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1 Neutrino Oscillations

Neutrino oscillations have been well established by several experiments over last 10 years. They
provide a proof for massive neutrinos. In the standard model of particle physics, neutrinos
are massless particles. Therefore, the discovery of massive neutrinos provide important hints
for the physics beyond the standard model. Neutrino oscillations arise, because the neutrino
mass eigenstates and the flavor eigenstates are not coincident, but are connected by a unitary
transformation (UPMNS). This is illustrated graphically in Fig. 1.

Figure 1: An Illustration of neutrino mass states rotated away from the flavor states

All neutrino oscillation experimental data (with the exception of two experiments), can be
explained in the 3 neutrino oscillation framework. Pontecorvo–Maki–Nakagawa–Sakata mixing
matrix UPMNS [1, 2] for three neutrino flavors can be expressed as Eqn. 1. It is described in
terms of three mixing angles, one CP violating phase and two Majorana phases.
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UPMNS =




1 0 0
0 c23 s23

0 −s23 c23






c13 0 s13e
−iδCP

0 1 0
−s13e

iδCP 0 c13





c12 s12 0
−s12 c12 0

0 0 1





eiα1/2 0 0

0 eiα2/2 0
0 0 1


 ,

(1)
where cij = cos θij and sij = sin θij . Here δCP is the CP violating phase and α1 and α2

are the Majorana phases. In Eqn. 1, the first matrix is related with the atmospheric neutrino
oscillations, the second matrix with the reactor neutrino oscillations and the third matrix with
the solar neutrino oscillations. The fourth matrix describes the Dirac or Majorana nature of
neutrinos and is not observable in the oscillation experiments. The second matrix also contains
the CP violating phase δCP. The amplitude of the oscillations is governed by these three mixing
angles, whereas the frequency of the oscillations is determined by the mass squared differences
∆m2

ij = m2
i −m2

j . One of the mass squared difference, ∆m2
31, is related with the atmospheric

neutrino oscillations and the other ∆m2
21, is related to the solar neutrino oscillations. The

neutrino mass states can have two possible arrangements as shown in Fig. 2, known as the normal
mass hierarchy (NH) and the inverted mass hierarchy (IH). Neutrino oscillation probabilities
can significantly be modified while passing through matter due to forward scattering of electron
neutrinos, known as the Mikheyev-Smirnov-Wolfesnstin (MSW) effect [3, 4] .

Figure 2: Neutrino mass hierarchy, Left : Normal, Right : Inverted

Various solar, atmospheric, accelerator and reactor neutrino experiments have made mea-
surements of these oscillation parameters. A summary of best fit oscillation parameters values
from the global neutrino data analysis is indicated in Table 1. While both the magnitude and
the sign of ∆m2

21 is known experimentally, only the magnitude of ∆m2
31 is currently known.

Hence the neutrino mass hierarchy is not yet known. The absolute neutrino mass scales are also
unknown, we only have upper bounds on them from cosmological data [5, 6, 7], from neutrinoless
double beta decay [8, 9], and from tritium beta decay experiments. [10, 11]
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Parameter Best Fit Value 3σ Bounds

sin2 θ12 0.307 0.259-0.359

sin2 θ23 0.386 0.331-0.637 (NH)
0.392 0.335-0.663 (IH)

sin2 θ13 0.0241 0.0169-0.0313 (NH)
0.0244 0.0171-0.0315 (IH)

∆m2
21 (eV2) 7.54 × 10−5 6.99-8.18 × 10−5

|∆m2
31| (eV2) 2.43 × 10−3 2.19-2.62 × 10−3 (NH)

2.42 × 10−3 2.17-2.61 × 10−3 (IH)

Table 1: Summary of current best-fit neutrino oscillation parameter values from a global fit
[12].

With the last unknown mixing angle θ13 measured recently, the current and planned neutrino
experiments will now focus on the precision measurements of the oscillation parameters, and
more importantly, on the determination of the mass hierarchy and the value of δCP.

The Iron CALorimeter(ICAL) at the India-based Neutrino Observatory(INO) is a planned
experiment, which will make precision measurement of the parameters (sin2 θ23, |∆m2

32|), and
determine the neutrino mass hierarchy. It will also try to measure deviation of θ23 from the
maximal mixing value as well as its octant[13]. Additionally, the ICAL detector may be able to
provide limits on Non-Standard Neutrino Interactions(NSI) and sterile neutrino mixing.

In this thesis, we study the response of the ICAL detector with GEANT4 simulations to
muons and parametrize it. Using this muon response, we obtain the sensitivity of the ICAL to
make precision measurement of the atmospheric oscillation parameters (sin2 θ23, |∆m2

32|) and
for determining the neutrino mass hierarchy.

2 The INO Experiment

The India-based Neutrino Observatory(INO) will be located in the Bodi West Hills in Theni
district of Tamilnadu in Southern India. The cavern will be set up under a 1589 m high
mountain peak. This peak provides a minimum rock cover of 1 km in all directions to reduce
the cosmic muon background. The ICAL detector setup will be housed in this cavern. The
ICAL detector consists of 150 alternate layers of 5.6 cm thick iron plates and Resistive Plate
Chambers (RPCs) stacked vertically. The total mass of the detector is 50 kt. The iron plates act
as the target mass for neutrino interactions and the RPCs as the active detector elements. The
iron plates are magnetized with a field of 1.3–1.5 Tesla, which enables the charge identification
for the muons. The ICAL detector will primarily measure CC νµ interactions. Muon charge
identification capability is essential to determine the neutrino mass hierarchy using the earth
matter effects in neutrino oscillations.

As the outgoing leptons and hadrons produced in a neutrino interaction propagate through
the detector volume, they give hit points in the RPCs. For every hit point, the (x,y) position,
time of hit, and the RPC layer number are recorded. The information contained in the hit
points is used to reconstruct the energy and direction of the particles. A muon passing through
the ICAL detector typically gives hit points in several layers which can be cleanly joined to
form a track. In contrast, a pion or other hadron passing though the detector give rise to a
hadron shower with multiple hit points in single layers which cannot be joined to form a track.

The ICAL setup is optimized primarily to measure the muon momentum with good precision.
Energy, direction and the charge of muons are reconstructed as discussed in the following section.
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The hadron energy and direction can be calibrated based on the number of hit points. By
combining the muon and hadron information, the neutrino momentum can be reconstructed.

3 Muon Reconstruction for the ICAL detector

A precise measurement of the muon energy and direction with good efficiencies is crucial in order
to achieve the oscillation physics goals for the ICAL detector. A GEANT4-based toolkit for the
ICAL detector simulation has been developed by the INO collaboration. The reconstruction
code employs a Kalman Filter derived algorithm. It has been used to obtain the ICAL response
to muons.

GEANT4 is used to simulate the propagation of particles in the ICAL detector taking into
account various interaction processes(electromagnetic and strong interactions) as well as the
magnetic field that a particle experiences during its travel in the detector. This simulation
gives the position of the particle in the active detector elements (RPCs). The hit position is
then digitized to obtain the location number of X and Y direction strips of RPCs that become
active.

3.1 Muon Track Reconstruction Algorithm

The task of the muon reconstruction algorithm is to use the measured hit point positions to
determine the interaction vertex position, energy, direction and charge of muons produced in
neutrino interaction with good accuracy and efficiency. Muon reconstruction is done in two
steps : (i) Track Finding, (ii) Track Fitting.

1. Track Finding : The topology of the hit points is analyzed to determine whether the hit
points can be joined to form a long track or they form a hadron shower.

2. Track Fitter : If the hit points are found to be forming a track, then a Kalman Filter
based algorithm is used to reconstruct the muon momentum at the vertex position. It
also determines the charge of the muon.

3.2 Muon Response Parametrization

In the data analysis of a real experiment, we would use the reconstructed energy and direction
of particles. This would involve passing the generator level particle information through the
reconstruction code, imposing various cuts on events based on the position of the hit points and
the goodness of track reconstruction. However, in the current work, we characterize the detector
response to muons in terms four key quantities, in the form of a look-up table. This table is
used to obtain the measured distribution of muons from the true distribution as explained in
Section 4. We have parametrized the response of the ICAL detector in terms of (i) energy
resolution (σE), (ii) zenith angle resolution (σcos θ), (iii) reconstruction efficiency (εR), and (iv)
charge identification efficiency (CID) (εC). All these quantities are estimated as a function of
true muon energy (Eµ) and direction (cos θµ), separately for µ− and µ+.

The vertex position of the muons is set in the central volume of the detector with a uniform
smearing of ±(400,400,600) cm around the point (0,0,0), which is the centre of the detector. The
magnetic field is approximately uniform in this region except for the boundaries. We assume
that the detector response obtained in this region can be extrapolated to the entire volume of
the detector.1 The azimuthal angle φ is smeared uniformly between 0 – 2π. The energy and

1The assumptions made here will be relaxed as the ICAL detector simulations progress.
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(a) Eµ=0.8 GeV
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(b) Eµ=1 GeV

E (GeV)
0 1 2 3 4 5 6 7 8 9 10

N
u

m
b

er
 o

f 
E

ve
n

ts

0

100

200

300

400

500

600

700

 = -0.85θ E = 5 GeV cos Eσ -µ hEnRes_mun_5g_-0.85ct
Entries  9693
Mean    4.974
RMS     0.834

 / ndf 2χ  81.68 / 19
Prob   9.542e-10
Constant  10.0± 669.5 
Mean      0.006± 4.985 
Sigma     0.0060± 0.4999 

 = -0.85θ E = 5 GeV cos Eσ -µ

(c) Eµ=5 GeV
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Figure 3: Reconstructed energy distribution for cos θµ=-0.85 for four different muon energies :
(a) Eµ=0.8 GeV, (b) Eµ=1 GeV, (c) Eµ=5 GeV, and (d) Eµ=15 GeV

direction (Eµ, cos θµ) are not smeared. We have prepared the look-up table in the range, Eµ =
[0.6,25] GeV (20 sample points), and for cos θ = [−1,1] (20 sample points). For each one of the
400 possible combination of energy and direction, we simulate 10,000 µ− (µ+) in the detector
with GEANT4, digitize and reconstruct them with the ICAL reconstruction code. We obtain
the resolutions and efficiencies at a particular (Eµ, cos θµ) point from the distribution of the
reconstructed energy and direction.

Fig. 3 and Fig. 4 show a few distributions of the reconstructed E and cos θ, respectively.
The same figures also show the fits used to obtain the resolutions. We fit the Landau distri-
bution function to the distribution of reconstructed energy for Eµ < 1 GeV, while the normal
distribution function is used for fitting with Eµ ≥ 1 GeV. As we see from Fig. 3, the recon-
structed energy distributions have tails on one or both sides and we cannot fit them with the
normal distribution function in the full range. These tails arise because the muon reconstruc-
tion algorithm has not yet been completely fine tuned. For example, in cases, where a muon
is passing through the support structure, the current reconstruction algorithm doesn’t work
well. A Landau distribution convoluted with the Gaussian would make more appropriate fits to
these reconstruction distributions. However, in this analysis, we perform fits with the normal
distribution function around the peak of the distribution, in the range [Eµ - FWHM, Eµ +
FWHM], where FWHM is the full width at half maxima found from the distribution. The
energy resolution (σE) is obtained from this fit. We define the reconstruction efficiency as the
ratio of the number of events in the range [E - 3σE , E + 3σE ] to the number of incident events
(10,000), while the CID efficiency is defined to be the ratio of the number of events reconstructed
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with the correct charge to the total number of reconstructed events (in the same range). For
the reconstructed cos θ distributions, double-Gaussian function fits might be used. However,
for simplicity in the analysis, the cos θ resolution is obtained by fitting the normal distribution
function to the reconstructed cos θ distribution in all cases.
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Figure 4: Reconstructed cosθ distribution for cos θµ=-0.85 for four different muon energies : (a)
Eµ=0.8 GeV, (b) Eµ=1 GeV, (c) Eµ=5 GeV, and (d) Eµ=15 GeV

Fig. 5 shows the energy and direction resolutions as well as the reconstruction and charge
identification efficiency for µ−. Depending on the true energy and direction the energy resolution
vary between 10% to 22% and angular resolutions of 1◦ to 2◦ are achieved. The efficiency
of reconstruction is found between 15–99 %. The CID efficiency is always better than 90%.
We notice that the energy resolution improves up to 8 GeV and then starts to degrade with
increasing energy for all angles. The angular resolution, the reconstruction efficiency and the
CID efficiency improve with energy.

4 Oscillation Analysis Procedure

The oscillation analysis is carried out in four steps : (i) neutrino event generation, (ii) inclusion
of the oscillation effects, (iii) folding in the detector response, and finally, (iv) the χ2 analysis.

4.1 Event Generation

We use the neutrino event generator NUANCE (version 3.5) [14] to simulate neutrino interac-
tions. The atmospheric neutrino fluxes provided by Honda et al. [15] at the Super Kamiokande
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Figure 5: The energy resolution (a), cos θµ resolution (b), the reconstruction efficiency (c), and
the charge identification efficiencies (d), for µ− as a function of the true muon energy and for
three cases of true muon zenith angle. The red, green and blue lines are for the zenith angle
bins with cos θµ = (−0.4,−0.3), (−0.6,−0.5), (−0.9,−0.8) respectively.

location are used. The ICAL detector composition and geometry are specified as an input. We
generate CC νµ events for a large exposure of 1000 years × 50 kt, and scale it down to 10 years
× 50 kt(or other required exposure). We do so in order to reduce the statistical fluctuations,
that are introduced by NUANCE in the exact event rates. Since it is not possible to gener-
ate this large event-set for all possible oscillation parameters, we generate these events using
un-oscillated neutrino fluxes and later include the oscillation effects using the Re-Weighting
method.

4.2 Re-Weighting Method

The total number of νµ events coming from νµ → νµ and νe → νµ channels is :

d2N

dEν d(cos θν)
= NT ×ND × σνµ ×

[
Pµµ

d2Φνµ

dEν d(cos θν)
+ Peµ

d2Φνe

dEν d(cos θν)

]
, (2)

where NT is the exposure time and ND is the number of nucleons in the detector. Here Φνµ and
Φνe are the fluxes of νµ and νe respectively, and Pαβ is the να → νβ oscillation probability. In
order to include the oscillation effects in our NUANCE event sample, we apply the Re-Weighting
method as follows.
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To obtain the number of µ− events from νµ that have survived oscillations, we first calculate
the oscillation probabilities Pµβ (β = e, µ, τ) using its true neutrino energy (Eν) and zenith
angle (θν). We compare these probabilities with a uniform random number r in the range [0,1].
If Pµe ≤ r < Pµe+Pµµ, we keep this event as a νµ event. Otherwise this νµ is considered to have
oscillated into a different flavor. An analogous procedure is used to obtain the number of µ−

events from atmospheric νe oscillated into νµ. The events from these two oscillation channels
are combined to get the total number of µ− events. Similarly, we form the µ+ event sample.

After obtaining the oscillated µ− and µ+ events, we bin them according to energy (Eµ) and
direction (cos θµ) in the range Eµ = [0.5,15.5] GeV (300 bins) and cos θµ = [−1,1] (20 bins).
We keep track of µ− and µ+ events separately. At this stage, we have the distribution of muon
events in terms of their “true” energy (Eµ) and the cosine of the zenith angle (cos θµ).

4.3 Folding in the Detector Response

The detector response is folded in next. We apply the reconstruction efficiency (εR−) for µ− by
multiplying the number of events in a given true energy (Eµ) and true zenith angle (cos θµ) bin
with the corresponding reconstruction efficiency:

Nµ−(Eµ, cos θµ) = εR−(Eµ, cos θµ)×N true
µ− (Eµ, cos θµ) , (3)

where N true
µ− is the number of µ− events in a given (Eµ, cos θµ) bin. Exactly the same procedure

is used for determining the µ+ events. The CID efficiency (εC− for µ− and εC+ for µ+ event
sample) is next applied as follows:

NC
µ− = εC− ×Nµ− + (1− εC+)×Nµ+ , (4)

where Nµ− and Nµ+ are the number of µ− and µ+ events, respectively, given by Eqn. (3).
Now NC

µ− is the number of µ− events after taking care of the CID efficiency. All the quantities

appearing in Eqn. (4) are functions of Eµ and cos θµ.
Finally, the muon resolutions σE and σcos θ are applied as follows:

(ND
µ−)ij =

∑

k

∑

l

NC
µ−(Ekµ, cos θlµ) Kk

i (Ekµ) M l
j(cos θlµ) , (5)

where (ND
µ−)ij denotes the number of muon events in the ith E-bin and the jth cos θ-bin after

applying the energy and angle resolutions. Here E and cos θ are the measured muon energy and
zenith angle. The summation is over the true energy bin k and true zenith angle bin l, with Ekµ
and cos θlµ being the central values of the kth true muon energy and lth true muon zenith angle

bin. The quantities Kk
i and M l

j are the integrals of the detector resolution functions over the
bins of E and cos θ, the measured energy and direction of the muon, respectively. These are
evaluated as:

Kk
i (Ekµ) =

∫ EHi

ELi

dE
1√

2πσEkµ
exp

(
−

(Ekµ − E)2

2σ2
Ekµ

)
, (6)

and

M l
j(cos θlµ) =

∫ cos θHj

cos θLj

d cos θ
1√

2πσcos θlµ

exp

(
−

(cos θlµ − cos θ)2

2σ2
cos θlµ

)
, (7)

where σEkµ and σcos θlµ
are the energy and zenith angle resolutions, respectively, in these bins.

