij

+
2∑

k=1
ξ2
k, (5.5)

where, Ndata
ij are the number of events observed and Npdf

ij are the number of

events that are expected in a given (cos θiz, Ej
µ) bin, while ncos θz and nEµ are the

total number of cos θz and Eµ bins respectively, meaning there are ncos θz × nEµ
observables in the fit. Here, Ndata

ij is measured for the true values of oscillation

parameters, summarized in Table 5.1, whereas Npdf
ij is obtained by combining ν̄µ

and νµ PDFs as:

Npdf
ij = R

[
fT ν̄ij + (1− f)T νij

] [
1 +

2∑
k=1

πkijξk

]
. (5.6)

Here T ν̄ij and T νij are the normalized ν̄ and ν PDFs respectively, with R being the

normalization factor in the fit which scales the PDF to the data entries. Also, the

free parameter f describes the relative fraction of ν̄µ and νµ in the sample. The

variables πkij and ξk are used to incorporate systematic uncertainties, and their

definitions are described in Sec. 5.5.1.
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5.5.1 Systematics uncertainties

The pull approach parametrizes the systematic uncertainties via a set of variables

{ξk} called pulls, which are then treated on the same basis as the parameters of

the fit. The effect of each independent kth source of systematic uncertainty are

embeded through a shift of the difference Npdf
ij − Ndata

ij by an amount −πkijξk in

each ijth bin,4 where the coupling πkij is the correlated uncertainity related to kth

source of systematic. The χ2 function in Eq. 5.5 can be identified as a sum of two

parts [182]:

χ2( ~ζ, ~ξ ) = χ2
data( ~ζ, ~ξ ) + χ2

pull( ~ξ ), (5.7)

where ~ζ denotes the parameters of the model,5 with ~ξ being the systematic pulls.

The χ2
data determines the usual difference in the experimental values from the

predicted values, whereas the quadratic terms of ξk in χ2
pull is added as a proper

penalty to account for the deviation of systematic inputs from its nominal value.

The value ξk = 0 corresponds to the expected value, and the variation, ξk = ±1

corresponds to a one standard deviation for the kth source of systematics.

Absolute normalization

The uncertainty in the primary cosmic ray flux and the hadronic models leads to

an uncertainty in the atmospheric neutrino flux calculation, which is estimated

to be ∼ 20% below 100 GeV [183]. The uncertainty in absolute normalization is

estimated to be ∼ 25%, where an uncertainty of 15% for the total crossection is

added in quadrature with the uncertainity in the flux [184]. Hence, in the previous

analysis performed at ICAL, an overall 20% uncertainty in flux normalization was

used along with a 10% uncertainty in crossection and 5% on total number of events

as the systematics uncertainties [101].6 However, in the current analysis, R is a

free parameter that is used in the fit which fixes the absolute flux normalization,

and it is noted to improve the uncertainty in flux normalization.
4The negetive sign preceding πkijξk is conventional.
5In the present analysis, the fit parameters include sin2 θ23, ∆m2

32, f and R.
6Note that the Honda flux at Kamioka site was used for the oscillation analysis at ICAL

previously, and the same is used here in the present analysis so as to compare with the previous
results.
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Antineutrino/neutrino ratio

The uncertainty in π+/π− ratio from hadronic calculations results in a systematic

uncertainty in the ν̄µ/νµ ratio, which is estimated to be ∼ 5% [183].7 The free

parameter f in the fit fixes this relative flux normalization.

Energy tilt uncertainty

As discussed in Sec. 1.4.2, the neutrino flux energy spectrum obeys the power

function E−γν . The uncertainty in the spectral index of the neutrino flux Eγ±δ
ν

introduces a systematic uncertainty in the energy distribution, which is estimated

to be 5% from the primary cosmic ray spectrum [184].

The pull ξtilt parametrizes the systematic uncertainty in the energy distribu-

tion. A standard procedure given in Ref [182] is used to calculate the energy tilt

error, i.e., the possible deviation of the energy distribution of the atmospheric

fluxes from the power law, by defining

Φδ(E) = Φ0(E)( E
E0

)δ ≈ Φ0(E)
[
1 + δ ln E

E0

]
, (5.8)

where Φ0(E) is the expected number of events calculated for each (ij)th bin. The

quantity Φδ(E) is computed from Eq. 5.8, where δ is the 1σ tilt error and E0 =

2 Gev. Note that the fluxes are calculated by neglecting the oscillations, and the

coupling πtilt
ij is measured from the relative change in the flux.

Zenith angle uncertainty

The uncertainty in the zenith angle induces an error in the up-down asymmetry

of the events, and is estimated to be ∼ 5% [182]. The pull ξzenith parametrizes

the systematic uncertainty in the zenith angle distribution, where the coupling in

each bin is calculated in proportion to the zenith angle value of that particular

bin, i.e., πzenith
ij = 5% 〈cos θ〉ij.8

7Similarly a 5% systematic uncertainty is estimated for ν̄e/νe ratio, but the present analysis
only focuses on νµ like events.

8The average value of cos θ in the ij-th bin, i.e., 〈cos θ〉ij , is the central value of the ijth bin.
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Hence, a total of two bin-dependent pulls [ξtilt, ξzenith] are used to apply the

systematics in the present analysis.

5.6 Parameter deduction and selection effects

The χ2 function in Eq. (5.5) is used to fit the data with and without event se-

lection, and their effects are studied on the sensitivities to neutrino oscillation

parameters sin2 θ23 and ∆m2
32. The maximum realistic case, where the data are

fluctuated with the usage of low event statistics, and the ideal case, where the

effects of fluctuations are negated, are both fit separately to determine the param-

eters sin2 θ23 and ∆m2
32.

5.6.1 Fit without fluctuations (WOF)

The pseudo-data binned without the fluctuations is fit to determine the parameter

sin2 θ23, marginalizing over ∆m2
32,9 for an input value of sin2 θ23 = 0.5 (single

parameter fit). Figure 5.8a shows the comparison of ∆χ2 with (WS) and without

(WOS) event selection as a function of sin2 θ23. The asymmetrical curve in sin2 θ23

signifies the breakdown of octant degeneracy, which stems from the leading term

sin2 2θ23 in the oscillation probability, via the enhanced matter effects due to the

relatively large value of θ13.

The observed precision of the parameters are relatively worse after the event

selection, as is evident from Figure 5.8. The precision in the parameter determi-

nation is defined as

precision = Pmax − Pmin

Pmax + Pmin
, (5.9)

where Pmin and Pmax are the minimum and maximum values of the concerned

parameter determined at the given C.L.