We perform the integrations between the lower and upper boundaries of the measured energy
(ELi and EHi) and the measured zenith angle (cos θLj and cos θHj ). At this stage, we get the
measured distribution of the muon events.
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4.4 The χ2 Analysis

Muon events are re-binned in wider bins for the χ2 analysis. We use the Poisson definition of
χ2 as :

χ2
ino(µ−) = min

ξk

NE∑

i=1

Ncos θ∑

j=1

[
2(Npred

ij −Nobs
ij )− 2Nobs

ij ln

(
Npred
ij

Nobs
ij

)]
+

5∑

k=1

ξ2
k , (8)

with

Npred
ij = N0

ij

(
1 +

5∑

k=1

πkijξk

)
. (9)

Here Npred
ij and Nobs

ij are expected and observed number of µ− events in a given (E, cos θ) bin.

NE and Ncos θ are the number of energy and cos θ bins, respectively. Nobs
ij is calculated for a

set of assumed “true value” of the oscillation parameters. N0
ij is the predicted number of events

for a given set of oscillation parameters without the systematic errors included. The systematic
uncertainties are included via the “pull” variables ξk, one each for every systematic uncertainty
σk [16]. Here πkij is the change in the number of events in the (ij)th bin caused by varying the

value of kth pull variable ξk by σk.
In this analysis we have considered the following five systematic uncertainties. We take 20%

error on the flux normalization, 10% error on cross sections, and an overall 5% error on the total
number of events. In addition, we take a 5% uncertainty on the zenith angle dependence of the
flux, and an energy dependent “tilt error” is included according to the following prescription.
The event spectrum is calculated with the predicted atmospheric neutrino fluxes and then with
the flux spectrum shifted according to

Φδ(E) = Φ0(E)

(
E

E0

)δ
' Φ0(E)

(
1 + δ ln

E

E0

)
, (10)

where E0 = 2 GeV and δ is the 1σ systematic tilt error, taken to be 5%. The difference between
Φδ(E) and Φ0(E) is then included as the error on the flux.

For each set of oscillation parameters, we calculate χ2 separately for the µ− and µ+ data
samples, and add them to obtain the total χ2 as

χ2
ino = χ2

ino(µ−) + χ2
ino(µ+) . (11)

This χ2
ino is used obtain our results for the precision measurement of the oscillation param-

eters and the mass hierarchy sensitivity, after adding suitable priors for oscillation parameters.

5 Precision Measurement of the atmospheric oscillation param-
eters

We describe our results on the precision measurements of (sin2 θ23,|∆m2
32|) in this section. For

the results presented in this section, we take NE = 10 (in the range Eµ = [0.8,10.8] GeV) and
Ncos θ = 20 (in the range cos θµ = [-1,1]) in Eqn. 8. The true values of oscillation parameters
are given in Table 2 for the results presented in this section, unless specified otherwise.

Parameter sin2 2θ12 sin2 2θ23 sin2 2θ13 ∆m2
21 (eV2) |∆m2

32| (eV2) δCP Hierarchy

True Value 0.86 1.0 0.113 7.6 × 10−5 2.424 × 10−3 0.0 Normal

Table 2: True values of oscillation parameters used for the precision measurement analysis
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Figure 6: The panel (a) shows the χ2 as a function of sin2 θ23 for |∆m2
32| = 2.424 × 10−3 eV2

and sin2 θ23(true) = 0.5 . The panel (b) shows the χ2 as a function of |∆m2
32| for sin2 θ23 = 0.5

and |∆m2
32|(true) = 2.424 × 10−3 eV2

We consider the solar oscillation parameters θ12 and |∆m2
21| to be fixed. A prior is imposed

on the parameter sin2 2θ13 to allow for the uncertainty in its current measurement :

χ2 = χ2
ino +

(
sin2 2θ13(true)− sin2 2θ13

σsin2 2θ13

)2

, (12)

where σsin2 2θ13
is the 1σ error on sin2 2θ13, taken to be 0.013.

5.1 Constraining (sin2 θ23, |∆m2
32|) with ICAL

We use the parameter ∆m2
32 ( = ∆m2

31 - ∆m2
21) instead of |∆m2

31|. The χ2 as functions of
sin2 θ23 and |∆m2

32| is shown in Fig. 6(a) and Fig. 6(b), respectively.
The precision on these parameters is defined as :

precision =
pmax − pmin
pmax + pmin

, (13)

where pmax and pmin are the largest and smallest value of the concerned oscillation parameters
determined at the given C.L. from the atmospheric neutrino measurements at ICAL for a given
exposure.

We find that after 5 years run, the ICAL would be able to measure sin2 θ23 to a precision
of 20% and |∆m2

32| to 7.4% at 1σ. With 10 years exposure, these numbers improve to 17% and
5.1%. The observed asymmetry in χ2 as a function of sin2 θ23 is a result of non-zero θ13. The
correlated reach of ICAL for these parameters is shown in Fig. 7(a) and Fig. 7(b) for 5 and 10
years of operation.

In Fig. 8 we show the comparison of ICAL with other experiments on the precision reach
of (sin2 θ23, |∆m2

32|). We observe that, with 5 years of exposure, ICAL will be able to almost
match the precision on |∆m2

32| obtained from the SK L/E analysis currently. With 10 years
data this will improve, though it will still not be comparable to the precision we already have
from the MINOS experiment. The precision of ICAL on sin2 2θ23 in 10 years may be expected
to be comparable to the T2K result[17] released recently. We can see that the sensitivity of
ICAL to sin2 2θ23 and |∆m2

32| is not expected to surpass the precision we already have from the
currently operating experiments. However, the ICAL data will be used for global neutrino data
analysis.
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Figure 7: The precision reach expected at ICAL in the sin2 θ23 − |∆m2
32| plane at various

confidence levels. The black(broken), blue(dotted) and red(solid) lines show 68%, 90% and 99%
C.L. contours. The true values of sin2 θ23 and |∆m2

32| used for generating data are shown by
the black dots. The true values of other parameters used are given in Table 2. Panel (a) is for
five-year running of the 50 kt detector while (b) is for ten years exposure.
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Figure 8: Comparison of the reach of ICAL@INO with the current results from other neutrino
experiments. The black dot in the figure denotes the point where the ICAL data was generated.
The true values of the other oscillation parameters are given in Table 2.
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5.2 Sensitivity to probe θ23 Deviations from Maximal Mixing and its Octant
Determination

Earth matter effects in atmospheric neutrinos can be used to probe deviations in θ23 from the
maximal mixing and can lead to the determination of the correct θ23 octant [18, 19, 20]. We
show in Fig. 9 the potential of 10 years of ICAL run for distinguishing a non-maximal value
of θ23 from maximal mixing in the cases where sin2 2θ23 = 0.90 (sin2 θ23 = 0.342, 0.658) and
sin2 2θ23 = 0.95 (sin2 θ23 = 0.388, 0.612). Note that the current 3σ allowed range of sin2 2θ23

is (0.91, 1.0). The figure shows that, if the value of θ23 is near the current 3σ bound and in
the first octant, then it may be possible to exclude maximal mixing to 99% C.L. If θ23 is in the
second octant, or if sin2 2θ23 is larger than 0.9, the exclusion of the maximal mixing becomes a
much harder task.
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(c) sin2 2θ23 = 0.95, first octant (sin2 θ23 = 0.388)
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Figure 9: The projected reach in the sin2 θ23 − |∆m2
32| plane for four different non-maximal

choices of θ23. The black(broken), blue(dotted) and red(solid) lines show 68%, 90% and 99%
C.L. contours for 10 years of 50 kt ICAL run. Note that we use normal hierarchy, and assume
that it is already known.

Fig. 9 can also be used to quantify the reach of ICAL for determining the correct octant of
θ23, if the value of sin2 2θ23 is known. This can be seen by comparing the χ2 value corresponding
to the true value of sin2 θ23, but in the wrong octant, with that corresponding to the true value
of sin2 θ23. We find that, for sin2 2θ23 = 0.9, i.e. just at the allowed 3σ bound, the octant can
be identified at >95% C.L. with 10 years of ICAL run if θ23 is in the first octant. However if
θ23 is in the second octant, the identification of the octant would be much harder: θ23 in the
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wrong octant can be disfavored only to about 85% C.L.. The situation is more pessimistic if
sin2 2θ23 is closer to unity.

6 Neutrino Mass Hierarchy Sensitivity

This section describes the sensitivity of the ICAL experiment in determining the neutrino mass
hierarchy. Relatively large θ13 value has opened up the possibility of determining the mass
hierarchy in the near future. It has been shown in [21] that a magnetized detector with fine
resolutions is a good option to determine the mass hierarchy. The ICAL detector will attempt
this task using the earth matter effects in the atmospheric neutrinos. Matter effects give rise
to different event rates for µ+ and µ− in the detector. The charge identification efficiency of
ICAL plays an essential role here to observe νµ and νµ separately.

ICAL can rule out the wrong mass hierarchy with a significance of nσ,

where n =
√

∆χ2
ino, and

∆χ2
ino = χ2

ino(false)− χ2
ino(true). (14)

Here χ2
ino(true) is calculated by fitting the true mass hierarchy to the observed data set and

χ2
ino(false) is calculated by fitting the wrong mass hierarchy to the observed data set. Hence,

∆χ2
ino gives the statistical significance for ruling out the wrong mass hierarchy.
For the results described in this section, we use ∆m2

eff [22] instead of ∆m2
31, in order to have

a consistent definition for the neutrino mass hierarchy, defined as :

∆m2
eff = ∆m2

31 − (cos2 θ12 − cos δCP sin θ13 sin 2θ12 tan θ23)∆m2
21 . (15)

The mass hierarchy is defined to be normal, when ∆m2
eff > 0. If ∆m2

eff < 0, the hierarchy
is defined to be inverted. Table 3 shows the oscillation parameters used in this section. For
all the results presented in this section, we take NE = 20 (in the range Eµ = [1,11] GeV) and
Ncos θ = 80 (in the range cos θµ = [-1,1]) in Eqn. 8.

Parameter True Value Marginalization Range

sin2 2θ12 0.86

sin2 θ23 0.4,0.5,0.6 sin2 θ23(true)± 0.1

sin2 2θ13 0.08,0.10,0.12 sin2 2θ13(true)± 0.03

∆m2
21 (eV2) 7.5 × 10−5

∆m2
eff (eV2) 2.4 × 10−3 [2.1 – 2.6] × 10−3

δCP 0◦ [0 – 360] ◦

Table 3: True values of oscillation parameters used for the mass hierarchy analysis

6.1 Sensitivity for fixed oscillation parameters

Fig. 10 shows the mass hierarchy sensitivity for sin2 θ23 = 0.5 for three different values of
sin2 2θ23. We see that for 10 years of ICAL operation, the wrong hierarchy can be ruled out
at a significance of 2.7σ (2.7σ), for sin2 2θ13 = 0.1, if the true hierarchy is normal (inverted).
We find that χ2

ino increases linearly with increasing exposure, as the hierarchy measurement is
dominated by statistics. We notice that a larger θ13 value enhances the sensitivity, as expected.
The matter effects are enhanced for large θ13 values and give rise to a larger difference in the
µ− and µ+ event rates. The same effect is observed for the true value of the parameter θ23.
Fig. 11 shows χ2

ino for sin2 2θ23 = 0.4 and 0.6. With 10 years of ICAL exposure, 3.8σ hierarchy
determination may be made if sin2 θ13 = 0.12 and sin2 θ23 = 0.6.
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Figure 10: Mass hierarchy sensitivity for the fixed oscillation parameters, and sin2 θ23 = 0.5
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Figure 11: Mass hierarchy sensitivity for the fixed oscillation parameters, and sin2 θ23 =0.4,0.6
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Figure 12: Marginalized mass hierarchy sensitivity for sin2 θ23 = 0.5
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Figure 13: Marginalized mass hierarchy sensitivity for sin2 θ23 =0.4 and 0.6

6.2 Sensitivity after marginalization over the oscillation parameters

In the previous subsection, we assumed that the neutrino oscillation parameters are known
to an infinite precision. However, this is not the case. In order to get a realistic estimate of
the hierarchy sensitivity, we must allow for the uncertainty in the oscillation parameters while
fitting the data. The marginalized ∆χ2

ino is found by allowing sin2 θ23, sin2 2θ13 and ∆m2
eff to

vary in the ranges indicated in Table 3. The solar oscillation parameters (sin2 2θ12, ∆m2
21) are

kept fixed at values mentioned in Table 3. We also keep δCP fixed at 0◦. Fig. 12 shows the
marginalized sensitivity for sin2 θ23 = 0.5. We observe that for 10 years of ICAL exposure and
for sin2 2θ13 = 0.1, the statistical significance for the hierarchy discovery drops to 2.4σ from
2.7σ(for fixed parameters) after marginalization

The marginalized ∆χ2
ino for different sin2 θ23 is shown in Fig. 13. If sin2 θ13 = 0.12 and

sin2 θ23 = 0.6, ICAL can determine the hierarchy with a 3σ significance for 10 year of exposure.
The effect of marginalization is seen more for the normal hierarchy.

6.3 Sensitivity with Priors on Oscillation Parameters

By the time the ICAL detector starts taking data, values of the oscillation parameters sin2 θ23,
sin2 2θ13 and ∆m2

eff will further be constrained by other accelerator and reactor neutrino ex-
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periments, such as T2K, NOνA, Daya Bay, RENO and Double Chooz. To reflect this, we add
priors to χ2

ino defined in Eqn. 11 :

χ2
ino = χ2

ino +

(
sin2 2θ23(true)− sin2 2θ23

σsin2 2θ23

)2

+

(
|∆m2

eff |(true)− |∆m2
eff |

σ∆m2
eff

)2

+

(
sin2 2θ13(true)− sin2 2θ13

σsin2 2θ13

)2

. (16)

We have taken σsin2 2θ23
= 0.02 sin2 2θ23, σ∆m2

eff
= 0.05∆m2

eff and σsin2 2θ23
= 0.01. Fig. 14 shows

the comparison of χ2
ino for fixed parameters, marginalized without priors and marginalized with

priors. We see that with the addition of priors, the marginalized χ2
ino is restored to the fixed

parameter value.
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Figure 14: Marginalized hierarchy sensitivity with priors

6.4 Sensitivity as a function of δCP

In the analysis so far, δCP was assumed to be fixed to 0◦. In Fig. 15, we show the effect on
∆χ2

ino as a function of δCP (true). It can be seen that the fixed parameter ∆χ2
ino is independent

of true δCP value (pink line). Further, a marginalization over δCP only, produces no change in
the hierarchy sensitivity (blue line). A full marginalization over sin2 θ23, sin2 2θ13, ∆m2

eff and
δCP also gives the hierarchy sensitivity independent of true δCP value (red line). Therefore,
it is not necessary to marginalize χ2

ino over δCP and the mass hierarchy sensitivity at ICAL is
independent of δCP value.

7 Summary

The ICAL detector at INO is an upcoming experiment in India. It consists of a 50 kt magnetized
iron calorimeter with 150 alternate layers of iron plates as target mass for neutrino interactions
and the RPCs as active detector elements. The detector is magnetized with a field of 1.3–1.5 T,
that will enable it to identify the charge of particles and to separate neutrinos and anti-neutrinos.
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Figure 15: Effect of changing δCP on the sensitivity

The detector is primarily tuned to measure muon energy, direction and charge with high
efficiency and good accuracy. We have studied the muon reconstruction in the ICAL detector
in terms of (i) energy resolutions (ii) direction resolutions (iii) reconstruction efficiency, and (iv)
charge identification efficiency in the energy range 0.5–25 GeV and for all directions. We find
that all of the above quantities are strongly dependent on the incident energy and direction.
The energy resolutions for muons is found to be 10–25 %, while the θ resolutions are about
1◦–2◦. The efficiency of reconstruction varies between 10–90 %, improving with energy. The
charge identification efficiencies are found to be between 95–100 %.

For the oscillation analysis, we have developed a ROOT-based package. We use the event
generator NUANCE to produce the neutrino interactions inside the detector using un-oscillated
fluxes. The oscillation effects are included using a Re-Weighting algorithm. The ICAL response
to muons is folded in with the true muon event distribution to obtain the measured (E, cos θ)
distribution of muons. The χ2 analysis is performed using this measured muon distribution.
We have included 5 systematic errors in this analysis.

From our precision measurement analysis, we find that with 10 years of ICAL operation,
we can determine sin2 θ23 and |∆m2

32| to a precision of 17 % and 5.1 %, respectively. We also
explore the possibility of determining the deviation of θ23 from maximal mixing and its octant.
We find that both these tasks will be possible with ICAL, if the true value of θ23 is close to its
current 3σ bound and is in the first octant. Otherwise they appear to be difficult for the ICAL
to determine.

We report from the mass hierarchy analysis that the ICAL detector can determine the
hierarchy to a significance of (1.4–3.3)σ in 10 years run, depending on the value of the oscillation
parameters θ23 and θ13. The capability of muon charge identification to distinguish νµ and νµ
to take advantage the enhanced matter effects is very important in this measurement. Including
information on oscillation parameters obtained from other neutrino experiments will improve
the statistical significance to (2.2 – 3.8)σ in 10 years run. The hierarchy measurement at ICAL
is independent of δCP value.
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Chapter 1

Introduction

The Standard Model of particle physics has been a phenomenal success in our at-

tempts to understand how nature works at microscopic scales. It consists of three

generations of quarks and leptons which come in doublets. These particles interact

with each other through the gauge bosons. The last missing piece of the Standard

Model, the Higgs Boson, was discovered at the CMS and ATLAS experiments at the

Large Hadron Collider in 2012 [1, 2].

In the Standard Model, the neutrinos are massless. However, various experiments

in the last decade have firmly established the neutrino oscillation phenomenon. Neu-

trino oscillation requires at least two of them to be massive particles. Various exten-

sions of the Standard Model have been proposed to accommodate massive neutrinos

[3]. The simplest extension is to allow for the right handed neutrinos. Another

favoured model involve the see-saw mechanism [4, 5].

1.1 Neutrino Oscillations in Vacuum

The theory of neutrino oscillation was first proposed by Pontecorvo in 1950s. In 1962,

Maki, Nakagawa and Sakata proposed the model of neutrino oscillation for the active

flavors of neutrinos [6]. It was later developed in the standard theory by Eliezer, Swift

Bilenky and Pontecorvo [7]. Here, we present a brief derivation of neutrino oscillation

1



Chapter 1. Introduction

probabilities in vacuum [8, 9].

Neutrinos interact with the SM particles through the exchange of W± or Z bosons

in charged current (CC) or neutral current (NC) processes. The states which par-

ticipate in these interactions are the flavor states. The flavor states (|να〉) do not

have definite mass, but they are superposition of the mass states (|νi〉) with definite

masses.

|να〉 =
∑

i

U∗αi |νi〉 . (1.1)

Here, U is the unitary mixing matrix. If the neutrino is created in the flavor state

α at time t=0, then at a later time the state evolves as,

|να(t)〉 =
∑

β

|νβ〉 〈νβ|e−iH0t|να〉 , (1.2)

where H0 is the free particle Hamiltonian. The amplitude of flavor transition

να → νβ is,

A(να → νβ) = 〈νβ|να(t)〉 . (1.3)

The oscillation probability can be calculated as,

P (να → νβ) = | 〈νβ|e−iH0t|να〉 |2

= |
∑

i

〈νβ|νi〉 e−iEit 〈νi|να〉 |2

= |
∑

i

Uβie
−iEitU∗αi|2

(1.4)

For ultra-relativistic neutrinos, we can write,

Ei =
√
p2 +m2

i

≈ E +
m2
i

2E
,

(1.5)

where E = p is the energy of the neutrino, in the limit mi → 0. Also, using the

2



1.1. Neutrino Oscillations in Vacuum

approximation, t = L, where L is the distance between the source and the detector,

we obtain,

P (να → νβ) = |
∑

i

Uβie
−im

2
i L

2E U∗αi|2. (1.6)

It follows that,

P (να → νβ) =
∑

i

|Uβi|2|Uαi|2 + 2Re
∑

i>k

UβiU
∗
αiU

∗
βkUαke

−2i∆ki , (1.7)

where ∆ki =
∆m2

kiL

4E
, and ∆m2

ki = m2
k −m2

i .

Using the unitarity of the matrix U (
∑
i

UβiU
∗
αi = δαβ) in Eqn. 1.7, we obtain the

probability of the transition να → νβ,

P (να → νβ) = δαβ − 4Re
∑

i>k

UβiU
∗
αiU

∗
βkUαk sin2 ∆m2

kiL

4E

+ 2Im
∑

i>k

UβiU
∗
αiU

∗
βkUαk sin

∆m2
kiL

2E
.

(1.8)

Assuming CPT invariance, the oscillation probability expression for the anti-neutrinos

can be found by changing Uαi to U∗αi. We get,

P (να → νβ) = δαβ − 4Re
∑

i>k

UβiU
∗
αiU

∗
βkUαk sin2 ∆m2

kiL

4E

− 2Im
∑

i>k

UβiU
∗
αiU

∗
βkUαk sin

∆m2
kiL

2E
.

(1.9)

Including the factors of ~ and c in Eqn. 1.8, we get,

∆m2
kiL

4E
≈ 1.27∆m2

ki(eV
2)
L(km)

E(GeV )
. (1.10)
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Chapter 1. Introduction

In the case of two flavor neutrino oscillation, the mixing matrix U becomes,

U =

(
cos θ sin θ

− sin θ cos θ

)
. (1.11)

We obtain a simple expression for the transition, να → νβ.

P (να → νβ) = sin2 2θ sin2

(
1.27∆m2 L

E

)
(1.12)

From Eqn. 1.9 and 1.12 we note the following points :

1. Neutrino oscillations require non-zero, as well as non-degenerate neutrino masses.

2. Observation of neutrino oscillations implies that the mixing matrix is not unity,

e.g. U 6= I.

3. Observing neutrino oscillation can give information on the neutrino mass squared

difference, ∆m2
ij, but not on the absolute neutrino mass, mi.

4. An experiment operating at energy E(GeV) and of baseline L(km) will be sen-

sitive to the neutrino mass squared difference of,

∆m2
ij(eV2) ≥ E(GeV)

L(km)
. (1.13)

If the matrix U is real, then the last term in Eqn. 1.8 and 1.9 vanish and there is

no CP violation. In the case where matrix U is complex, the CP asymmetry is,

P (να → νβ)− P (να − νβ) = 4 Im
∑

i>k

UβiU
∗
αiU

∗
βkUαk sin

∆m2
kiL

2E
. (1.14)

1.2 Three Flavor Neutrino Oscillations

The expressions for neutrino oscillation probability derived in the previous section

hold for any number of neutrinos. However, the current experimental evidences,

notably, the decay of Z0 boson and the cosmological constraints strongly suggest
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1.3. Neutrino Oscillation in Matter

that there are three neutrino flavors, νe, νµ and ντ . They are related to three mass

states ν1, ν2 and ν3 with masses m1, m2 and m3 through the unitary matrix U . In the

three neutrino framework, matrix U is called as Pontecorvo-Maki-Nakagawa-Sakata

matrix, UPMNS, defined as follows.

UPMNS =




1 0 0

0 c23 s23

0 −s23 c23




︸ ︷︷ ︸
Atmospheric (θ23 ∼ 45◦)




c13 0 s13e
−iδCP

0 1 0

−s13e
iδCP 0 c13




︸ ︷︷ ︸
Reactor (θ13 ∼ 9◦)




c12 s12 0

−s12 c12 0

0 0 1




︸ ︷︷ ︸
Solar (θ12 ∼ 33◦)



e
iα1
2 0 0

0 e
iα2
2 0

0 0 1




(1.15)

where sij = cos θij and sij = sin θij. Here, θij refers to three mixing angles θ12, θ13

and θ23.

The most general three flavor oscillation probabilities expressions are compli-

cated. The simplified expressions can be obtained in the One Mass Squared Domi-

nant(OMSD) approximation, e.g., ∆m2
31(∼ ∆m2

atm ∼ 10−3 eV2) >> ∆m2
21(∼ ∆m2

� ∼
10−5 eV2),

Peµ = sin2 2θ13 sin2 θ23 sin2

(
1.27

∆m2
31L

E

)
(1.16)

Pµτ = cos4 θ13 sin2 2θ23 sin2

(
1.27

∆m2
31L

E

)
(1.17)

1.3 Neutrino Oscillation in Matter

We obtained neutrino oscillation probabilities while they propagate in vacuum in

Section 1.1. Despite the low cross sections, when neutrinos propagate through mat-

ter, the probabilities can significantly be modified due to coherent forward current

scattering with the electrons, protons and neutrons, present in the matter [10]. This

phenomenon is know as the matter effect.

While all three flavors can interact with an electron in the neutral current process,

5



Chapter 1. Introduction

Figure 1.1: NC and CC neutrino interactions with electrons. While all neutrino
flavors can undergo NC interactions, only the νe can interact through CC interaction
with electrons.

only νe can interact through the charged current process.

νx + (e, p, n)→ νx + (e, p, n)(NC)(νx = νe, νµ, ντ ) (1.18)

νe + e− → νe + e−(CC + NC) (1.19)

The additional CC interaction in the process νe + e− → νe + e− gives νe an extra po-

tential VCC. All neutrino flavors experience the potential VNC due to NC interactions.

The effective potentials are,

VCC =
√

2GFne, (1.20)

VNC = −
√

2
2
GFnn, (1.21)

where ne and nn are the number density of electrons and neutrinos, respectively. GF

is the Fermi coupling constant. For an electrically neutral material, ne = np = nn.

Then, the matter Hamiltonian is,

Hm = H0 + Vf , (1.22)

where,

Vf =

(
VCC + VNC 0

0 VNC

)
(1.23)

For pedagogical reasons, let us illustrate the matter effects for two flavor oscilla-
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1.3. Neutrino Oscillation in Matter

tions, νe ↔ νµ. The Hamiltonian in the mass basis can be written as,

H0 =
1

2E

(
m2

1 0

0 m2
2

)
. (1.24)

In the flavor basis, it becomes,

UH0U
†, (1.25)

where, U is defined in Eqn. 1.11. Simplifying Eqn. 1.25 and dropping the terms

proportional to the unit matrix I,

H0 =
∆m2

2E

(
− cos 2θ sin 2θ

sin 2θ cos 2θ

)
. (1.26)

The matter Hamiltonian in Eqn. 1.22 after dropping the terms proportional to I

becomes,

Hm =
∆m2

4E

(
− cos 2θ + ξ sin 2θ

sin 2θ cos 2θ − ξ

)
, (1.27)

where,

ξ =
2VCCE

∆m2
=

2
√

2GFne
∆m2

. (1.28)

After diagonalizing Hm in Eqn. 1.27, we obtain,

Hm =
∆m2

m

4E

(
− cos 2θm sin 2θm

sin 2θm cos 2θm

)
. (1.29)

The effective mass squared difference and the mixing angles become :

tan 2θm =
∆m2 sin 2θ

∆m2 cos 2θ − A, (1.30)

∆m2
m =

[(
∆m2 cos 2θ − A

)2
+
(
∆m2 sin 2θ

)2
]1/2

, (1.31)

where A = ±2
√

2GFneE (+ neutrino, - anti-neutrino), and ne is the electron number

density.
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Chapter 1. Introduction

The neutrino oscillation probability is now given by the same expression as in

vacuum (Eqn. 1.12), but with the mixing angle and the mass squared difference given

in Eqn. 1.30 and 1.31. We note the following points about the matter effects.

1. For ne → 0, Eqn. 1.30 and 1.31 reduce to the vacuum mixing angle and the

mass squared difference.

2. For very high density, ne →∞ (or very high energy, E →∞), θm → π
2
. Thus,

even though the vacuum mixing angle is small, in dense matter, the mixing

angle becomes maximal.

3. If A = ∆m2 cos 2θ then the denominator of Eqn. 1.30 goes to zero giving rise to

a resonance phenomena, known as the MSW (Mikheyev–Smirnov–Wolfenstein)

Resonance [11, 12, 13]. If ∆m2 > 0 then resonance occurs for the neutrinos

and if ∆m2 < 0 then the resonance occurs for the anti-neutrinos. Thus, the

MSW effect results in different oscillation probabilities for the neutrinos and

anti-neutrinos.

4. In general, for varying density matter, both the two flavor and three flavor

neutrino propagation has to be solved numerically.

1.4 Experimental Results

Since the discovery of a deficiency in the solar neutrino flux from the predicted flux,

several experiments have confirmed neutrino oscillation with large statistical signif-

icance. Observation of neutrinos require large detectors due to small cross sections,

via CC and NC interactions inside the detector volume. Most of the neutrino detec-

tors are setup in the underground facilities, in order to provide natural rock shield

from the cosmic particle background. The sources can be natural such as solar and

atmospheric neutrinos. Artificial neutrino sources like nuclear reactors and particle

accelerators are also used. A variety of detector technologies have been used, such

as water or ice Cherenkov, liquid scintillates, iron calorimeters, nuclear emulsions.

Depending on which oscillation parameter has to be studied, a disappearance or an
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1.4. Experimental Results

appearance experiment may be designed with one of these sources and detector tech-

nology. Here, we present only a brief review of the important neutrino experiments.

For an extensive compilation of neutrino experiments can be found in [14].

1.4.1 Solar Oscillation Parameters (θ12,∆m
2
21)

The ‘Standard Solar Model (SSM) describes the energy production in the sun using

known physics processes [15, 16]. The sun produces energy primarily through the net

nuclear fusion reaction,

4p→ 4He+ 2νe(Q = 26.7 MeV) + 2e+ . (1.32)

This process can happen via the pp chain reactions or the CNO cycle. The Sun

generates 98.1% of the total energy through the set of pp chain reactions. The energy

produced in this process is shared by all final state particles. The average neutrino

energy Eν in this process is 0.3 MeV, with a flux of 6 ×1010 cm−2sec−1 at the Earth.

The major components of the solar neutrino spectrum are shown in Fig. 1.2.

The solar neutrino flux was first measured by the Homestake[17, 18] experiment

through the reaction, νe+ 37Cl→ e−+ 37Ar. By measuring the half life of radioactive

Ar, the number of neutrino interactions were found. From this measurement, the

solar neutrino flux was measured to be 2.56±0.16±0.16 Solar Neutrino Unit (SNU)

[19], against the prediction of 8.46+0.87
−0.88 SNU [20]. This deficit in the measured flux

of solar νe came to be know as the “solar neutrino problem”. The observed deficit

was later confirmed by the Gallium experiments, SAGE[21] and GALLEX[22, 23].

Both the Chlorine and Gallium experiments observed the solar neutrino deficit at low

energies produced in the pp chain and were radiochemical experiments. Later, real

time experiments, Kamiokande[24] and Super-Kamiokande[25, 26, 27] also reported

the deficit in 8B neutrinos from the SSM prediction.

The solar neutrino problem was finally resolved by the SNO experiment by ob-

serving 8B neutrinos. The SNO experiment[28] was designed to measure both CC

interaction of νe in the process νe + d→ e−+ p+ p, and the NC interaction of all fla-

vors in the process νx+d→ νx+p+n. The number of observed CC interactions were

9



Chapter 1. Introduction

Figure 1.2: The spectrum of solar neutrinos predicted by the standard solar model
[15]

about 1/3 of the expectation, whereas the observed NC interactions were consistent

with the prediction [29, 30]. These observations are consistent with the oscillation

hypothesis [30]. Since the solar neutrinos travel through the dense core of the sun

with the density falling in the radial direction, they undergo the MSW resonance on

their way out to the surface. The SNO data favor the Large Mixing Angle (LMA)

solution with the best fit point [30],

tan2 θ12 = 0.427+0.033
−0.029, (1.33)

∆m2
21 = 5.62+1.92

−1.36 × 10−5 eV2.