In Fig. 5.8a, the fit without event selection (WOS) converges to 0.49+0.15
−0.10 in

sin2 θ23 with a 45% precision at 3σ (22.7% at 1σ), whereas the fit with the event

selection (WS) converges to 0.50+0.14
−0.10 with a precision of 48% at 3σ (23.4% at

9The parameters f and R are the free parameters, hence they are always marginalized in the
fit.
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Figure 5.8: ∆χ2 as a function of (a)sin2 θ23, for an input value of sin2 θ23(true) =
0.5 and (b) ∆m2

32, for an input value of ∆m2
32(true) = 2.32× 10−3 eV2. The solid

(orange) and dashed (magenta) line shows the fit without (WOS) and with (WS)
the event selection.

1σ). Therefore, the precision in sin2 θ23 is only marginally worse after the event

selection, whereas the precision in the parameter ∆m2
32 gets relatively worse.

The Figure 5.8b shows the comparison of ∆χ2 with (WS) and without (WOS)

event selection as a function of ∆m2
32, for an input value of ∆m2

32 = 2.32×10−3 eV2.

The fit without event selection converges to (2.32+0.43
−0.32)× 10−3 eV2 in ∆m2

32 with a

59.4% precision at 3σ (16.4% at 1σ), whereas the fit with event selection converges

to (2.33+0.61
−0.36)× 10−3 eV2 with a precision of 79% at 3σ (19.7% at 1σ). Hence, the

precision in ∆m2
32 is observed to deteriorate by 33% at 3σ.

The parameters sin2 θ23 and ∆m2
32 are correlated, and a separate fit (double

parameter fit) is performed to obtain the correlated precision reach for the five-

year experimental data without fluctuations. An input value of sin2 θ23 = 0.5

and ∆m2
32 = 2.32 × 10−3 eV2 is used to generate the experimental data set. The

parameters in the fit are marginalized as given in Table 5.5, where the relative and

absolute scale parameters f and R are always marginalized over the given ranges.

The parameters sin2 θ13 and ∆m2
21 are kept constant in the fit without any prior

constraints, as they have very minimal or negligible effect when marginalized.

More details are given in Appendix A.

The two parameter fit converges close to the input value with and without

event selection for the unfluctuated data set, see Table 5.5. The fit without event

selection converges at 0.49+0.15
−0.10 in sin2 θ23 and (2.32+0.43

−0.32)×10−3 eV2 in ∆m2
32, where
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Parameter Marginalization range
sin2 θ23

a [0,1]
∆m2

32 (eV2)b [0.0005,0.005]
f [0,1]
R Unconstrained
sin2 θ13 Not marginalized
sin2 θ12 Not marginalized
∆m2

21 (eV2) Not marginalized
δcp Not marginalized

Table 5.4: Marginalization of the parameters as used in the fit
aMarginalized when the data is fit to determine ∆m2

32
bMarginalized when the data is fit to determine sin2 θ23

as the fit with event selection converges to 0.50+0.14
−0.10 in sin2 θ23 and (2.32+0.61

−0.35) ×

10−3 eV2 in ∆m2
32 with a larger coverage area. Figure 5.9 compares the precision

reach in sin2 θ23 − ∆m2
32 plane at 99% CL, obtained from the fit to five year

pseudo-data set with (WS) and without (WOS) the event selection.

Parameter Best-fit value WOS Best-fit value WS
sin2 θ23 0.49+0.15

−0.10 0.50+0.14
−0.10

∆m2
32 (eV2) (2.32+0.43

−0.32)× 10−3 (2.32+0.61
−0.35)× 10−3

f 0.26± 0.01 0.27± 0.01
R 5766± 78 3365± 60

Table 5.5: Best fit values of the parameters obtained from the fit to five year
unfluctuated pseudo-data set for the input values sin2 θ23 = 0.5 and ∆m2

32 =
2.32× 10−3 eV2.

The relatively worse precision achieved after the event selection can be at-

tributed to the reduction in the sample size. Note that the sample size was re-

duced by 42% after selection, which is evident from the absolute normalizations

R obtained from both the fits (Table 5.5). The event selection leads to a larger

statistical uncertainty in the five year sample, resulting in a worse precision in de-

termining the parameters sin2 θ23 and ∆m2
32. Also it is evident that a fair number

of good events are also lost to the selection.

5.6.2 Fit with fluctuations (WF)

The fluctuated experimental-data set corresponding to five years is fit to determine

sin2 θ23, marginalizing over |∆m2
32|, for an input value of sin2 θ23 = 0.5. Figure
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Figure 5.9: Confidence levels obtained in sin2 θ23−∆m2
32 plane from the fit to five

year pseudo-data. The broken (black), dotted (blue) and the dashed (orange) line
shows the coverage area with 68%, 90% and 99% CL respectively without (WOS)
event selection, whereas the solid (magenta) line shows the coverage area with
99% CL with (WS) event selection.

5.10(a) shows the values of ∆χ2 as a function of sin2 θ23, obtained from the fit

to data-sets with (WS) and without (WOS) event selection.10 Unlike the unfluc-

tuated fit, the fluctuated fit converges to a value far away from the input value,

where it is quantified by defining the significance of the fit. The significance mea-

sures how far the observed value (best fit value) is away from the parameters true

value (input value) in the units of ∆χ2, i.e.,

significance =
√

∆χ2
input −∆χ2

min , (5.10)

where ∆χ2
input and ∆χ2

min are the ∆χ2 values at the true and observed values of

the parameter respectively.

The one parameter fit to the fluctuated data converges to a value of 0.58+0.06
−0.09

in sin2 θ23 without the event selection (WOS), where it is within 1σ of the input

value with a significance of 0.86. Note that the fit after event selection converges

to 0.67+0.06
−0.07, which is within 2σ of the input value, and shows relatively larger

uncertainty at 2 and 3σ range. The observed precision in sin2 θ23 at 3σ is about

39.2% before applying the event selection, and as expected it deteriorates to 41.9%
10Note that the fits with event selection is observed to give a worse result in parameter precision

for the unfluctuated data set, but its also worth looking at those effects in the fluctuated data-
sets.
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Figure 5.10: ∆χ2 as a function of (a) sin2 θ23, for an input value of sin2 θ23(true) =
0.5 and (b) ∆m2

32, for an input value of ∆m2
32(true) = 2.32× 10−3 eV2. The solid

(blue) and dashed (orange) line shows the fit without (WOS) and with (WS) event
selection.

after applying the selection. Note the improvement in precision by ∼ 33% at

1σ for the fluctuated data set, which is mere fluctuations in the outcome of the

precision measurement (for this particular fluctuated data-set) in comparison to

the unfluctuated data set.