The solar neutrino oscillation were confirmed by the reactor neutrino experiment

KamLAND[31]. KamLAND measured the oscillations in the νe emitted from a com-

plex of nuclear reactors. The average energy of these neutrinos are E ∼ 3 MeV, and

the distances from the reactors to the detector are between 100 – 700 km. This energy

and distance are compatible to measure ∆m2 ∼ 10−5 eV2. Fig. 1.3 shows the ratio of

νe event spectrum observed by KamLAND to no oscillation prediction spectrum [32].
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Figure 1.3: Ratio of νe observed by KamLAND to no oscillation prediction[32]
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2 21
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V

2 )

×10−4
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68.27 % C.L.
95.00 % C.L.
99.73 % C.L.

KL (3ν)
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68.27 % C.L.
95.00 % C.L.
99.73 % C.L.

Solar+KL (3ν)
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68.27 % C.L.
95.00 % C.L.
99.73 % C.L.

Figure 1.4: Allowed parameter space from the combined analysis of solar and Kam-
LAND data[32]

The KamLAND best fit point is consistent with the LMA solution from SNO.
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Fig. 1.4 shows the allowed parameter space from a combined analysis of solar and

KamLAND data. The best fit point in this analysis is [32],

tan2 θ12 = 0.427+0.027
−0.024, (1.34)

∆m2
21 = 7.46+0.20

−0.19 × 10−5 eV2.

1.4.2 Atmospheric Oscillation Parameters (θ23,∆m
2
31)

The atmospheric neutrinos are produced in the interaction of the cosmic rays with the

atmospheric nuclei (Section 4.1). Both νe, νµ as well as νe, νµ are generated in these

interactions. The flux of the atmospheric neutrinos peak around 1 GeV and they can

have baselines of 15 km for the down-going neutrinos to 13,000 km for the up-going

neutrinos. With this L/E combination, the atmospheric neutrino experiments can

probe ∆m2 ∼ 10−4 eV2.

The first hints of the atmospheric neutrino oscillations were found by IMB [34],

Kamiokande [35] and Soudan-2 [36]. All these experiments observed a deficit in

the flux of νµ compared with the no oscillation prediction. The most compelling

evidence of the deficit in the observed νµ flux came from the Super-Kamiokande (SK)

experiment [37]. It observed the first L/E dip in the characteristic muon neutrino

survival probability [38].

Fig. 1.5 shows the zenith angle distribution for νe and νµ by the SK experiment

[39]. The up-down asymmetry seen in the SK νµ zenith angle distribution is consistent

with the oscillation hypothesis. The down-going neutrinos travel a small distance for

the oscillations to develop. However, the up-going neutrinos can travel thousands

of kilometers and can undergo significant oscillations. Such an asymmetry is not

observed in the νe zenith angle distribution. This means that in the atmospheric

section, the dominant oscillations are νµ ↔ ντ . The analysis of the SK data gives the

best fit point [39],

sin2 θ23 = 0.5 (1.35)

|∆m2
32| = 2.5× 10−3 eV2.
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Figure 1.5: Super-Kamiokande zenith angle distributions for e-like and µ-like events
[39]. The top, middle and lower panels show the distributions for Sub-GeV one ring,
Sub-GeV multi ring and Multi-GeV multi ring respectively. The data are shown with
the black dots.Continuous blue curves show the MC distribution without oscillations,
and the dashed red curves show the best fit to the data.

The atmospheric neutrino oscillation parameters can also be probed using long

baseline accelerator neutrino experiments, with Eν ∼ 1 GeV and L ∼ 100 km. The

accelerator experiments produce neutrinos by colliding an energetic proton beam

onto a fixed target, which produce pions. The direction of the charged pions is

controlled through the magnetic horns and then passed on to the decay tunnel to

produce a collimated νµ(νµ) beam. Typically, such experiments employ a near and

a far detector setup, which allows them to reduce systematics and obtain a good
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understanding of the un-oscillated neutrino flux. The experiments K2K, MINOS and

T2K have employed this strategy to constrain the atmospheric oscillation parameters.
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Figure 1.6: The top panel shows νµ spectrum observed by SK from the T2K beam.
The bottom panel shows the ratio of observed spectrum to no oscillation prediction
in two different energy ranges [45].

The first experiment to take this approach was K2K, with an average beam en-

ergy of 1.4 GeV and a baseline of 250 km. The K2K experiment confirmed the

Super-Kamiokande atmospheric neutrino result [40] with 0.92× 1020 protons on tar-

get (POT). The MINOS experiment [41, 42] uses the neutrino beam produced in the

NuMI facility at Fermilab. The neutrinos are observed in the far detector located in

the Soudan Mine, 735 km away from Fermilab. MINOS has taken data with both

neutrino and anti-neutrino runs of NuMI. Because of its fine L/E resolution, MINOS

has provided a tighter constraint on ∆m2
32 than the SK atmospheric data [43]. More

recently, the super-beam experiment T2K has provided the most accurate measure-

ment of the atmospheric parameters so far. The T2K experiment [44] utilized an

off-axis beam, which results in a narrow beam spectrum at the far detector, Super-

Kamiokande. The neutrino beam in T2K is created at the J-PARC accelerator with

a beam power of 750 kW. The T2K design beam power is 750 kW, but it has not

achieved this power yet. So far, the maximum power achieved in the neutrino beam

of T2K is about 250 kW. With an intense neutrino beam, the T2K is able to collect
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large event statistics in a short time. Fig. 1.6 shows the event spectrum observed by

SK from the T2K beam and the no oscillation prediction.

Fig. 1.7 shows the constraints on the atmospheric parameters from the SK, MINOS

and T2K [45]. The best fit point with the T2K data of 3.01 ×1020 POT is,

sin2 θ23 = 0.514 (1.36)

|∆m2
32| = 2.44× 10−3 eV2.

As T2K is still taking more data, the constraints on the atmospheric parameters will

improve further.

Figure 1.7: The 90% CL contours for the atmospheric parameters (sin2 2θ23, |∆m2
32|)

for SK, MINOS and T2K [45].

1.4.3 Measurement of θ13

Until the year 2012, the mixing angle θ13 was unknown and only the upper bound,

sin2 θ13 ≤ 0.16 (at 90% C.L.) was known on this parameter from the reactor neutrino

experiment CHOOZ[46].

The parameter θ13 can be measured in two ways.
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1. The appearance channel νµ → νe in the accelerator neutrino experi-

ments :

The first indication of a non-zero θ13 was given by T2K with the observation of

6 νe events in a νµ beam at 2.5σ [47]. The expectation for θ13 = 0 was 1.5 ± 0.3

events. This result gave the best fit value of sin2 2θ13 = 0.11 with δCP = 0. The

MINOS collaboration also reported 62 νe events with the expectation of 49.6 ±
7.0 ± 2.7 events for θ13 = 0 [48]. This gives the bound 2 sin2 θ23 sin2 2θ13 < 0.12

for NH and δCP = 0.

A more recent T2K appearance result excludes θ13 = 0 at 7.3σ with the obser-

vation of 28 νe events [49]. The best fit value is, sin2 2θ13 = 0.14 for the NH

and δCP = 0.

2. The disappearance channel νe → νe in the short baseline reactor neu-

trino experiments :

Three reactor neutrino experiments confirmed the non-zero θ13 in a short time interval

in the year 2012. The Daya Bay experiment reported sin2 2θ13 = 0.092±0.016(stat)±
0.005(syst) in 2012, excluding θ13 = 0 at 5.2σ [50]. Shortly, the RENO experiment

also reported sin2 2θ13 = 0.113±0.013(stat)±0.019(syst) [51]. RENO excluded θ13 =

0 at 4.9σ. The Double CHOOZ experiment measured sin2 2θ13 = 0.109±0.030(stat)±
0.025(syst), and excluded θ13 = 0 at 3.1σ [52]. An improved measurement at Daya

Bay gives the best fit point at sin2 2θ13 = 0.089± 0.009 [53].

A non-zero and large value of θ13 has been the latest breakthrough in the area

of neutrino oscillation. It has opened up the way to determine the neutrino mass

hierarchy and the measurement of δCP.

1.5 Current Status and Unanswered Questions

As outlined in the previous section, a number of experiments have not only established

the neutrino oscillations, but also have made precision measurement of the oscillation

parameters. All three mixing angles, θ12, θ13, θ23 as well as the two mass squared
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Parameter Best Fit Value 3σ Ranges
sin2 θ12 0.307 0.259-0.359
sin2 θ23 0.386 0.331-0.637 (NH)

0.392 0.335-0.663 (IH)
sin2 θ13 0.0241 0.0169-0.0313 (NH)

0.0244 0.0171-0.0315 (IH)
∆m2

21(eV2) 7.54 ×10−5 6.99-8.18 ×10−5

|∆m2
31|(eV2) 2.43 ×10−3 2.19-2.62 ×10−3 (NH)

2.42 ×10−3 2.17-2.61 ×10−3 (IH)

Table 1.1: The current best fit values of the neutrino oscillation parameters [54] for
the global analysis of neutrino data.

differences ∆m2
21,∆m

2
31 have been measured. Table 1.1 shows the current best fit

values and errors on these parameters for the analysis of global neutrino data [54].

The sign of ∆m2
21 is determined to be positive from the solar neutrino data. This

allows for two different arrangements of the three neutrino mass states as shown in

Fig. 1.8. If ∆m2
31 > 0 then the mass hierarchy (MH) is defined to be normal. If

∆m2
31 < 0, the mass hierarchy is defined to be inverted.

Figure 1.8: Normal and Inverted neutrino mass hierarchy

There are still many important unanswered questions regarding neutrino oscilla-

tions and masses.
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1. What is the neutrino mass hierarchy ?

2. What is the value of δCP ?

3. Is the mixing angle θ23 exactly equal to π
4

? If not, then what is its octant ?

4. Are there sterile neutrinos in addition to three active flavors?

5. What are the absolute neutrino masses?

6. Are neutrinos Dirac or Majorana particles?

Most of the current and planned oscillation experiments will now try to address the

first two questions. These experiments include NOνA [55, 56, 57], LBNE [58], LBNO

[59, 60, 61], PINGU [62], ORCA [63], HK [64], T2HK [65], JUNO [66] and RENO-50

[67]. They will employ novel detector technologies, intense neutrino sources, long

baselines and some of them will be of mega tonne mass to collect huge statistics.

The current constraints on the absolute neutrino masses have been obtained from

cosmological data [68, 69, 70], from neutrinoless double beta decay [71, 72], and

from tritium beta decay experiments [73, 74]. The neutrinoless double beta decay

experiments will also seek to answer the question of whether the neutrinos are Dirac

or Majorana particles.

1.6 Conclusion

Since the discovery of neutrino oscillations in 1964, the field of neutrino oscillation has

made a tremendous progress. Neutrino oscillations are a neat example of quantum

mechanical interference. The propagation of neutrinos and their oscillation probabil-

ities can significantly be modified in the presence of matter.

After the observation of a deficit in the solar and atmospheric neutrino predic-

tion, various solar, atmospheric, reactor and accelerator neutrino experiments have

established neutrino oscillations to a high degree of confidence. In the standard three

flavor oscillations, all three mixing angles and two mass squared difference have been

18
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measured. The upcoming experiments are now being fine tuned to discover the neu-

trino mass hierarchy and to measure the phase δCP along with the other unknown

quantities. The field of neutrino oscillation is expected to be as vibrant in the future

as it has been in the past.
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Chapter 2

The India-based Neutrino

Observatory (INO)

The India-based Neutrino Observatory (INO) [75] is an upcoming facility for a number

of experiments. The primary experiment in INO will be the Iron CALorimeter (ICAL)

for studying neutrino oscillations. Additionally, it will host experiments for Neutrino-

less Double Beta Decay (NDBD) and for direct dark matter search. In this chapter,

we discuss some important aspects of the ICAL experiment.

2.1 Location

INO will be located in the Theni district of the state of Tamilnadu in Southern India.

Fig. 2.1 shows the location of Theni. It is located approximately 110 km away from

the city of Madurai. The site for the ICAL experiment has been chosen keeping

in mind the geological stability of the region, availability of water, electricity and

other infrastructure facilities. Also, the impact on the local environment due to the

construction activities will be minimal at this location. The control center for the

ICAL is being set up at Madurai.

The cavern for the INO will be constructed under the mountain, which will provide

a rock cover of minimum 1 km in all directions to shield the experiments from the
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Figure 2.1: The location of Theni. The picture on the right shows the terrain at
Theni.

cosmic muons. Fig. 2.2 shows the layout of the underground laboratory. The hall for

the ICAL will have sufficient space for a 100 kt detector. A 3 km long access tunnel

will be constructed under the mountain to reach the ICAL experiment hall.

2.2 The Iron CALorimeter (ICAL)

The Iron CALorimeter (ICAL) is a 50 kt magnetized detector to detect neutrino

interactions induced by the atmospheric neutrinos. In the distant future, it may also

serve as a far detector for a Neutrino Factory (NF) in a long baseline experiment. The

detector is fine tuned to measure muon momentum produced in CC νµ interactions.

It is also capable of detecting hadron showers produced in CC and NC neutrino

interactions.

2.2.1 Primary Goal of the ICAL

The primary physics goals for the ICAL are as listed below.

21



Chapter 2. The India-based Neutrino Observatory (INO)

Figure 2.2: The layout of the INO cavern

1. Determine the neutrino mass hierarchy.

2. Make precision measurements of the parameters, sin2 θ23 and |∆m2
32|.

3. Study of CP violation in the neutrino sector and test of CPT invariance.

4. Study of Non-Standard Neutrino Interactions (NSI).

5. Test the sterile neutrino oscillation hypothesis.

6. Observation of high energy cosmic muons and to determine the ratio the num-

bers of µ− and µ+.

Most of these goals will be achieved through the observation of the matter effects

in the Pµµ survival channel.

2.2.2 The Design of the ICAL

In order to meet most goals of the ICAL experiment, the proposed detector should

have as large mass as possible, in order to collect statistically significant number of
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events. It should have good energy and direction resolutions for muons and neutrinos.

And it should be economical to build. Keeping in mind these requirements, the INO

collaboration has chosen the ICAL detector as described below for the oscillation

experiment.

Figure 2.3: A schematic diagram of the ICAL detector

The detector consists of 3 identical modules, with dimensions 16 m × 16 m ×
14.4 m. It consists of 150 alternate layers of iron plates and Resistive Plate Chambers

(RPCs). The modular structure of the detector allows flexibility in the construction

and operation. Data taking can start as soon as one of the modules is complete. The

iron plates act as the target mass for the neutrino interactions. The RPCs are the

active detection elements, which measure the passage of particles through them. The

iron plates are magnetized with an average magnetic field of 1.5 Tesla. The magnetic

field causes a charged particle to travel along a curved path. Fig. 2.3 shows the layout

of the ICAL detector. The current specifications for the ICAL detector and RPCs

is given in Table 2.1. These numbers have been chosen based on the ICAL detector

simulations keeping in mind the balance of the detector performance and the cost.

The major components of the ICAL experiment are under research and devel-

opment at the various INO collaborating institutes, universities and at industrial

facilities. An engineering prototype of the ICAL with the RPCs, iron plates and the

magnet is planned at the Madurai center.
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Number of modules 3
Module dimensions 16m × 16m × 14.5m
Detector dimensions 48.4m × 16m × 14.5m
Number of layers 150
Iron plate thickness 56 mm
Gap for RPC trays 40 mm
Gap for RPC trays 40 mm
Magnetic field 1.3–1.5 Tesla

Table 2.1: Important parameters of the ICAL detector according to the current spec-
ifications

2.3 ICAL Particle Detection Capabilities

The signature of neutrino oscillation is contained in the (Eν , cos θν) distribution of the

neutrino events observed in the detector. The CC interactions of neutrinos produce

charged leptons in the final state. Hence, the distribution of muon and electron events

also contain the oscillation signature.

The CC νµ interactions produce muons and hadrons in the detector. Muons lose

their energy primarily through ionization, as they propagate through the detector.

The direction of propagation is affected by multiple coulomb scattering and the mag-

netic field in the detector. They typically give one hit point per RPC layer. The hits

in different layers can be joined to form a muon track. The muon energy (Eµ), di-

rection (cos θµ) and its charge can then be reconstructed using the information of the

hit position and time. Measurement of the muon Eµ and cos θµ along with its charge

is the mainstay of the ICAL detector. As discussed in Chapter 3, the muon energy

can be reconstructed with resolutions of (10–25)%. The cosine of the muon zenith

angle cos θµ can be reconstructed with resolutions of 0.005–0.045. (Equivalently, the

θµ resolution is of about 1◦).

The hadrons passing through the ICAL give rise to hadron showers, whose energy

can be calibrated. The hadron energy, E ′h = Eν−Eµ can be measured with resolutions

of (40–80)% [76]. The hadron shower direction (cos θh) may also be reconstructed. By

combining the energy and direction of the muons and hadrons, one can reconstruct

the neutrino energy(Eν) and direction(cos θν) [77]. The ability to observe the hadron
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showers in the GeV energy range is a unique feature of the ICAL, where the matter

effects in the neutrino oscillation are important.

The ICAL physics analysis can be carried out using a subset of these observables,

e.g. Eν , cos θν , Eµ, cos θµ, E ′h and cos θh. For the work presented in this thesis, we

have carried out the analysis using the observables (Eµ, cos θµ).

The CC interaction of νe gives rise to electrons in the final state. Since the

electrons lose their energy rapidly due to ionization and bremsstrahlung, they can

cross only a few layers of RPC. With fewer hits, the energy and direction of electrons

cannot be reconstructed in the ICAL. The neutral current events of all neutrino flavors

produce only the hadron showers. It may be possible to distinguish the hit points

created by an electron and those produced in the NC showers. If the CC νe events

can be identified, they may lead to enhancement of the ICAL physics sensitivities.

2.4 Resistive Plate Chambers (RPCs)

The Resistive Plate Chamber forms the heart of the ICAL detector. It is a gaseous

detector, based on the principle of ionization of gas through charged particles. The

RPCs were first introduced in 1981 by R. Santonico and R. Cardrelli to simplify and

overcome the operation of Planar Spark Chambers [78]. The RPCs are easy and

inexpensive to construct and offer a robust operation. The RPCs have large output

signals and good timing resolutions of about 1 ns. They give spatial resolution of a

few cm. All these characteristics make them a desirable choice for the ICAL detector.

2.4.1 Construction

The basic features of an RPC detector is shown schematically in Fig. 2.4. An RPC

consists of two parallel electrodes which have large bulk resisitivity (1010 − 1012 Ω−
cm). Typically glass or bakelite is used to construct the electrodes. The electrodes

are separated by a few mm by means of spacers. A high voltage is applied across

the electrodes to form a uniform electric field between the two planes. To ensure the

uniformity of the field, the electrodes are coated with a thin layer of graphite. On
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Figure 2.4: Layout of the Resistive Plate Chamber

top of the graphite layer, an insulating layer is applied to isolate the readout strips

from the electrodes. The spacers are made from high bulk resistivity polycarbonate

material. The volume between the electrodes is filled with a gas mixture, which makes

up the ionizing medium. Generally, the gas mixture consists of Freon (Avalanche

mode), Argon (Streamer mode), Isobutane and SF6. The exact gas mixture and

their proportion depend on the mode of operation as explained below.

2.4.2 Principle of Operation

An energetic particle passing through the RPC ionizes gas (Freon or Argon) along its

trajectory. Electrons and ions produced in ionization start travelling towards anode

and cathode, respectively. While the drift speed of electrons is large, ions move at a

lower speed. The primary electrons, being accelerated in the electric field, produce

further ionization of the gas on their way to the anode. As they move towards the

anode, they induce a signal on the nearest pick up strip.

Due to the electron-ion recombination process, photons are produced in the gas,

which may give rise to secondary ionization at points far from the primary ionization
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area. The remedy to this problem is Isobutane, which absorbs the photons, preventing

them to travel far in the gaseous volume. An electronegative gas such as Freon absorbs

the free electrons produced in an avalanche triggered by the primary ionization, thus

preventing the onset of the streamer mode (as explained below). The high resistive

electrodes keep the area of discharge limited so that the rest of the detector can still

remain active. The uniform application of an electric field gives RPCs very good

timing resolutions compared to wire chambers.

The RPCs can be operated in (i) Avalanche, and (ii) Streamer modes.

1. Avalanche Mode : In this mode, the primary ionization causes multiplica-

tion of electrons, as those initially produced are accelerated towards the cathode.

The avalanche mode of operation is suitable for high particle rate applications.

However, the signal induced with this mode is low(∼ 1 pC), requiring an ampli-

fier in the front-end electronics the for read out systems. This mode of operation

keeps the RPC aging low and it can be operated continuously for long period

of time.

2. Streamer Mode : In the streamer mode, the gas gain is set high by re-

ducing the amount of the photon absorbing gas. When the photons propagate

large distances, they cause additional avalanches. A conductive channel may be

formed between the two electrodes through which the local electrode surfaces

are discharged. The streamer mode operation of RPC gives large signals of ∼
100 pC, reducing the demand on the read out electronics. However, it currently

suffers from aging problems. If the streamer mode is used in an experiment, the

RPCs need to be replaced after a few years of operation.

There are different types of RPCs for different applications, such as Trigger RPC

and Timing RPC. They can also have different designs like the single gap RPC, Double

gap RPC, Multi-gap RPC, Micro RPC and Hybrid RPC. Currently, it is envisaged

that single gap glass RPCs of dimensions 2 × 2 m2 will be operated in avalanche

mode for the ICAL experiment. Table 2.2 shows the current specifications for the

RPCs [79]. The proposed scheme for the read out electronics and DAQ systems for

the RPCs are described in [75].
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Number of RPC layers 150
RPC dimensions 1,800 mm× 1,910 mm × 20 mm
Readout strip width 30 mm
Number of RPC units/Layer 192
Number of RPC units 28,800 (97,505 m2)
Number of readout strips 3,686,400

Table 2.2: Current RPC specifications for the full 50 kt ICAL detector

2.4.3 Gas Flow System for RPC

The ICAL detector will have a recyclable gas system [75] to circulate the chosen gas

mixture in the RPCs. Recycling of the gas will be economical and help to minimize

the impact on the environment. The entire detector will be divided into several

zones, with each zone having its own gas system. Argon, isobutane and R134a will

be carried to the mass flow controllers for mixing according to the desired ratio.

Uniform distribution in each zone will be accomplished by using flow resistors. To

avoid the situation of over pressure, control of exhaust pressure and relief bubblers

will be used.

2.5 The ICAL Magnet

The electromagnet of ICAL is an important component of the detector to achieve the

primary physics goals of the experiment. The magnetic field is required to measure

the energy and charge of the muons using the curvature of their trajectories in the

magnetic field. The steel plates of the electromagnet also provide the target mass for

neutrino interactions.

The exact design of the ICAL magnet will be governed by the following criteria.

• Field Uniformity : A uniform magnetic field is desired for optimal recon-

struction of muon momentum and charge. In order to contain the magnetic

field inside the iron plates and to minimize field leakage into air, a gap-less

toroidal magnet design will be used.

28



2.5. The ICAL Magnet

Figure 2.5: Top : Arrangement for the ICAL magnet coil slots in three modules,
Bottom : A single ICAL module with the coils inserted.

• Modularity : To ensure flexibility in the ICAL construction and operation,

the detector will be constructed as independent modules with their own mag-

nets.

• Optimal Copper to Iron Ratio : Operating costs and construction costs

are governed by the copper to iron ratio. A higher value of the ratio results in

lower power consumption and cooling requirement and hence lower operating

cost, but at a higher fixed cost of construction. On the other hand, a lower value

of the ratio results in higher operating cost and lower fixed cost. The cooling

requirement is determined by temperature tolerances of other components of

the detector, e.g. that of electronics and RPC operations.

Currently, a toroidal (gap-less) design is being envisaged for the ICAL magnet
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[75]. In this design, the copper coils pass through two rectangular slots in the iron

plates. Fig. 2.5 schematically shows the geometry of inserting the coils into the iron

plates. The dimensions of the coil slots are chosen so that a uniform magnetic field

can be generated in the iron plates in a large volume. This design also allows insertion

and removal of the RPC trays easily.

Figure 2.6: The magnetic field map in the X-Y plane for a single ICAL module

To produce an average field of 1.3 Tesla in a single module, a coil with a capacity

of 40,000 ampere-turns is required. The field variation is less than 0.3% across the

iron plates. Fig. 2.6 shows a simulated magnetic field map in a module in the X-Y

plane. This map has been simulated with the Magnet 6.0 package [80]. The magnetic

field is uniform in the central and in the side region of the module. The variation

in the field is less than 0.25% along the X-axis. It changes rapidly in the peripheral

region and changes direction. In the Y- direction, it starts falling beyond the coil

length of 4 m. The reconstruction of muons depend significantly on the region of the

magnetic field it passes through.
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2.6 Chapter Summary

The Iron Calorimeter(ICAL) is an upcoming atmospheric neutrino experiment, whose

primary goal is to determine the neutrino mass hierarchy. The total mass of the

ICAL is approximately 50 kt. It is made up of 150 alternate layers of iron plates and

RPCs. The iron plates are magnetized with an average field of 1.3 Tesla to enable

the separation of νµ and νµ events. The ICAL is primarily optimized to measure the

muon energy and direction with fine resolutions (10–15% and 1◦, respectively) and

high reconstruction efficiency(80%) as well as high charge identification efficiency (≥
95%). Various components of the ICAL detector are under research and development

at the collaborating institutions.
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Chapter 3

ICAL Detector Simulations for

Muon Reconstruction

In order for the ICAL to achieve its oscillation physics goals, it needs to measure the

(Eµ, cos θµ) distribution of neutrino induced muons as accurately as possible, with a

high efficiency. The ICAL experiment uses a Kalman Filter (KF) based algorithm to

reconstruct the muon momentum and charge. Given the design and the geometry of

the ICAL, it has a muon energy threshold of about 0.5 GeV.

The ICAL software code for the ICAL detector simulation and reconstruction has

been developed by the INO collaboration. Fig. 3.1 shows the major steps performed

for the ICAL simulations. The muon reconstruction for the ICAL is based on the

concept of MINOS reconstruction [81, 82]. In this chapter, we briefly outline the steps

involved in simulating and reconstructing muon tracks. Later, we describe the ICAL

response to muons obtained from these simulations.

3.1 GEANT4 Simulations and Hits Digitization

The ICAL detector simulation code uses GEANT4 [83] to simulate the detector ge-

ometry and propagation of particles. The full ICAL detector geometry has been

incorporated in GEANT4, including the iron plates, RPCs, spacers, support struc-
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ICAL Geometry and
Magnetic Field Sim-
ulation in GEANT4

Neutrino Event Generator
NUANCE/GENIE

Fixed Energy/Direction
particles for detector
performance studies

Propagate particles
in the ICAL through

GEANT4, considering
various physics processes

Obtain signals in the
Sensitive Detector(RPCs)

Digitize the signals to
obtain strip information

Muon and Hadron
Reconstruction

Physics Analysis

Figure 3.1: ICAL Detector Simulation Chain
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tures and the coils for the electromagnet. GEANT4, version 4.9.4.p02 has been used

for the work presented here. The magnetic field map of the ICAL, obtained from the

magnet simulation [80] is also specified as an input to GEANT4 simulation and muon

reconstruction.

The task of the GEANT4 simulation, is then, to simulate the propagation of

particles, given this geometry. The particles are propagated into the detector while

taking into account all possible physics processes. GEANT4 starts propagating a

particle in small steps from its vertex position, until the particle comes to the rest or

it leaves the detector. For the results reported in this thesis, the production cut in

GEANT4 was set to 0.01 mm. The production cut is the minimum distance by which

GEANT4 must propagate the particle. The energy cut was set to (10 eV, 100 TeV).

As a particle passes through the sensitive detector (e.g. RPC), GEANT4 produces

signals in the X and Y strips, called hits. The hit positions generated by GEANT4 are

then digitized according to the strip width. In order to simulate a realistic detector,

the hits are created with an inefficiency of 5% and with a multiplicity of 1.4 hits1. The

final information stored for the particle reconstruction is the X and Y strip numbers,

the RPC layer number, time of the hit and the pulse height. Even though the pulse

height information is recorded, so far it is not being used in the event reconstruction.

Typically, muons passing through the detector give a hit point pattern with one

hit per layer, though multiple hits in single layers are possible. These hits can be

cleanly joined to form a muon track. When a hadron or an electron passes through

the detector, it gives multiple hits per layer due to different energy loss mechanisms,

creating a shower of hits. Fig. 3.2 illustrates the hit pattern created by a muon and

hadron in a neutrino interaction.

Fig. 3.3 and Fig. 3.4 show the hit positions produced by a 1 GeV and 5 GeV

muon in the ICAL detector. The reconstruction of muon momentum is carried out

in two steps, (i) Track Finder, and (ii) Track Fitter, to be described in the following

sections.

1These numbers are based on the on-going development studies of RPCs by the INO collaboration.
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Figure 3.4: Hit pattern given by a 5 GeV µ− with cos θ = 0.85 with vertex in the
central region of the ICAL.

3.2 The Track Finder

The muon track reconstruction begins with the Track Finder algorithm, which starts

by combining X, Y strip numbers and the layer number to form three dimensional

hits. All possible hits are formed, considering multiple hits in a given strip and a

given layer. These hits could have been generated due to the passage of a muon or a

hadron. A simple algorithm which uses a criterion on the number of hits per layer is

used to separate hits created by muons and hadrons.

Once the muon hits are identified, the Track Finder attempts to find possible

muon tracks by progressively traversing along the muon hits along various paths.

In this process, it forms various collections of hits called clusters, triplets, sim-

ple/matched/preferred associations of triplets. The ICAL Track Finder algorithm

is similar to the one used for the MINOS far detector [81, 82]. Whether the muon

is going in the upwards or the downwards direction is determined by the timing

information of the hits.
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3.3 The Track Fitter

After the Track Finder has selected the candidate hit points, the next task is to

reconstruct the muon track. Most importantly, the muon energy, direction, charge

and the vertex position need to be reconstructed for the physics analysis. The ICAL

reconstruction package employs a Kalman Filter based reconstruction algorithm for

the muon track reconstruction. It uses information about the muon energy loss,

multiple scattering and the magnetic field to reconstruct the muon track.

3.3.1 The Kalman Filter

The Kalman Filter(KF) is a recursive algorithm [84, 85] to estimate the parameters

of a dynamical system in the presence of process noise (due to stochastic driving

process) and measurement noise (errors in the measurement). It was first proposed

by R. E. Kalman in 1960. It has been shown that the Kalman Filter provides the

optimal estimate of the parameters in case of a linear dynamic system. For non-linear

systems, the Extended Kalman Filter technique has been developed [87]. Here, we

briefly describe the discrete Kalman Filter method.

We start with the state vector defined as,

xk = (x, y, dx/dz, dy/dz, q/p), (3.1)

where x and y are hit point positions, and dx/dz, dy/dz are the slopes with respect

to the ICAL layers. And q and p are the charge and the momentum of the muon.

To understand the operation of the Kalman Filter, consider a z layer labelled

(k-1). For this layer, we provide an initial guess for the state vector, xk−1 and an

error covariance matrix Ck−1. The goal is to obtain an estimate of the state vector

in the next layer k. Given the motion of a muon in the presence of magnetic field

and other physical processes, we construct a 5 × 5 propagation matrix Fk−1. As

the muon travels through the detector material, it loses energy through ionization.

Its trajectory is also affected by coulomb multiple scattering. These two processes

are stochastic processes, which constitute the process noise in the Kalman Filter
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terminology. The process noise covariance matrix Qk−1 is evaluated for the current

layer. Finally, the measurement function Hk and the measurement error covariance

matrix Vk are constructed. The measurement function Hk is taken to be,

Hk =

(
1 0 0 0 0

0 1 0 0 0

)
. (3.2)

The measurement error matrix is calculated by taking the error in the position

measurement to be w/
√

12, where w is the strip width.

With these inputs, the KF algorithm predicts the state vector xk in the next layer

of the detector. An important quantity, called the Kalman gain, Kk is calculated from

the state covariance matrix Ck. The Kalman gain decides whether the prediction,

Fk−1xk−1 for the next layer, or the measurement mk, has more influence on the filtered

state vector.

The Kalman update equations are as follows.