The fluctuated data-set is also fit to determine |∆m2
32|, marginalizing over

sin2 θ23, for an input value of ∆m2
32 = 2.32 × 10−3 eV2. A similar behavior is

observed in ∆m2
32, where Fig. 5.10(b) shows the comparison of ∆χ2 with and

without event selection as a function of |∆m2
32|. The fit without event selection

converges to a value of (2.38+0.11
−0.39) × 10−3 eV2, where it is within 1σ of the input

value with a significance of 0.51. Note that the fit with event selection converges

to (2.18+0.23
−0.37) × 10−3 eV2 (within 1σ of the input value), and shows a relatively

larger uncertainty at 2 and 3σ range.

The observed |∆m2
32| precision for the fit without event selection is 43.4% at 3σ

(10.8% at 1σ), whereas after event selection it deteriorates to 57.9% at 3σ (13.9%

at 1σ) as expected. Note that the multiple local minimas in ∆χ2 function (Fig.

5.10(b)) arises from the statistical uncertainty on the PDF, and a fit to the PDFs

constructed from larger MC samples is observed to reduce these local minimas.

The details are presented in Appendix B.

The correlated precision reach for the fluctuated data set is obtained from the

two parameter fit, where the marginalization of the parameters is performed as
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Parameter Best-fit value WOS Best-fit value WS
sin2 θ23 0.58+0.06

−0.09 0.67+0.06
−0.07

∆m2
32 (eV2) (2.38+0.11

−0.39)× 10−3 (2.18+0.23
−0.37)× 10−3

f 0.26± 0.01 0.27± 0.01
R 5901± 79 3628± 62

Table 5.6: Best fit values of the parameters from the fit to five year experimental-
data without (WOS) and with (WOS) event selection, for the input values
sin2 θ23 = 0.5 and ∆m2

32 = 2.32× 10−3 eV2

in Table. 5.5. The parameters in the fit are observed to converge far away from

the input value. The fit without event selection converges at 0.58+0.06
−0.09 in sin2 θ23

and (2.38+0.11
−0.39) × 10−3 eV2 in ∆m2

32 within a significance of 1σ from the input

value, whereas the fit with event selection converges to 0.67+0.06
−0.07 in sin2 θ23 and

(2.18+0.23
−0.37)× 10−3 eV2 in ∆m2

32 with a significance of 2σ. The best-fit values and

the 1σ asymmetrical errors of the parameters are summarized in Table 5.6.
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Figure 5.11: Confidence levels obtained from the fit to five year experimental-data
in sin2 θ23−∆m2

32 plane within the framework of low event statistics (fluctuated).
The broken (black), dotted (blue) and the dashed (orange) line shows the coverage
area with 68%, 90% and 99% CL respectively without (WOS) event selection,
whereas the solid (magenta) line shows the coverage area with 99% CL with (WS)
event selection.

Figure 5.11 compares the precision reach in sin2 θ23 −∆m2
32 plane at 99% CL,

obtained from the fit to five year fluctuated pseudo-data set with (WS) and without

(WOS) the event selection. The fit with event selection shows larger coverage area

as expected. The fit was repeated for few other fluctuated data sets, where all

observed larger precision for the fit with event selection. Hence in the further
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studies, the event selection is ignored and all the events that are reconstructed are

taken in to account.

5.7 Effect of fluctuations

The process of scaling nullifies the effect of fluctuations arising from the low event

statistics, and the resultant best-fit parameter values are always close to the input

values. Hence the parameter sensitivities obtained from the unfluctuated data

can be understood as a median sensitivity when averaged over a large number of

randomly generated samples. This section explores the possible deviations of the

parameter sensitivity and the best fit values that the ICAL can measure with the

realistic data.

In order to see the effect of fluctuations, an ensemble of 60 mutually inde-

pendent fluctuated sets are generated for an exposure of five years. Each set is

individually fit to determine sin2 θ23 and ∆m2
32, where both separate (one param-

eter) and simultaneous (two parameter) fits are performed as mentioned in Sec.

5.6.11 Figures 5.12a and 5.12b show the one parameter fit to sin2 θ23 and ∆m2
32

respectively, and compares the effect of fluctuations in determining them. Note

that only three fits (among 60) with fluctuations (WF:1, WF: 2 and WF: 3) are

represented from the three independent fluctuated data sets for the comparison.

The parameter uncertainty and hence the precision changes with each fluc-

tuated set, where few are observed to be better, and few to be worse than the

precision obtained from the fit to unfluctuated data-set. Note that the asym-

metrical uncertainty in sin2 θ23 has a better precision in the lower octant for the

unfluctuated set, whereas the fluctuated data-sets observe fluctuations in the oc-

tant sensitivity as well. The effect of fluctuations on the confidence levels obtained

in sin2 θ23 −∆m2
32 plane is shown in Fig. 5.13 at 99% CL.

The fluctuations in the data induce fluctuations in the resultant best-fit point

and the coverage area obtained from the fit. The significance of the convergence

also changes along with the resultant of each independent fluctuated pseudo-data
11Note that the event selection process is ignored to achieve, and compare, the best possible

parameter sensitivities.
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Figure 5.12: Single parameter fits showing the effect of fluctuations on ∆χ2 as a
function of (a) sin2 θ23, for an input value of sin2 θ23(true) = 0.5 and (b) ∆m2

32,
for an input value of ∆m2

32(true) = 2.32 × 10−3 eV2 . The fit to data without
(WOF) fluctuations is shown by solid (orange) curve, where it is compared to the
fit to three other independent fluctuated pseudo-data sets [WF: 1 (dashed, blue),
WF: 2 (dotted, black) and WF: 3 (broken magenta)].
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Figure 5.13: Comparison of precision reach in sin2 θ23−∆m2
32 plane obtained from

the fit to five year pseudo-data with (WF) and without (WOS) fluctuation. The
solid (orange) line shows the coverage area with 99% CL without fluctuations and
is compared to the fit to three other independent fluctuated pseudo-data sets [WF:
1 (dashed, magenta), WF: 2 (dotted, blue) and WF: 3 (broken, black)]. The green
dot signifies the input (true) value.

set. Any bias in the experimental setup or the analysis procedure can be identi-

fied from the significance measured from an ensemble of experiments. Therefore,

the significance is measured from an ensemble of 60 experiments by performing

separate (single parameter) and simultaneous (double parameter) fits to sin2 θ23

and ∆m2
32.
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for the simultaneous (double parameter) fit to sin2 θ23 and ∆m2

32.