Ck−1
k = Fk−1Ck−1F

T
k−1 + Qk−1, (3.3)

Kk = Ck−1
k HT

k

(
Vk + HkC

k−1
k HT

k

)−1
, (3.4)

xk = Fk−1xk−1 + Kk (mk −HkFk−1xk−1) , (3.5)

Ck = (1−KkHk) Ck−1
k . (3.6)

Eqn. 3.3 extrapolates the state covariance matrix Ck−1 to the next layer, denoted

as, Ck−1
k . Together, Eqn. 3.3–3.6 extrapolates the state vector and the error covariance

matrix to the next layer. The same procedure is followed for the subsequent layers,

by relabelling them as (k − 1)th layer. This iteration is started from the first layer

of hit, where x,y are taken from the hit in that layer, dx/dz, dy/dz are taken from

hits in first two layers and q/p is set to 0. After iterating over the entire track in

the forward and reverse direction several times, the state vectors for various layers

converge, if the KF algorithm succeeds. We are most interested in the state vector at

the beginning of the track, which gives an estimate of the muon vertex position, as

well as its momentum, direction and charge.
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3.3.2 Implementation of the Propagator and the Noise Ma-

trices

By assuming that the muon always moves perpendicular to the z layers, the propa-

gation matrix Fk−1 is written as follows.

Fk−1 =




1 0 δz 0 1
2
Byδz

2

0 1 0 δz −1
2
Bxδz

2

0 0 1 0 Byδz

0 0 0 1 −Bxδz

0 0 0 0 1 + ε



, (3.7)

where Bx, By and Bz are the components of magnetic field and δz is the distance

between two RPC layers. In order to extrapolate the muon momentum (q/p) to

the next layer more accurately, a numerical method is used to obtain the element

(Fk−1)55, as described below.

The propagation of a muon from one layer to the next is done using the Swimmer

package [88]. The Swimmer package works by numerically propagating the muon in

small steps of 5 mm to the next layer. For each small step, the coordinate system is

rotated in such a way that the magnetic field points along the z direction in the local

frame. The muon follows a helical trajectory in this local coordinate system whose

equation of motion is simplified. For every small step taken by the Swimmer package,

|B| is considered to be constant and the ionization energy loss is subtracted from the

starting energy of the muon. As we hit the next layer, the Swimmer package transform

the coordinate system to the ICAL frame and gives the state vector prediction. Thus

the state vector xk is obtained numerically. The last column of Fk−1 can then be

obtained by linearizing the propagator function about the current state vector.

3.3.3 Implementation of the Noise Covariance Matrix

The propagation of a muon is affected by fluctuations in its energy loss and multiple

scattering through small angles. In order to account for these stochastic processes,
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the noise covariance matrix is constructed as,

Qk =

(
QMS
k 4×4 01×1

01×1 QδE
k 1×1

)
, (3.8)

where QMS
k is the 4 × 4 block matrix related to the multiple scattering. QδE

k is the

standard deviation of the muon energy loss. The description of QMS
k can be found in

[81, 82] and in [86].

The energy loss term QδE
k is evaluated as,

QδE
k =

(
0.25

∆E

p2

ds

dz

)2

. (3.9)

Here, ∆E is the mean energy loss for a muon travelling perpendicular to the layer

and s is the length travelled by the muon.

3.3.4 The Output of the Kalman Filter

We obtain the state vector estimate for each layer from the track fitter. Of particular

importance are the muon energy and the direction at the estimated vertex position.

If the track is reconstructed as two or more tracklets, then the above information is

reported for each tracklet. The goodness of the track fitting is found by calculating

the χ2 defined as:

χ2 =
∑

i



(
xfilteredi − xmeasuredi

σx

)2

+

(
yfilteredi − ymeasuredi

σy

)2

 , (3.10)

where xfilteredi and yfilteredi are the filtered x and y positions for the ith hit point.

xmeasuredi and ymeasuredi are the measured x and y positions. σx (= w/
√

12) and σy

(= w/
√

12) are the errors in x and y position measurements. The degrees of freedom

are calculated as dof = 2Nhits − 5, with Nhits being the number of hit points.

Fig. 3.5 and Fig. 3.6 show the comparison of the raw hits, track fitter hits and the

track finder hits for two muons with Eµ = 1 GeV, travelling at two different zenith
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Figure 3.5: Hits selected by the Track Finder and the Track Fitter algorithm for 1
GeV µ− with cos θ = 0.55. This track is reconstructed at 0.77 GeV.

angles.

3.4 Muon Response Parametrization

In the data analysis of the real ICAL experiment, one would use the reconstructed

energy and direction of particles to obtain the predicted distribution of muons and

hadrons. This would involve passing the generator level particle information through

the reconstruction code, imposing various cuts on events, based on the position and

timing of the hit points and the goodness of track reconstruction. However, this is

a complicated task, which requires a very detailed detector simulation analysis. To

simplify the physics analysis in the current work, the detector response to muons has

been parametrized in terms of four important quantities : (i) energy resolution (σE),

(ii) zenith angle resolution (σcos θ), (iii) reconstruction efficiency (εR), and (iv) charge

identification efficiency, CID (εC). All these quantities are obtained as a function of

true muon energy (Eµ) and direction (cos θµ), separately for µ− and µ+. They are

stored in the form of a look-up table for use in the physics analysis.
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Figure 3.6: Hits selected by the Track Finder and the Track Fitter algorithm for 1
GeV µ− with cos θ = 0.85. This track is reconstructed at 1.3 GeV.

3.4.1 Inputs to prepare the Look-up table

To obtain the look-up table, we simulate 10,000 muons of fixed energy(Eµ) and zenith

angle(cos θ) using the ICAL simulation. The vertex position of the muons is set in

the central volume of the detector with a uniform smearing of ±(400,400,600) cm

around the point (0,0,0), which is the centre of the detector. The magnetic field is

approximately uniform in this region except for the boundaries (Fig. 2.6). We assume

that the detector response obtained in this region can be extrapolated to the entire

volume of the detector. The azimuthal angle φ is smeared uniformly between (0 – 2π).

The energy and direction (Eµ, cos θµ) are not smeared. We have also assumed here

implicitly that the muon and hadron hit separation efficiency is 100%. Background

hits from other sources such as CC νe and NC events, cosmic muons, random noise

are neglected. As the ICAL detector simulation progress, these assumptions will be

relaxed in future and a more detailed analysis will be performed.

We have prepared the look-up table in the range, Eµ = [0.6,25] GeV (20 sample

points), and for cos θ = [−1,1] (20 sample points). This is the muon energy range,

relevant for the ICAL oscillation analysis. For each one of the 400 possible combina-

tions of energy and direction, we simulate, digitize and reconstruct the muon tracks

to obtain the distributions of reconstructed energy and direction.
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(b) Eµ=1 GeV
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(c) Eµ=5 GeV
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Figure 3.7: Reconstructed energy distribution for cos θµ=-0.85 for four different muon
energies : (a) Eµ=0.8 GeV, (b) Eµ=1 GeV, (c) Eµ=5 GeV, and (d) Eµ=15 GeV

3.4.2 Muon Resolutions and Efficiencies

Fig. 3.7 shows a few distributions of the reconstructed Eµ. Only those events are

selected to make the reconstructed distributions, for which χ2/ndf < 10. We notice

that the muon energy resolutions are strong functions of true energy and direction. We

notice also that the reconstructed energy distributions have tails or a hump structure

on one or both sides of the peak.

The deviation of the shape from the Gaussian distribution mainly arise because the

muon reconstruction algorithm has not yet been completely fine tuned. For example,

in cases, where a muon is passing through the support structure, hit points may be

missing for several layers. The KF algorithm does not get measurements for these

layers to produce an accurate filtered output in this part of the track, which results in
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poor reconstruction. This issue is more relevant for those tracks which are travelling in

near vertical directions, and also for the high energy muons, which are likely to travel

long paths through the vertical support structures. In such cases, a genuine single

track may be reconstructed as multiple tracklets and with poor resolution. Some other

dead spaces such as the RPC gaps and the magnet coils also create similar effects.

Partially contained events also give rise to poor energy reconstruction. Although, we

obtained the azimuthal angle averaged muon response, more realistically, the ICAL

response is φ dependent [77]. The direction of the magnetic field and the different

detector dimensions along the X and Y direction break the azimuthal symmetry.

The normal distribution function cannot be fitted with the reconstructed energy

distribution in the full range in most cases. A Landau distribution convoluted with

the Gaussian function would make more appropriate fits to these distributions. While

the ICAL muon reconstruction algorithms are being updated, we obtain the energy

resolutions and efficiencies from the current reconstruction code as follows to keep the

analysis simple. We perform fits with the normal distribution function around the

peak of the distribution, in the range Eµ ± FWHM, where FWHM is the full width

at half maxima found from the distribution. We obtain better fits in this restricted

energy range. Fig. 3.7 shows such fits superimposed on the distributions. Such fits

give a reduced χ2 of about 2–8. The standard deviation σ obtained from this fit gives

the energy resolution σE. In case of Eµ < 1 GeV, the Landau distribution function

is used for the fitting.

The relative muon energy resolution (R) at energy Eµ is defined as,

R =
σE
Eµ

(3.11)

While the above fitting procedure is somewhat arbitrary, it is expected that with

the further development of the ICAL reconstruction algorithms, the deviation of

non-gaussian distribution will be largely suppressed. Therefore, we optimistically

calculate the muon reconstruction efficiency in the range E ± 5σE. The reconstruction

efficiency and its error are defined to be,
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3.4. Muon Response Parametrization

εR ≡
Number of reconstructed muons(NR)

Number of incident muons(NTotal)
, (3.12)

δεR =

√
εR(1− εR)

NTotal

, (3.13)

where NR and NTotal are the number of reconstructed (in the range E ± 5σE) and

incident muon events (=10,000).

The CID efficiency and its error are defined as,

εCID ≡
NCID

NR

, (3.14)

δεCID =

√
εCID(1− εCID)

NR

, (3.15)

where NCID is the number of muon events reconstructed with correct muon charge

(in the range E ± 5σE).

Fig. 3.8 shows the reconstructed muon cos θµ distributions. Here, the double-

Gaussian function fits may be used. However, for simplicity in the analysis, we use

the normal function fits to obtain the cos θ resolutions in all cases.

3.4.3 Results

Fig. 3.9 shows the ICAL muon response for three representative directions, e.g. cos θµ

= -0.85, -0.55 and -0.35. Figure 3.9(a) shows the relative energy resolution as a

function of true energy. It can be seen that as the muon energy increases from 1 GeV

to 7 GeV, the resolution improves. In this range, with the increasing muon energy,

more hits are produced in different layers, with appreciable bending of the muon in

the magnetic field, which results in better energy estimation. At higher energies, the

muon starts to leave the detector, giving partially contained events. The curvature of

the muon also reduces due to high energy. These factors results in the poor track fit

and hence the energy resolutions begin to worsen. In general, the muons which travel

vertically have better resolutions than the one which travel horizontally. (Excluding
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Figure 3.8: Reconstructed cosθ distribution for cos θµ=-0.85 for four different muon
energies : (a) Eµ=0.8 GeV, (b) Eµ=1 GeV, (c) Eµ=5 GeV, and (d) Eµ=15 GeV

the muon which goes in between two RPC layers.) The muon energy can be best

reconstructed in the energy range 5–8 GeV.

Fig. 3.9(b) shows the muon direction reconstruction, in terms of cos θµ. Here, the

double-Gaussian function fits might be used. However, for simplicity in the analysis,

the cos θ resolution is obtained by fitting the normal distribution function to the re-

constructed cos θ distribution in all cases. The cos θµ resolutions are found to be in

the range 0.005–0.045. They always improve with the increasing energy, consistent

with the fact that higher energy muons create more hit points, resulting in better di-

rection reconstruction from the fit. This corresponds to a zenith angle reconstruction

of better than 1◦.

Fig. 3.9(c) shows the efficiencies of muon reconstruction. The reconstruction ef-
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Figure 3.9: The energy resolution (a), cos θµ resolution (b), the reconstruction
efficiency (c), and the charge identification efficiencies (d), for µ− as a func-
tion of the true muon energy and for three cases of true muon zenith an-
gle. The red, green and blue lines are for the zenith angle bins with cos θµ =
(−0.4,−0.3), (−0.6,−0.5), (−0.9,−0.8) respectively.

ficiency improves with the energy, ranging from about 40% at 1 GeV to 80% at 15

GeV, for cos θµ = -0.55. This trend is again consistent with the fact that with higher

muon energy, more hits are available to the KF for reconstruction. The efficiency

of reconstruction becomes poor for | cos θµ| < 0.25, due to small number of hits. At

almost horizontal angles, e.g. cos θµ=0.05, the efficiency of reconstruction becomes

zero.

Finally, Fig. 3.9(d) shows the muon charge-identification (CID) efficiency. It is

seen to be varying from 95% at 1 GeV to almost 100% at 15 GeV. At still higher

energy, it slightly degrades due to the small curvature of the muon in the magnetic

field. As will be seen in Chapter 5, the high CID efficiency of ICAL plays an important

role for the neutrino mass hierarchy determination.
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The up-going and down-going muons exhibit identical muon response. The recon-

struction of µ+ is also identical to that of µ− for all energies and angle. Both these

features are expected from symmetry considerations.

3.5 Chapter Summary

The ICAL experiment is optimized primarily for measuring the muon momentum and

the zenith angle with good resolutions and efficiencies to achieve its physics goals. A

muon passing through the ICAL gives rise to a hit pattern which can be joined to

form a track, whereas a hadron passing through the ICAL gives rise to a hadron

shower pattern. The muon momentum can be estimated by measuring its curvature

in the magnetic field of the detector. A GEANT4-based simulation code has been

developed by the INO collaboration for the ICAL simulations.

The muon momentum and charge are reconstructed using a Kalman Filter de-

rived algorithm in the ICAL reconstruction code. For the analysis in this thesis, the

muon response of the ICAL is parametrized in terms of its energy resolution, direc-

tion resolution, reconstruction efficiency and charge-identification efficiency. A muon

response look-up table has been prepared for usage in the physics analysis. With

certain assumptions about the muon reconstruction, it is found that at 5 GeV, the

average muon energy resolution is about 12%. The average cos θµ resolution is 0.01.

(θµ resolution is less than 1◦.) The average efficiencies of muon reconstruction and

charge identification are found to be 80% and 99% at this energy.

The muon reconstruction degrades when it passes a significantly long path in the

dead spaces such as the support structures, RPC gaps and the magnet coils. Partially

contained events also contribute to degraded energy resolutions and low efficiency.

Also, the muons which are travelling at grazing angles with respect to the iron plates

(| cos θµ| <0.25) cannot be reconstructed well due to low number of hits. The optimal

muon reconstruction happens in the range 5–8 GeV, which is an important region for

the mass hierarchy determination.
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Chapter 4

Atmospheric Neutrino Oscillation

Analysis

The ICAL experiment will study oscillation physics in the atmospheric neutrino sec-

tion. In this chapter, we briefly describe the neutrino fluxes, cross sections and the

neutrino event generator NUANCE. We then outline the analysis procedure to simu-

late the data, including event generation, incorporation of the oscillation effects, and

folding in the ICAL muon response. The treatment of systematic errors and the χ2

analysis are described finally.

4.1 Atmospheric Neutrino Flux

The earth’s atmosphere is constantly being bombarded by high energy cosmic rays.

The primary cosmic rays mainly consists of protons, with a small fraction of Helium

nuclei and heavy ions. When the cosmic rays interact with nuclei in the earth’s

atmosphere, they produce pions, kaons and other particles. The charged pions decay

into neutrinos (Fig. 4.1) through the following decay chain for π+,

π+ → µ+ + νµ, (4.1)

µ+ → e+ + νµ + νe, (4.2)

(4.3)
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Figure 4.1: Generation of atmospheric neutrinos

and for π−,

π− → µ− + νµ, (4.4)

µ− → e− + νµ + νe. (4.5)

These neutrinos are known as the atmospheric neutrinos. At low energies (E

< 1 GeV), where the muons decay before reaching the ground, the ratio of muon

neutrinos to the electron neutrinos is 2:1, as seen from the above reactions. At higher

energies, this ratio increases because not all muons decay before reaching the ground.

The primary cosmic rays are modulated with the 11 year solar cycle and so are the

atmospheric neutrino fluxes. The average height of neutrino production is 15 km

above the mean sea level.

A three dimensional analytic calculation of the atmospheric neutrino flux can be

found in [89]. More detailed predictions are obtained by carrying out complicated

Monte Carlo simulations. Various groups [90, 91, 92] provide such predictions. The

difference in the predictions from these group are due to different modelling of the
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hadron shower models in the primary cosmic ray interaction.
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Figure 4.2: Atmospheric neutrino flux at Tamika location predicted by the HONDA
et. al. Figure adopted from [90].

Fig. 4.2 shows the flux prediction (HONDA et. al.) at the SK location. In the

work presented in this thesis, the HONDA flux at the SK location has been used.

The atmospheric neutrino flux peaks around 800 MeV, sharply falling afterwards. It

is highly symmetric in the zenith angle and the azimuthal angle. Due to geomagnetic

field variations over the earth, the primary cosmic ray spectrum at different locations

are different. This results in the variation of the neutrino flux at different locations.

Fig. 4.3 shows the preliminary flux as calculated for Theni. The flux at Theni is

lower than the flux at Kamioka for lower neutrino energy. It is also asymmetric in

the azimuthal angle at Theni. However, this will not affect the major physics goals

for the ICAL significantly as the main region of interest is above 4 GeV.
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Figure 4.3: Comparison of neutrino flux at INO and SK sites. The flux is averaged
over all zenith and azimuthal angles and summed over all neutrino flavors. [93]

4.2 Neutrino Interactions

The neutrinos passing through the ICAL can interact with the constituent nuclei

through Charged Current(CC) or Neutral Current(NC) interaction processes. Addi-

tionally, the interactions can be classified in terms of final state particles produced and

on the scattering kinematics. e.g. quasi-elastic (QE), resonance (RS), deep inelastic

(DIS), coherent (CO) and diffractive (DF). Fig. 4.4 shows the NUANCE prediction

for the neutrino cross sections for these processes as a function of energy [94]. The

quasi-elastic process dominates at low energies. At intermediate energies, the reso-

nance processes become important, where one or more pions and other mesons may

be produced. At still higher energy, the deep inelastic process takes over. Resonance

cross sections have not been understood well so far and they have large uncertainties

in the prediction. This region is important for the ICAL experiment and more mea-

surements on the iron target will be required to control the cross section systematics.

The cross sections for anti-neutrinos are approximately one third of the corresponding

neutrino cross sections due to the requirement of the angular momentum conserva-

tion in the interaction. Some of the reviews on neutrino cross section can be found

in [94, 95, 96].
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Figure 4.4: Neutrino-nucleon cross section prediction from NUANCE [94] and com-
parison with data

4.3 The NUANCE event generator

To simulate the neutrino-nucleon interactions in the ICAL detector, we use the neu-

trino event generator NUANCE (version 3.5) [97]. It incorporates the differential

cross section calculations for charged current and neutral current interactions for all

nuclear constituents of the materials used in the detector, for all neutrino flavors, and

for all possible interaction processes. Additionally, it contains the models of particle

transport in the nuclei and the hadronization models, which depict how the particles

produced in the primary neutrino interactions emerge as final state particles for an

experiment to observe. The event kinematics are generated based on the differential

cross sections.

A simplified geometry of the ICAL detector is specified to NUANCE1 . Given

the detector constituent nuclei, NUANCE calculates the cross sections for all the

proccesses specified in the input. NUANCE can use neutrino fluxes for the atmo-

spheric neutrinos, accelerator beam, nucleon decay and supernova neutrinos. For this

work, we have used the atmospheric neutrino fluxes provided by HONDA et al. [90]

1Since NUANCE was originally created for the SK simulations and has not been updated recently,
it cannot accept the full ICAL detector geometry.
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at Kamioka location. The exposure can be specified in terms of number of events or

years. If the exposure is specified as number of years, NUANCE introduces statistical

fluctuations in the generated number of events. The output of NUANCE consists of

the interaction vertex position and the 4-momentum (pµ) of the initial, intermediate

and the final state particles for each event. This information is equivalent to the true

energy and direction of all particles.

4.4 Choice of Observables

While the atmospheric neutrinos provide a natural source with broad ranges of en-

ergies and baselines, they also pose a challenge in the measurement of the same.

Experimentally, it is difficult to reconstruct both the neutrino energy and direction

accurately. In comparison, the energy and direction of the outgoing leptons produced

in interactions can be measured easily. Therefore, in this analysis, we have adopted

the muon energy and direction (Eµ, cos θµ) as the observables.

The distribution of the outgoing muon produced in a CC νµ interaction can be

obtained as :

d2Nµ

dEµ d(cos θµ)
= N

∫ ∞

0

dEν

∫ 1

−1

d(cos θν)
d2Φν

dEν d(cos θν)
Pµµ(Eν , cos θν)

d2σ(νµN → µ−X)

dEµ d(cos θµ)
,

(4.6)

where N is the exposure. The first term in the integrand represents the differen-

tial flux. The second term is the νµ survival probability and the third term is the

differential cross section. In this equation, we have considered only the νµ → νµ

disappearance channel. An analogous expressions can be written for the νe → νµ

channel.

We can obtain the true distribution of muons in (Eµ, cos θµ) from Eqn. 4.6. While

it is straight forward to obtain the muon distribution from this equation, it has to

be done for all possible interaction processes and neutrino flavors. The number of

such combinations is 600. Instead of calculating the event distributions manually for

all 600 interaction channels, in this analysis, we equivalently use NUANCE to obtain

(Eµ, cos θµ) distribution, as explained in the next section. The use of NUANCE offers

the additional benefit that the hadronization models and final state interactions in a
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neutrino interaction are taken into account by NUANCE, which are not reflected in

Eqn. 4.6.

4.5 Oscillation Analysis Procedure

The physics analysis of atmospheric neutrino events requires simulations which can

be broadly classified into four steps : (i) Event Generation, (ii) inclusion of the

oscillation effects, (iii) folding in the detector response, and (iv) the χ2 analysis. By

the end of step (iii), we obtain the measured distribution of muons, which contains

the signature of the oscillation parameters and the mass hierarchy. The task of the χ2

analysis in (iv) then, is to extract the oscillation parameters from this distribution. A

ROOT-based [105] package in C++ has been developed for the oscillation analysis.

4.5.1 Event Generation

As the ICAL detector doesn’t yet exist, we need to simulate an “Observed data” set

which we expect to observe in the actual experiment. We use NUANCE to simulate

this “Observed data”, for a specified period of time. The total number of νµ events

coming from the νµ → νµ and the νe → νµ channels is given as,

d2N

dEνd(cos θν)
= NT ×ND × σνµ ×

[
Pµµ

d2Φνµ

dEνd(cos θν)
+ Peµ

d2Φνe

dEνd(cos θν)

]
, (4.7)

where NT is the exposure time and ND is the number of targets in the detector. Here

Φνµ and Φνe are the fluxes of νµ and νe respectively, and Pαβ is the να → νβ oscillation

probability. The number of muon events can be found from Eqn. 4.6.

The real experimental data set will contain statistical fluctuations around the

exact event rate obtained from Eqn. 4.6 and 4.7. A realistic physics analysis may

be carried out by taking a large ensemble of such simulated ”Observed data” sets

with statistical fluctuations in the number of events and use them to carry out the

χ2 analysis [98, 99, 100, 101]. However, in this first analysis for the ICAL physics
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simulations, we work with the “Asimov” data set, which gives median sensitivities

[102].

We obtain the “Asimov” data set by reducing the statistical fluctuations in the

number of events introduced by NUANCE. This is achieved by generating a very

large number of neutrino interactions (for an exposure of 50 kt × 1000 years) and

then scaling them down to the desired exposure for the χ2 analysis. Generating

such a large data set repeatedly, using oscillated flux with different set of oscillation

parameters is extremely time consuming and computationally impractical for the χ2

analysis. The remedy to this problem is the use of the “Re-Weighting” algorithm, as

explained in Section 4.5.2.

4.5.2 Inclusion of Oscillations

The “Re-Weighting” algorithm is based on the MC accept-reject algorithm. In this

method, we need to generate the event set only once and then we can obtain the

distribution of oscillated events for any given set of oscillation parameters. Using

NUANCE, we generate νµ events for the νµ → νµ channel assuming no oscillations.

For the νe → νµ channel, νµ are generated assuming that all νe got oscillated into νµ.

These neutrinos are generated in the energy range 0.5− 100 GeV.

Figure 4.5: Geometry of neutrino path length

Fig. 4.5 shows the geometry of the path length L travelled by the atmospheric
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neutrino. For a given cos θν , the path travelled between the production point and

the detector is

L =
√

(R + L0)2 − (R sin θν)2 −R cos θν , (4.8)

where R is the radius of the earth (6378 Km) and L0 is the average height of the

atmospheric neutrino production, taken here to be 15 km.

For an un-oscillated νµ coming from the νµ → νµ channel, we calculate its survival

oscillation probability Pµµ(L,E). Here, E and L (or equivalently cos θν) are obtained

from the NUANCE output for each event. Probability Pµµ is calculated using the

oscillation probability code included in NUANCE [97]. The three flavor probability

is calculated by considering neutrino propagation in the earth with the PREM den-

sity profile [103]. The details of this oscillation probability calculation are described

in [104]. We next impose the event Re-Weighting algorithm as follows. To decide

whether an un-oscillated νµ event survives the oscillations to be detected as a νµ, a

uniform random number r is generated between 0 and 1. If Pµe ≤ r < Pµe + Pµµ, we

keep this event as a νµ event. Otherwise this νµ is considered to have oscillated into a

different flavor. When Pµe +Pµµ < r, this is equivalent to νµ → ντ oscillation. When

a ντ from this appearance channel interacts, it produces a τ−, which decays into a µ−

with 17% branching ratio. In the current analysis, we neglect the tau induced muons.

However, in a more realistic analysis, they need to be taken into account.

Analogously, to decide which neutrinos are detected as νµ in the νe → νµ channel,

we fold-in the oscillation probability Peµ as follows. We again use the event Re-

Weighting algorithm, where, for each event a random number r is generated between

0 and 1. If r < Peµ we label the event as a νµ event, otherwise we discard it.

At this point, we have the true distribution of the oscillated νµ events in the ICAL

detector. We can bin the events in terms of any observable of our choice. In this thesis

work, we consider (Eµ, cos θµ) as observables. The νµ events from νµ → νµ as well as

νe → νµ oscillation channels are added to form the µ− event sample. Similarly, we

form the µ+ event sample.

The muons are binned according to their energy(Eµ) and direction (cos θµ). The

muon energy range is taken to be Eµ = 0.5 - 15.5 GeV (300 bins) and the cos θµ

range is −1 to +1 (20 bins). The energy range is determined by the muon detection
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threshold of the ICAL, which is around 0.5 GeV. We keep track of µ− and µ+ events

separately in the entire analysis. Now, we have the true distribution of muon energy

(Eµ) and the cosine of the zenith angle (cos θµ). The binning scheme mentioned above

is the pre-smearing binning scheme, where we bin the true muon event distribution.

The effect of the Re-Weighting algorithm is illustrated in Fig. 4.6 for the energy bin

2 GeV ≤ Eµ < 3 GeV. It can be seen that the symmetric zenith angle distribution

is distorted due to the oscillation effects. To generate this plot, we have used the

oscillation parameters given in Table 4.1 and take the exposure to be 50 kt × 10

years.

Parameter sin2 2θ12 sin2 2θ23 sin2 2θ13 ∆m2
21(eV2) |∆m2

32|(eV2) δCP Hierarchy
True Value 0.86 1.0 0.113 7.6 ×10−5 2.424 ×10−3 0.0 Normal

Table 4.1: True values of the neutrino oscillation parameters used for the precision
measurement analysis.
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Figure 4.6: Zenith angle distribution of µ− events for the bin 2 GeV ≤ Eµ < 3 GeV,
without and with flavor oscillations. The detector efficiencies have not been included
here. The error bars shown here are statistical.

The Re-Weighting algorithm described above is an immensely useful method for

the oscillation analysis involving muons. Without its application, one would have to
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use the differential cross sections for all possible combinations of neutrino flavors, tar-

gets and interactions processes. Though straight forward, it is a cumbersome process

considering the large number of possible combinations of the above quantities. Also,

in the case of NUANCE event generation, it allows to use the same set of events for

various sets of oscillation parameters. Generating a large set of NUANCE interactions

is a computationally intensive task. The “Re-Weighting” algorithm requires the event

generation only once and hence drastically reduces the computation requirements.

4.5.3 Folding in the Detector Response

Having incorporated the oscillation effects into the muon distribution, we next fold

in the ICAL detector response to muons. As described in the Section 3.4.3, the

ICAL muon response is parametrized in terms of the muon energy resolution, cos θµ

resolution, the reconstruction efficiency and the charge identification efficiency. Two

different methods have been explored to fold in the detector response : (i) using

random numbers, and (ii) using the functional smearing.

In the random number method, we smear the true energy and direction of the

muon by generating random numbers for these two quantities according to their reso-

lution functions. The efficiencies are folded in using the MC accept-reject algorithm,

similar to the one used to incorporate the oscillation effects. While this method re-

sembles the reality more closely, it also brings in additional statistical fluctuations

coming from the detector measurements. Since we want to work with the “Asimov”

data set, we need to substantially dilute these fluctuations. Note that these fluctu-

ations are in addition to the fluctuations in the number of events coming from the

NUANCE data set. This requires us to work with an even larger data set than 1000

yr × 50 kt, significantly increasing the computing time. To avoid this problem, we

use the functional smearing described in the rest of this analysis2.

The functional smearing method to fold in the resolutions and efficiencies is com-

pletely deterministic. We first apply the reconstruction efficiency (εR−) for µ− by

multiplying the number of events in a given true energy (Eµ) and true zenith angle

2The random number smearing method will be useful when we study the ICAL physics sensitiv-
ities with the fluctuations in the “Observed” data set.
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(cos θµ) bin with the corresponding reconstruction efficiency:

Nµ−(Eµ, cos θµ) = εR−(Eµ, cos θµ)×N true
µ− (Eµ, cos θµ) , (4.9)

where N true
µ− is the number of µ− events in a given (Eµ, cos θµ) bin. The same

operation is carried out to obtain the number of µ+ events. This equation simply

scales down the number of events in various bins according to their reconstruction

efficiencies.

Next, we mix the µ− and µ+ events in different bins according to their charge

identification effciencies. The CID efficiency (εC− for µ− and εC+ for µ+ event sample)

is next applied as follows:

NC
µ− = εC− ×Nµ− + (1− εC+)×Nµ+ , (4.10)

where Nµ− and Nµ+ are the number of µ− and µ+ events, respectively, given by

Eqn. (4.9). Now, NC
µ− is the number of µ− events after taking care of the CID

efficiency. All the quantities appearing in QE. (4.10) are functions of Eµ and cos θµ.
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(b) Muon Energy spectrum

Figure 4.7: Muon event distribution of oscillated µ− events. Panel (a) shows the
zenith angle distribution for the bin 2 GeV ≤ Eµ < 3 GeV, after taking into account
detector efficiencies. Panel (b) shows the muon energy distribution for the bin -0.7
≤ cos θµ < -0.6. The error bars shown here are statistical.

Fig. 4.7(a) shows the zenith angle distribution of events obtained before and after

applying the reconstruction and CID efficiencies in the bin 2 GeV ≤ Eµ < 3 GeV.
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Notice that the number of events fall sharply for bins around the horizontal direction,

e.g. cos θµ ≈ 0. This can be understood by recalling that the horizontally travelling

muons are difficult to reconstruct. The CID efficiency also falls for the more horizontal

bins and the result is that there are hardly any events for bins with −0.2 ≤ cos θµ <

0.2. Fig. 4.7(b) shows the muon energy distribution for the same operation in the bin

-0.7 ≤ cos θµ < -0.6. We notice that the number of muon events fall significantly at

lower energy compared the at the high energy. This behaviour is consistent with the

ICAL muon reconstruction efficiency in Fig. 3.9(c).