Figure 5.14 shows the significance of convergence in terms of standard deviation

σ. Almost 68% of the times, the fit to sin2 θ23 converges within 1σ of the input

value sin2 θ23 = 0.5. A similar trend is observed in the fit to ∆m2
32, where 59%

of times it converges within 1σ of the input value ∆m2
32 = 2.32 × 10−3 eV2. The

simultaneous fit to sin2 θ23 and ∆m2
32 is also observed to show a similar behaviour

in significance. About 95% of the fits converge within 2σ and the rest (∼ 5%)

lie outside 2σ. This evidently shows the Gaussian nature of the fit, and confirms

that there are no biases in the experiment or analysis procedure. Secondly, it also

shows the range of best-fit values that is feasible for a five year run of ICAL.

Averaging

Fluctuations arising from the low event statistics lead to fluctuations in the cov-

erage that is measured from the simultaneous fit to sin2 θ23 and ∆m2
32 (Fig. 5.13).

In order to obtain an average 99% CL coverage from an ensemble of 50 experi-

ments, the asymmetrical widths ±δm and ±δθ corresponding to the 99% CL are

calculated for each set, where they are measured from the best-fit point of that

particular set as shown in Fig. 5.15a.

The asymmetrical width +δm measured from different sets is observed to have
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Figure 5.15: (a) Graphical representation of the asymmetrical widths±δm and±δθ
calculated at 99% CL (b) Comparison of the average coverage area calculated in
sin2 θ23−∆m2

32 plane with the precision reach measured for the unfluctuated data-
set at 99% CL. The solid (blue) and dashed (black) line shows the average coverage
area and the unfluctuated precision reach respectively. The 1σ uncertainty in the
average coverage is shown by the orange band, whereas the dot (green) signifies
the input point.

larger variance (∼ 11 times) than the −δm measurements, whereas the widths ±δθ
is found to have negligible variation. Figure 5.15b shows the average coverage area

with 99% CL in the sin2 θ23−∆m2
32 plane, obtained by averaging the asymmetrical

widths from simultaneous fit to 50 different pseudo-data sets. The orange band

signifies the 1σ uncertainty in calculating the average of the asymmetrical widths.

Note that the precision reach for the fit without fluctuations is within 1σ of the

average coverage area calculated.

5.8 Mass hierarchy determination

One of the main aims of ICAL is to measure the MH, by separately observing the

matter effects in neutrino and antineutrino oscillations. In order to measure the

mass hierarchy, a five year pseudodata set is generated and oscillations are applied

via the accept or reject method assuming NH (IH). Then the data are fit to true

NH (IH) and false IH (NH) PDFs, where the parameters in the fit are marginalized

as given in Table 5.5. The ∆χ2 resolution to identify and differentiate the correct

hierarchy from the wrong hierarchy is defined as:

∆χ2
MH = χ2

false − χ2
true , (5.11)
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where χ2
false and χ2

true are the minimum χ2 values obtained from the false and true

fits respectively.
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Figure 5.16: ∆χ2
MH as a function of the detector run time in years of data taking.

Figure. 5.16 shows the ∆χ2
MH resolution as a function of the detector run-time,

where the fluctuations within the experimental-data are minimized by scaling the

data sample. A five year run of 50 kton ICAL rules out the wrong hierarchy with

a significance greater than 1σ (∆χ2
MH ≈ 3.5), whereas by 10 years of operation the

significance improves beyond 2σ (∆χ2
MH ≈ 7.1). Around 13 years exposure of the

detector, gives a 3σ significance to rule out the wrong MH.

5.8.1 Effect of fluctuations on MH

Fluctuations in the data can lead to fluctuations in the MH determination. In

order to see the effect, a five-year fluctuated data set is fit with true and false

MH, where the Fig. 5.17(a) shows the variation in ∆χ2 from true and false fits as

a function of sin2 θ23. A resolution of ∆χ2
MH = 7.2 rules out the wrong hierarchy

with a significance greater than 2σ for this particular set (a mere fluctuation),

which is about double the resolution obtained from an unfluctuated set for the

same exposure time.

Hence, the procedure was repeated for 60 independent five-year fluctuated

data sets to see the range of possible values in ∆χ2
MH arising from the fluctua-

tions. The Figure 5.17(b) shows the ∆χ2
MH distribution obtained from the fit to

60 independent fluctuated data sets. A large variation in ∆χ2
MH is observed due
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Figure 5.17: (a) Comparison of ∆χ2 variation from true and false fit as a function
of sin2 θ23 and (b) Distribution of ∆χ2

MH resolutions obtained from the fit to sixty
independent fluctuated data sets.

to the fluctuation in the data, where the negative and positive values signifies the

identification of the wrong and correct MH respectively. The mean resolution of

∆χ2
MH = 2.9 rules out the wrong hierarchy with a significance of ≈ 1.7σ for a

five year run of 50 kton ICAL detector. Note that the fit without fluctuations (in

Fig. 5.17a) gave a value ∆χ2
MH ≈ 3.5 which is compatible with the observed mean

value.

5.9 Optimizing the binning scheme

The observed events in the detector are binned in the reconstructed variables

cos θz and QµEµ, where the number and size of the bins used in the fit affects

the precision that is achieved.12 This section focuses on the bin optimization by

ignoring the fluctuations within the data. Hence the data are generated and scaled

to five years to remove the fluctuations, and fit using different binning schemes.

Table 5.7 lists the five different binning schemes (B1, B2, B3, B4 and B5) used to

optimize the fit.

The binning scheme B1 is the default binning used in the analysis, where the

events from 0.2 - 50 GeV are binned in 18 energy bins of variable width and 10
12Note that the default binning scheme used in the analysis was based on finding stability for

the low statistics fits, where larger bins were used in the higher energies because of the low event
statistics.
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Binning Observable Range Bin width Bins Total bins

B1 Eµ (GeV)

[-1.2, -0.2], [0.2, 1.2] 1.0 2

18

[-2, -1.2], [1.2, 2] 0.4 4
[-2.5, -2], [2, 2.5] 0.5 2
[-5.5, -2.5], [2.5, 5.5] 1.0 6
[-8, -5.5], [5.5, 8] 2.5 2
[-50, -8], [8, 50] 42 2

cos θz [-1, 1] 0.2 10 10

B2 Eµ (GeV)

[-1.2, -0.2], [0.2, 1.2] 1.0 2

22

[-2, -1.2], [1.2, 2] 0.4 4
[-2.5, -2], [2, 2.5] 0.5 2
[-5.5, -2.5], [2.5, 5.5] 1.0 6
[-8, -5.5], [5.5, 8] 2.5 2
[-15, -8], [8, 15] 7 2
[-25, -15], [15, 25] 10 2
[-50, -25], [25, 50] 25 2

cos θz [-1, 1] 0.2 10 10

B3

Eµ (GeV)

[-1.2, -0.2], [0.2, 1.2] 1.0 2

22

[-2, -1.2], [1.2, 2] 0.4 4
[-2.5, -2], [2, 2.5] 0.5 2
[-5.5, -2.5], [2.5, 5.5] 1.0 6
[-8, -5.5], [5.5, 8] 2.5 2
[-15, -8], [8, 15] 7 2
[-25, -15], [15, 25] 10 2
[-50, -25], [25, 50] 25 2

cos θz
[-1, -0.4] 0.05 12

21[-0.4, 0] 0.1 4
[0, 1] 0.2 5

B4

Eµ (GeV)

[-1, -0.2], [0.2, 1] 0.8 2

30

[-4, -1], [1, 4] 0.5 12
[-7, -4], [4, 7] 1 6
[-11, -7], [7, 11] 4.0 2
[-12.5, -11], [11, 12.5] 1.5 2
[-15, -12.5], [12.5, 15] 2.5 2
[-25, -15], [15, 25] 5 4

cos θz
[-1, -0.4] 0.05 12

21[-0.4, 0] 0.1 4
[0, 1] 0.2 5

B5

Eµ (GeV)

[-1, -0.2], [0.2, 1] 0.8 2

30

[-4, -1], [1, 4] 0.5 12
[-7, -4], [4, 7] 1 6
[-11, -7], [7, 11] 4.0 2

cos θz
[-1, -0.4] 0.05 12

21[-0.4, 0] 0.1 4
[0, 1] 0.2 5

Table 5.7: The binning scheme for the reconstructed observables cos θz and Eµ
.
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cos θz bins of uniform bin width. The binning scheme B2 increases the number of

energy bins by using finer bins at higher energy, while the number of cos θz bins

are kept same as B1. The binning scheme B3 keeps the binning in energy same as

B2, but uses a finer binning in cos θz for the down going events. Previous studies

have used the binning B4 [174] and B5 [101], where the binning configuration is

same as B3, but have only considered the events with energies less than 25 GeV

and 11 GeV respectively.
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Figure 5.18: Comparison of precision reach obtained from the fit to five year
pseudodata in the sin2 θ23−|∆m2

32| plane for different binning schemes. The input
(true) point is given by the green dot.

Figure 5.18 shows the confidence levels obtained in the sin2 θ23− |∆m2
32| plane

for different binning schemes.13 Increasing the bins in the high energy region

improves the precision in |∆m2
32|, but the precision in sin2 θ23 remains the same.

Also, increasing the number of bins in cos θz does not affect the precision in sin2 θ23

and |∆m2
32|. Hence, the binning scheme B2 and B3 performs equally and better

than the rest of the configurations as they have finer binning in QµEµ. The binning

B4 performs better than B1 and B2 due to finer energy bins, but lacks information

on the events greater than 25 GeV. Hence they are marginally worse in ∆m2
32 in

comparison to B2 and B3.
13Note that both νµ and νe fluxes are used, and vacuum oscillations are applied to optimize

the binning scheme to reduce the computational time. Hence we also have a notable difference
in coverage area obtained for the binning scheme B1 in Fig. 5.18 and 5.15b.
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5.9.1 Effect of electron flux
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Figure 5.19: Comparison of confidence levels obtained in sin2 θ23 − |∆m2
32| plane

with and without the electron flux (Φe). The solid (orange) and the dashed (pur-
ple) line shows the coverage area with and without Φe respectively. The input
(true) point is given by the green dot.

The optimized binning B2 is used to see the effect of addition of electron

neutrino flux Φνe to the fit along with the muon neutrino Φνµ flux. Note that

the electron flux is almost half of the muon flux (discussed in Secs. 1.4.2 &

5.2.2), but the transition probabilities P (νe → νµ) are negligible. The unfluctuated

data samples worth five years are generated for Φνµ and Φνe , where the matter

oscillation are applied using the accept or reject method. The χ2 test is performed

with and without the electron neutrino flux as discussed in Sec. 5.5.

Figure 5.19 compares the confidence levels obtained with and without the

electron neutrino flux Φνe in the sin2 θ23−|∆m2
32| plane at 99% CL. Only a marginal

difference in the precision is noted, where the addition of electron neutrino flux

marginally dilutes the sensitivity to oscillation parameters.

5.9.2 Effect of event-by-event reconstruction

Previous studies [101,174] have measured a better precision in sin2 θ23 and |∆m2
32|,

where the NUANCE data were smeared using the resolution functions and folded

the detector efficiencies obtained from the GEANT4-based simulation studies on
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single muons with fixed energy and direction [173]. In contrast, the current anal-

ysis uses a realistic approach of event-by-event reconstruction, where the tails of

the resolution functions which were approximated in the previous studies have

been included. Hence the previous method is unrealistic in nature, whereas the

current method incorporates a realistic analysis procedure. In order to compare

the two methods, a similar binning scheme B4, and a five-year experimental data

comprising both muon and electron neutrino fluxes are used.14
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Figure 5.20: ∆χ2 as a function of (a)sin2 θ23, for an input value of sin2 θ23(true) =
0.5 and (b) ∆m2

32, for an input value of ∆m2
32(true) = 2.32 × 10−3 eV2. The

solid (blue) and dashed (orange) line shows the fit obtained from the previous and
current methods respectively.

The data are fit to sin2 θ23 and |∆m2
32| separately by marginalizing over |∆m2

32|

and sin2 θ23 respectively. The ∆χ2 function obtained from the previous [174] and

the current analysis methods are compared in Figure 5.20. The previous method

yields a 1σ precision of 19.4% in sin2 θ23, whereas it deteriorates to 23.8% for

the current method (see Fig 5.20(a)). A similar behavior is observed in the fit

to parameter |∆m2
32|, where the precision deteriorates from 5.9% at 1σ in the

previous method to 12.9% at 1σ for the current method (see Fig 5.20(b)). The

drop in precision is more predominant in |∆m2
32| and is more evident with a 30%

difference in precision at 3σ. This noted difference in precision can be solely

attributed to the realistic approach used in the current analysis method via the

event-by-event reconstruction.
14Note that the same binning scheme B4 is used in the previous analysis along with both the

fluxes [174].
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5.10 Summary

The main aim of the ICAL is to precisely determine the atmospheric neutrino

oscillation parameters sin2 θ23 and ∆m2
32, and measure the mass hierarchy (MH)

of the neutrinos. A 50 kton×1000 years data sample is generated and an event-by

event reconstruction is performed to include the tails of the resolution functions

which were approximated by the previous studies. The precision was observed to

deteriorate with realistic reconstruction process, where a 4.4% and 7% difference

in precision at 1σ is observed in sin2 θ23 and ∆m2
32 respectively.

The effect of event selection on the parameter sensitivities is also studied, where

the precision was observed to deteriorate due to the reduction of reconstructed

events by 42%. A difference in precision of 3% and 19.6% was observed in sin2 θ23

and ∆m2
32 respectively.

The fluctuations arising from the low event statistics are incorporated, and

its effect on the parameter sensitivities and the mass hierarchy are studied by

examining an ensemble of 60 experiments. The average parameter sensitivities

obtained are observed to be largely consistent with the results obtained without

the fluctuations. The fluctuations in the data lead to fluctuations in the mass hier-

archy determination, where a 15% probability of identifying wrong mass hierarchy

is observed. A mean resolution of ∆χ2
MH = 2.9 rules out the wrong hierarchy

with a significance of ≈ 1.7σ for the five-year run of 50 kton ICAL. Also a 3σ

differentiation of correct mass hierarchy can be obtained at ICAL within a 13 to

14 years of operation.

The analysis presented in this chapter has only used muon information from

CC νµ events, whereas the ICAL can also measure the hadron energy via proper

calibration of hits. Hence, the result presented in this chapter are bound to im-

prove with the addition of hadron information. A combined analysis including all

the CC νµ and νe events along with the hadrons are discussed in the following

chapter.
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Enhancing the oscillation

sensitivity with hadrons

The ICAL is primarily designed to measure the muon momentum, where the

neutrino and anti-neutrino events are distinguished by identifying the charge on

the muon using a strong magnetic field (∼ 1.5 T). However, the hadrons produced

along with the muons leave signals in the form of shower that can also be measured

by the detector. The calibration of hadron hits to energy [170], and the subsequent

inclusion of hadron information in the oscillation studies is observed to improve

the parameter sensitivities [175]. The subsequent sections describe the inclusion

of hadron hits as an observable in the fit, and discuss its effect on the parameter

sensitivities.

6.1 Hadron hits (Orighits)

The track finding algorithm separates the muon hits from the hadron hits (termed

orighits), where the muons produce an average of one or two hits per layer and the

rest are assumed to come from hadrons. Further, the information on the hadron

hits are directly used in the fit after oscillation without any energy calibration.

Figure 6.1 shows the simulated hadron hit distribution, obtained from a five year

exposure to the 50 kton ICAL detector.

6.2 Binning and the χ2 analysis

A simulated data sample of CC νµ and νe events are generated for an exposure

of 50 kton × 1000 years using NUANCE [165] event generator, which is further
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Figure 6.1: Distribution of hadron hits (orighits) in the detector for an exposure
of 50 kton× 5 years.

simulated in a GEANT4 [166] based detector environment and reconstructed as

discussed in Chapter 3. The data are scaled to an exposure of five years to reduce

the fluctuations, and oscillations are applied using the accept or reject method as

mentioned in Sec 5.2.1. Note that both νµ and νe fluxes are used in the oscillation

analysis.

Binning

The hadron hits (orighits) in each event are binned along with the muon energy

(QµEµ) and direction (cos θz) in a three dimensional fit, where Qµ is the recon-

structed charge of the muon tagged as +1 (−1) for the µ+ (µ−) from a ν̄µ (νµ)

event. A total of 22 bins with variable bin size in Eµ, 10 uniform bins in cos θz,

and seven bins in Orighits are chose as shown in Table 6.1.

The χ2 analysis

After binning, the five year unfluctuated data are fit to PDF1 by defining the χ2:

χ2 = min
{ξk}

ncos θz∑
h=1

nEµ∑
i=1

nOrighits∑
j=1

2
(Npdf

hij −Ndata
hij

)
−Ndata

hij ln
 Npdf

hij

Ndata
hij

+
2∑

k=1
ξ2
k, (6.1)

1A 995 years worth data is used to construct the PDF.
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Observable Range Bin width Bins Total bins

Eµ (GeV)

[-1.2, -0.2], [0.2, 1.2] 1.0 2

22

[-2, -1.2], [1.2, 2] 0.4 4
[-2.5, -2], [2, 2.5] 0.5 2
[-5.5, -2.5], [2.5, 5.5] 1.0 6
[-8, -5.5], [5.5, 8] 2.5 2
[-15, -8], [8, 15] 7 2
[-25, -15], [15, 25] 10 2
[-50, -25], [25, 50] 25 2

cos θz [-1, 1] 0.2 10 10

Orighits

[0, 4] 4 1

7[4, 10] 3 2
[10, 40] 10 3
[40, 90] 50 1

Table 6.1: The binning scheme for the reconstructed observables cos θz, Eµ and
orighits
.

where,

Npdf
hij = R

[
fT ν̄hij + (1− f)T νhij

] [
1 +

2∑
k=1

πkhijξk

]
, (6.2)

where, Ndata
hij are the number of events observed and Npdf

hij are the number of

events that are expected in a given (cos θhz , Ei
µ,Orighitsj) bin, while ncos θz , nEµ

and nOrighits are the total number of cos θz, Eµ and Orighits bins respectively,

meaning there are ncos θz × nEµ × nOrighits observables in the fit. Here, Ndata
hij is

measured for the true values of oscillation parameters, summarized in Table 5.1,

whereas Npdf
hij is obtained by combining ν̄µ and νµ PDFs as in Eq. 6.2, where

T ν̄hij and T νhij are the normalized ν̄ and ν PDFs respectively, with R being the

normalization factor in the fit which scales the PDF to the data entries. Here, the

free parameter f describes the relative fraction of ν̄µ and νµ in the sample.

The systematic uncertainties are parametrized by a set of variables {ξk} called

pulls, as described in Sec. 5.5.1.

6.3 Parameter determination

The five year unfluctuated data set is fit to determine sin2 θ23 and |∆m2
32| sepa-

rately by marginalizing over |∆m2
32| and sin2 θ23 respectively. The ∆χ2 function
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Figure 6.2: Comparison of ∆χ2 with (WH) and without (WOH) hadron hits, as a
function of (a)sin2 θ23, for an input value of sin2 θ23(true) = 0.5 and (b) ∆m2

32, for
an input value of ∆m2

32(true) = 2.32 × 10−3 eV2. The solid (orange) and dashed
(purple) line shows the fit for WOH and WH respectively.

obtained from the fit with (WH) and without (WOH) hadron hits are compared

in Fig. 6.2. The fit without hadrons yields a 1σ precision of 25%, whereas it

marginally improves to 24% for the fit with hadron hits (Fig. 6.2a). A better

behavior is observed in the fit to parameter |∆m2
32|, where the precision improves

from 14% at 1σ in the fit without hadrons to 8% at 1σ for the fit with hadrons

(Fig. 6.2b). The increase in precision is more predominant in |∆m2
32| and is more

evident with a 16% difference in precision at 3σ.
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Figure 6.3: Comparison of confidence levels obtained in sin2 θ23 − |∆m2
32| plane

with (WH) and without (WOH) the hadron hits. The solid (orange) and the
dashed (purple) line shows the coverage area for WOH and WH respectively. The
input (true) point is given by the green dot.
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Figure 6.3 compares the precision reach in the sin2 θ23−∆m2
32 plane at 99% CL,

obtained from the fit to five year unfluctuated pseudo-data set with and without

the hadron hits. The fit with the hadron hits show smaller coverage area as

expected from the one-parameter fit. Hence, the sensitivity of ICAL in measuring

the oscillation parameters, especially |∆m2
32|, improves with the addition of hadron

hits information in the fit.

6.4 Summary

The ICAL is primarily designed to observe the secondary muons in the neutrino

interaction, and the precision for the oscillation parameters that can be obtained

for the muon only analysis is discussed in the previous chapters. The current

chapter discuss the inclusion of hadron hits in the χ2 fit, that are observed along

with the muon tracks in the ICAL, and its impact on the parameter sensitivities.

The precision in sin2 θ23 only shows a marginal improvement of 1% at 1σ with

the addition of hadron hits, where as the precision in |∆m2
32| shows a significant

improvement of 6% at 1σ. The ideal case in the previous method obtained a

precision of 12% at 1σ in sin2 θ23, and 2.9% in ∆m2
32 with the addition of hadrons.
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Summary and future scope

Neutrino oscillation experiments have proved conclusively that neutrinos have

mass, and it requires an extension of the SM or theories beyond the SM to explain

how neutrinos acquire mass. Open questions about the octant of θ23, MH, and

the value of Dirac CP phase δ in the three-flavor oscillation sector are yet to be

answered. Many neutrino experiments with varying neutrino sources are planned,

and many are still operational, in a bid to precisely measure the parameter space

of neutrino oscillations. The ICAL detector at INO is proposed to detect atmo-

spheric neutrinos, with an aim to observe the MH and measure the oscillation

parameters sin2 θ23 and ∆m2
32. The work presented in this thesis describes a real-

istic method that can be used on the ICAL CC νµ data, and study its reach for a

five year run of ICAL.

7.1 Summary

The proposed ICAL is a huge 50 kton detector of alternating iron and glass RPC

layers with a modular structure of size 48.4 m (length in x) ×16 m (breadth in

y) ×14.5 m (height in z), specifically designed to achieve a statistically significant

number of neutrino interactions in a reasonable time. The ability of the mag-

netised ICAL to distinguish and observe the earth matter effects separately in ν

and ν̄, helps to identify the MH of neutrinos. The work presented in this thesis

analyzes a simulated set of CC νµ sample to study the sensitivity of ICAL. The

neutrino events generated using NUANCE [165] is simulated in a virtual ICAL de-

tector using a GEANT4 [166] detector simulation package, and the observables are

obtained after the event-by-event reconstruction of the muons that are obtained

along with the hadrons in the CC νµ interaction.

The oscillations are applied via the accept or reject method, and the events
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are binned in muon reconstructed variables cos θz and Eµ to study the parameter

sensitivities. The systematic uncertainty due to the absolute normalization and

the relative νµ and ν̄µ flux normalizations are excluded, and instead fit to data by

introducing free parameters within the fit. Further, by incorporating a realistic

analysis procedure, the effect of event-by-event reconstruction, the effect of event

selection, and the fluctuations arising from the low event statistics are studied for

the first time in INO.

Use of event-by-event reconstruction

The work presented in the thesis uses event-by-event reconstruction, a realistic

reconstruction process, where the tails of resolution functions which were ap-

proximated by single Gaussian and Vavilov functions in the previous such stud-

ies [101, 173, 175] have been included. In the previous studies, a lookup table for

the detector efficiencies and resolutions was generated by studying single muons

of fixed energy and direction. Later, the pseudodata were folded with these ef-

ficiencies and smeared using the resolutions within the lookup table. Hence, the

parametrization of the resolution and efficiency that was used in the previous

methods do not reflect the tails of these distributions.

The energy and angular resolution of muons, and the charge ID efficiency was

observed to deteriorate with event-by-event reconstruction. Hence, the precision

in parameter sensitivities was also observed to deteriorate in comparison to the

previous method (see Sec. 5.9.2). The precision in sin2 θ23 deteriorates from 19.4%

in the previous method to 23.8% at 1σ, whereas in |∆m2
32| it deteriorates from

5.9% to 12.9% at 1σ.

Effect of event selection

The lookup tables used in previous method [101, 173, 175], containing the muon

resolution and effciencies, were obtained after the event selection process as in

Ref. [171]. The event selection removes the reconstructed events that are ad-

versely affected by non-uniform magnetic field and support structures within the

detector. Hence, the process of event selection is applied after the event-by-event

105



reconstruction, and its effect on the parameter sensitivities are studied for the first

time.

After applying the event selection, the angular and energy resolution improves

along with the charge ID efficiency, but the reconstruction efficiency deteriorates

as 40% of the reconstructed events are lost to the event selection. As a result, the

precision in the parameters sin2 θ23 and |∆m2
32| were observed to deteriorate (see

Sec. 5.6.1). The precision in sin2 θ23 marginally deteriorates from 45% at 3σ to

48% after the event selection, whereas in |∆m2
32| it deteriorates from 59.4% to 79%

at 3σ. Hence the study shows that, all the reconstructed muon events must be

included in the fit to get best possible constraints on the oscillation parameters.

Low event statistics

Low event statistics is a common feature among neutrino experiments. Previous

methods [101,173,175] used very large sample sizes, and scaled them to negate the

effect of low event statistics. Hence, very little has been learned in the case of INO

about the implication of fluctuations in the data and its affect on the parameter

sensitivities.

An ensemble of 60 independent fluctuated pseudo-data sets are used to study

the effect of low event statistics on the precision measurements of the oscillation

parameters. The constraints on the parameters sin2 θ23 and ∆m2
32 are studied with

and without fluctuations, where a reasonable agreement is observed between the

unfluctuated and the average fluctuated precision reach obtained in the sin2 θ23−

∆m2
32 plane (see Sec. 5.7). Also, a mean resolution of ∆χ2

MH = 2.9 from an

ensemble of 60 experiments, rules out the wrong hierarchy with a significance od

≈ 1.7σ. A 15% probability of identifying wrong MH is also observed as a result of

fluctuations in the data. Hence, the study shows the range of possible outcomes

that can be obtained for a five year run of the ICAL experiment.

The sensitivity of ICAL in measuring the oscillation parameters, were ob-

served to improve with the addition of hadron information. The precision in

sin2 θ23 marginally improves from 25% at 1σ to 24% after including the hadron

hits, whereas the fit to |∆m2
32| shows a better improvement in precision from 14%
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at 1σ to 8% after adding the hadron information (see Sec. 6.3).

7.2 Future scope

The CP phase δ is insensitive to νµ events, as the survival probabilities (Pµµ in

case of νµ) have weak dependence on the CP phase, and secondly the transitional

probabilities Peµ is very small. Hence, only νe flux can have the sensitivity to the

CP phase due to larger νµ flux contributing to the νe events in the detector, pro-

vided the backgrounds (trackless CC νµ, and neutral-current (NC)) are completely

separated. Studies are underway to find a method that can effectively separate

the νe signal from the background. Also, a clear separation of NC events could

help in effectively studying the sterile neutrino oscillations.

Separation of CC νµ events from CC νe and NC is quite robust for Eµ & 1GeV

and has been discussed elsewhere [101]. Separation of low energy CC νµ events

from CC νe and NC events, and the separation of NC events from CC νe is an

ongoing effort of the INO-ICAL collaboration. A combined analysis including

all the CC and NC events will give the maximum sensitivity that the ICAL can

attain, and is likely to improve the results presented in this thesis.

In future, ICAL can be used to study physics scenarios like CPT violation,

magnetic monopoles, dark matter etc, and could lead us to a better understanding

of nature around us.
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Effects of marginalization

The probability distribution function (PDF) is fit to the pseudo-data, where the

the oscillation parameters are varied to determine the best-fit values of sin2 θ23

and ∆m2
32. The other parameters in the PDF (mixing angles and the mass-square

differences) are well determined from the global fits [51], Table 1.3, within certain

uncertainty. Hence an additional constraint is added on each of these parameters

(mainly sin2 2θ13 and ∆m2
21) using priors within the χ2 definition, i.e.,

χ2
total = χ2

data + χ2
prior (A.1)

here χ2
data is the general measure of the difference in theoretical and experimental

values given by the Eq. 5.5, and χ2
prior is the sum of priors on sin2 2θ13 and ∆m2

21

defined as:

χ2
prior =

(
sin2 2θ13 − (sin2 2θ13)true

σ(sin2 2θ13)

)
+
(

∆m2
21 − (∆m2

21)true

σ(∆m2
21)

)
(A.2)

where σ(sin2 2θ13) and σ(∆m2
21) are the 1σ uncertainty in sin2 2θ13 and ∆m2

21

respectively.

Parameter Marginalization range
sin2 θ23

a [0,1]
∆m2

32 (eV2)b [0.0005,0.005]
f [0,1]
R Unconstrained
sin2 θ13 Unconstrained
sin2 θ12 Not marginalized
∆m2

21 (eV2) Unconstrained
δcp Not marginalized

Table A.1: Marginalization of the parameters as used in the fit with priors
aMarginalized when the data is fit to determine ∆m2

32
bMarginalized when the data is fit to determine sin2 θ23
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During the fit the oscillation parameters are marginalized over the ranges given

in the Table A.1. The parameters sin2 θ13 and ∆m2
21 are varied freely with a prior

constrain of 6% and 2% respectively, whereas the parameters sin2 θ12 and δcp are

not marginalized. The relative normalization f , and the absolute normalization

R, are the free parameter in the fit which are always left unconstrained.
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Figure A.1: The comparison of precision reach obtained from the fit with (WM)
and without (WOM) marginalization, on the five year pseudo-data (a) without
fluctuations (WOS) and (b) with fluctuations. Note that the scales in the x and
y axis are different in both plots.

The effect of marginalizing sin2 θ13 and ∆m2
21 are shown in Fig. A.1, where

a negligible change in confidence intervals is observed. The Figure A.1a shows

the correlated confidence level in sin2 θ23 and ∆m2
32 plane for a five year data-set

without fluctuations, whereas the Figure A.1b shows the same for a fluctuated

data set.1 The comparison of precision with (WM) and without (WOM) the

marginalization shows very little or negligible change. Evidently, the parameters

sin2 θ13 and ∆m2
21 are well determined from the fit, and hence are not marginalized

in the further analysis presented in the thesis.

1Few other fluctuated sets were also studied, but were observed not to make any difference
in the precision with marginalization of sin2 θ13 and ∆m2

21.
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Fluctuations in PDF

The fluctuations in the theory (PDF) effects the parameter sensitivity and deter-

mination. Hence it is important to reduce the fluctuations in the theory. The

PDFs with varying statistics are generated for an exposure ranging from 95 to 995

years, where they are fit to the same fluctuated data set worth five years. The

oscillations are applied via accept or reject method before performing the χ2 fit.1

The Figure B.1 compares the fit to different PDFs sizes.2
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Figure B.1: Comparison of ∆χ2 from different fits using different PDF sizes, as a
function of (a) sin2 θ23, for an input value of sin2 θ23(true)=0.5 and (b) ∆m2

23, for
an input value of ∆m2

23(true)= 0.00232 eV2.

The fit to sin2 θ23 is shown in Fig. B.1a, where the data is fit to different PDFs

of varying sizes, marginalizing over |∆m2
32|, for an input value of sin2 θ23 = 0.5.

The precision in sin2 θ23 almost remains constant for all the different fits with

varying PDF sizes, and is observed to be unaffected by the statistical fluctuation

in theory (PDF).
1Note that three flavor oscillations are applied to save the computational time, where the

time required to compute the matter effects is larger than the vacuum oscillations.
2Note that only three sample sizes worth, 95 years, 495 years, and 995 years are used to

represent in the Fig. B.1.
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The fluctuations in the theory largely affects the parameter ∆m2
32, whereas Fig.

B.1b compares the fit to the parameter |∆m2
32| for various PDF sizes, marginalizing

over sin2 θ23, for an input value of ∆m2
32 = 2.32 × 10−3 eV2. The multiple local

minimas in the fit to |∆m2
32|, is observed to reduce with the reduction in the

theoretical fluctuations (increasing PDF statistics). The precision in |∆m2
32| varies

with the fluctuations in the PDF, and is observed to attain a stable value with

the increase in PDF statistics. Hence, a PDF size of 1000 year exposure is chose

to minimize the resultant fluctuations. Note that the computation time increases

with increase in PDF size, and the choice of PDF worth 1000 years is reasonable

as the precision is observed to reach an asymptotic value.
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