Finally, we fold in the muon resolutions σE and σcos θ as follows:

(ND
µ−)ij =

∑

k

∑

l

NC
µ−(Ek

µ, cos θlµ) Kk
i (Ek

µ) M l
j(cos θlµ) , (4.11)

where (ND
µ−)ij denotes the number of muon events in the ith E-bin and the jth cos θ-bin

after applying the energy and angle resolutions. Here E and cos θ are the measured

muon energy and zenith angle. The summation is over the true energy bin k and

true zenith angle bin l, with Ek
µ and cos θlµ being the central values of the kth true

muon energy and lth true muon zenith angle bin. The quantities Kk
i and M l

j are

the integrals of the detector resolution functions over the bins of E and cos θ, the

measured energy and direction of the muon, respectively. These are evaluated as:

Kk
i (Ek

µ) =

∫ EHi

ELi

dE
1√

2πσEkµ
exp

(
−(Ek

µ − E)2

2σ2
Ekµ

)
, (4.12)

and

M l
j(cos θlµ) =

∫ cos θHj

cos θLj

d cos θ
1√

2πσcos θlµ

exp

(
−(cos θlµ − cos θ)2

2σ2
cos θlµ

)
, (4.13)

where σEkµ and σcos θlµ
are the energy and zenith angle resolutions, respectively, in

these bins. We perform the integrations between the lower and upper boundaries

of the measured energy (ELi and EHi) and the measured zenith angle (cos θLj and

cos θHj). For the extreme cos θ bins, the bins are taken to be (−∞, -0.9) and [0.9,

+∞) while integrating, and the events are assigned to the bins [-1, -0.9] and [0.9, 1],

respectively. These integral limits take care of the event pile up at the end points. At

low energies, Ek
µ < 1 GeV, the integrand in Eqn. (4.12) is replaced with the Landau
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distribution function, as the reconstructed energy distribution obtained from ICAL

simulations is specified in terms of this function.
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(b) Energy spectrum

Figure 4.8: Panel (a) shows the zenith angle distribution of µ− events for the bin 2
GeV ≤ Eµ < 3 GeV before and after including energy and zenith angle resolution
function. Panel (b) shows the effect of same operation on the muon energy spectrum
for the bin -0.7 ≤ cos θµ < -0.6. Here E and θ are the measured energy and measured
zenith angle, respectively. The error bars shown here are statistical.

Fig. 4.8(a) shows the zenith angle distribution of µ− events before and after folding

in the resolution functions. The angular dependence seems to get only slightly diluted.

This is attributed to the good angular resolution of the detector. Fig. 4.8(b) shows

the effect of resolution on the muon energy spectrum for the bin -0.7 ≤ cos θµ < -0.6.

Again, at low energy, where the muon energy resolution is relatively coarse (∼ 22%),

the effect of resolution is larger compared to the higher energies.

Table 4.2 shows the total number of muon events measured in the energy range

0.8-10.8 GeV at various stages of the analysis for an exposure of 50 kt× 10 years. Note

the sharp fall in statistics due to the reconstruction efficiencies. The reconstruction

efficiencies are particularly poor for the near-horizontal bins where the reconstruction

of the muon tracks is very hard. The small increase in the number of events after

applying the energy resolution function is due to the spill-over of events from the

low-energy part of the spectrum to measured energies greater than 0.8 GeV. The

spillover to the energy bins with Eµ >10.8 GeV is comparatively small. The zenith

angle resolution leaves the number of muon events nearly unchanged.
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µ− µ+

Unoscillated 14311 5723
Oscillated 10531 4188

After Applying Reconstruction and CID Efficiencies 4941 2136
After Applying (E, cos θ) Resolutions 5270 2278

Table 4.2: Number of muon events produced in CC νµ interactions at various stages
of the analysis for an exposure of 50 kt × 10 years in the energy range 0.8-10.8 GeV.

4.5.4 The χ2 Analysis

Typically, neutrino experiments deal with low count rates due to small interaction

cross sections. Because of it, in the binned χ2 analysis, many bins may not receive

sufficient number of events. The common, Gaussian definition of χ2 requires that each

bin should contain at least 5 events [106]. Even for a moderately large size neutrino

experiment, this requirement may not be satisfied for several bins. Therefore, we

make use of the Poisson χ2 definition in the oscillation analysis, which correctly takes

care of the statistical errors in case of low counts.

We use the following definition of χ2 :

χ2
ino(µ−) = min

ξk

NE∑

i=1

Ncos θ∑

j=1

2

[
(Npred

ij −Nobs
ij )−Nobs

ij ln

(
Npred
ij

Nobs
ij

)]
+

5∑

k=1

ξ2
k , (4.14)

with

Npred
ij = N0

ij

(
1 +

5∑

k=1

πkijξk

)
. (4.15)

Here, Npred
ij and Nobs

ij are the expected and observed number, respectively, of µ−

events (ND
µ−) in a given (E, cos θ) bin. NE and Ncos θ are the number of measured

energy and cos θµ bins, respectively. Their values are different for different analyses

and will be mentioned in the relevant sections. In Eqn. 4.14, the standard Poisson

χ2 has been modified to include the systematic errors via the method of pulls [107].

The first term is the standard Poisson χ2 and the second term represents the pull

penalty contribution. The quantities πkij and ξk appearing in Eqn. 4.15 are going

to be explained in Section 4.5.5 along with the description of the systematic errors

considered in this analysis.
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Nobs
ij is obtained for a set of assumed “true value” of the oscillation parameters.

N0
ij is the predicted number of events for a given set of oscillation parameters without

considering the systematics. e.g. It is the measured distribution of muons as obtained

in 4.5.3.

For each set of oscillation parameters, we calculate the χ2 separately for the µ−

and µ+ data samples, and add them to obtain the total χ2 as

χ2
ino = χ2

ino(µ−) + χ2
ino(µ+) . (4.16)

4.5.5 Systematic Errors

The systematic uncertainties are included via the “pull” variables ξk, one each for

every systematic uncertainty σk. In Eqn. 4.15, πkij is the change in the number of

events in the (ij)th bin caused by varying the value of kth pull variable ξk by σk. For

determining πkij, we have used a procedure similar to the one described in [107].

In this analysis we have considered the following five systematic uncertainties 3.

1. Flux normalization error 20%

2. Cross section error, 10%

3. Overall 5% systematic on the number of events

4. Tilt error 5% (error in neutrino energy spectrum)

5. Zenith angle error 5%

Even though the aforementioned errors are specified for neutrinos, we calculate

πkij from the number of muon events. The errors are propagated from neutrinos to

muons through NUANCE generated event distribution. The first three systematics

are energy-angle independent errors and the corresponding πkij simply becomes σk.

Here σk is the percentage error mentioned above. The coefficients for the tilt error

are energy dependent and are obtained using the following method [107]. The event

3More experimental systematics will be included in future.
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spectrum is calculated with the predicted atmospheric neutrino fluxes and then with

the flux spectrum shifted according to

Φδ(E) = Φ0(E)

(
E

E0

)δ
' Φ0(E)

(
1 + δ ln

E

E0

)
, (4.17)

where E0 = 2 GeV and δ is the 1σ systematic tilt error, taken to be 5%. Then the

corresponding π4
ij is obtained as,

π4
ij =

NTilted
ij −NNominal

ij

NNominal
ij

. (4.18)

Here NTilted
ij and NNominal

ij are the event distributions generated using the tilted and

the nominal fluxes, respectively. Finally, the zenith angle error coefficient is obtained

as,

π5
ij = σ5× < cos θµ >ij, (4.19)

where < cos θµ >ij is the central values of the (ij)th cos θµ bin.

4.5.6 χ2
ino Minimization Method

χ2
ino defined in Eqn. 4.14 is to be minimized with respect to all five pull variables

and three oscillation parameters of interest. Since this χ2
ino is constructed from the

MC simulations, it is difficult to minimize it with the standard numerical techniques

with respect to 8 parameters simultaneously. Therefore, we adopt a semi-analytic

approach. We first minimize the χ2
ino in Eqn. 4.14 by taking its derivative with

respect to ξk.

∂χ2
ino

∂ξl
= 0 (4.20)

After some algebra and keeping only the linear terms in ξl, we obtain,

Σi,jπ
l
ij

(
Np
ij −N o

ij

)
+ Σk

(
Σi,jN

o
ijπ

k
ijπ

l
ij

)
+ ξl = 0. (4.21)

Here the summation over indices indicate the summation of the Eµ and cos θµ
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terms for brevity. We have five simultaneous linear equations in ξl, which are easily

solvable using the standard techniques. The solution minimizes the χ2
ino with respect

to the pull variables. χ2
ino is next minimized with respect to the relevant oscillation

parameters by using a grid sampling method depending on the physics sensitivities

to be studied.

4.6 Chapter Summary

The ICAL will study oscillations in the neutrinos produced in the interaction of the

cosmic rays with the nuclei in the Earth’s atmosphere. We use the event genera-

tor NUANCE to simulate the neutrino-nucleon interactions in the ICAL detector

using un-oscillated neutrino fluxes. The oscillation effects are incorporated in the

generated “unoscillated” events using the “Re-Weighting” algorithm, which is based

on MC accept-reject algorithm. The ICAL detector resolutions and efficiencies are

then folded in to obtain the measured distribution of muon (Eµ, cos θµ). The physics

sensitivities presented in this thesis are obtained using the “Asimov” data set. We

incorporate 5 systematic errors in the χ2 analysis via the method of pulls. χ2
ino is

minimized with respect to the pull variables and oscillation parameters to obtain the

physics sensitivities.
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Neutrino Mass Hierarchy

Determination with ICAL

Determination of the neutrino mass hierarchy is currently one of the outstanding

problems in neutrino physics. With the recent discovery of a non-zero and relatively

large θ13 value, many experiments have taken up this issue [108]. Currently, two

different approaches are under consideration for determining the mass hierarchy. The

first approach exploits the earth matter effects, as neutrinos travel long distances in

the Earth. This approach is taken up by the accelerator experiments such as NOνA

[55, 56, 57], LBNE [58], and LBNO[59] with long baselines of about 1000 - 2000 km.

The atmospheric neutrino experiments like the ICAL and PINGU[62] will also use

the matter effect approach to determine the mass hierarchy. The second approach

is to make very accurate measurement of neutrino oscillation pattern over a medium

baseline of 50 – 60 km in reactor neutrino disappearance [109]. This is the approach

taken up by JUNO [66, 110] and RENO-50 [67].
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Figure 5.1: Pµµ for NH and IH for baselines of 7000 km and 9000 km. The top
panels are for neutrinos and the bottom panels for anti-neutrinos. It can be seen that
due to the matter effects, Pµµ is suppressed for NH for the neutrinos. In the case of
anti-neutrinos, Pµµ is suppressed for IH.

5.1 Mass Hierarchy Determination with Atmospheric

Neutrinos

The problem of the neutrino mass hierarchy determination with atmospheric neutri-

nos has been explored extensively over the past few years [111]-[130]. As discussed

in Section 1.3, the neutrino passing though matter can undergo MSW resonance and

can give rise to different oscillation probabilities for neutrinos and anti-neutrinos. For

the atmospheric neutrino νµ disappearance experiment, the matter effects in Pµµ arise

from the Pµe and Pµτ components. The resonance condition occurs for the oscillation
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parameter θ13:

tan θm13 =
∆m2

31 sin 2θ13

∆m2
31 cos 2θ13 ± 2

√
2GFneE

. (5.1)

In the above equation, the positive sign is for the neutrinos and the negative sign

for the anti-neutrinos, and ne is the electron density of the material. As the neutrinos

pass through the core and the mantle regions of the earth, the above resonance

condition can be satisfied depending on the energy and the zenith angle, and Pµµ

can substantially differ from the vacuum probability. This is illustrated in Fig. 5.1

for two different baselines of 7000 km and 9000 km. It can be seen in Fig. 5.1(a)

and Fig. 5.1(b) that due to the MSW resonance, Pµµ is suppressed for neutrinos

in the case for the normal hierarchy, while there is no effect for the anti-neutrinos.

Whereas, in the case of the inverted hierarchy, the Pµµ is suppressed for the anti-

neutrinos, as can seen from Fig. 5.1(c) and Fig. 5.1(d). This is the central idea for

the MH determination in the long baseline experiments.

It has been shown in [131] that a magnetized detector with fine resolution is a good

choice to determine the mass hierarchy. In the case of the atmospheric neutrinos, the

neutrino energy range of 5–10 GeV and baselines of 7000–11,000 km correspond to

the regions from where the highest MH sensitivity can be achieved. By measuring

the event rates for µ− and µ+, the mass hierarchy may be determined. The large

difference seen in Fig. 5.3 in Pµµ for NH and IH can significantly be diluted when

the detector resolutions and the efficiencies are folded in. The ICAL experiment has

an average energy resolution of 10% in the muon energy range of 5–10 GeV and the

cos θµ resolution of 2%. The CID efficiency of the ICAL gives it an extra advantage,

where the event rates for µ− and µ+ can be determined separately. Without the CID

capability, a large event statistics is required to determine the MH. This is the case

with PINGU [62, 132], ORCA [63], HK [64] and T2HK [65], all of which are megaton

class detectors.

5.2 Details of the Analysis

The mass hierarchy is defined as Normal if ∆m2
31 > 0. If ∆m2

31 < 0 then the hierarchy

is defined as Inverted. However, the magnitude of ∆m2
31 is different for NH (|∆m2

32|+
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|∆m2
21|) and for IH (|∆m2

32| − |∆m2
21|), which leads to differences in the oscillation

frequencies. The atmospheric mass squared difference that is measured in the νµ → νµ

disappearance channel [133] is given by,

∆m2
eff = ∆m2

31 − (cos2 θ12 − cos δCP sin θ13 sin 2θ12 tan θ23)∆m2
21 . (5.2)

We define the mass hierarchy to be normal if ∆m2
eff > 0 and inverted if ∆m2

eff < 0.

With this definition of the MH, the oscillation frequencies remain the same for both

NH and IH.

ICAL can rule out the wrong mass hierarchy with a significance of nσ,

where n =
√

∆χ2
ino, and

∆χ2
ino = χ2

ino(false)− χ2
ino(true). (5.3)

Here, χ2
ino(true) is calculated by fitting the true mass hierarchy to the observed

data set and χ2
ino(false) is calculated by fitting the wrong mass hierarchy to the ob-

served data set. We use χ2
ino defined in Eqn. 4.16. The significance of ruling out the

wrong mass hierarchy is nσ, with n =
√

∆χ2
ino.

Parameter True Value Marginalization Range
sin2 2θ12 0.86
sin2 θ23 0.4,0.5,0.6 sin2 θ23(true)± 0.1
sin2 2θ13 0.08,0.10,0.12 sin2 2θ13(true)± 0.03
∆m2

21(eV2) 7.5 ×10−5

∆m2
eff(eV2) 2.4 ×10−3 [2.1 – 2.6] ×10−3

δCP 0◦ [0 – 360] ◦

Table 5.1: True values of oscillation parameters used for the mass hierarchy analysis.

For the χ2 analysis of ICAL, we have used NE=20 (in the range Eµ = [1,11] GeV)

energy bins and Ncos θ=80 (in the range cos θµ = [-1,1]) cos θµ bins in Eqn. 4.14, for

all the results presented here. These numbers have been chosen after performing a

binning optimization, as described in Section 5.3. The true values of oscillation pa-

rameters with which N obs is simulated for the MH analysis are mentioned in Table 5.1.

Fig. 5.2 shows the zenith angle distribution of µ− events for NH and IH. Panel (a)
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Figure 5.2: Comparison of µ− zenith angle distributions for NH and IH, for the muon
energy bin (a) 5–6 GeV, and (b) 6–7 GeV. An exposure of 50 kt × 10 years and the
central values of the benchmark oscillation parameters have been used. The ICAL
detector response has been folded in to obtain the event distributions.
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is for the muon energy bin 5-6 GeV, while panel (b) is for the muon energy bin 6-7

GeV. It can be seen that the number of µ− events are suppressed for the NH due to

the matter effects around cos θµ = -0.5. There is no suppression of µ− events in case

of IH. The opposite scenario happens for the µ+ events. e.g. There is a suppression

of µ+ events if the hierarchy is IH and there is no suppression if the hierarchy is NH.

This figure illustrates why the charge identification capability is important for ICAL.

Even though the difference in Pµµ is large for NH and IH at the probability level

(Fig. 5.1), we notice here that after folding in the detector response, the difference in

the number of events is small.

Fig. 5.3 shows the distribution of χ2 in the plane Eµ − cos θµ. Notice that the

major contribution to ∆χ2 comes from the region spanning Eµ ∼ 5-8 GeV and muon

cos θµ ∼ (-0.4) – (-0.8). The neutrino mass hierarchy sensitivity arises in the energy

range 5–8 GeV. At these neutrino energies, the outgoing muon travels along almost

the same direction as the neutrino. Hence the neutrino and muon energy-angle region

from where the maximum hierarchy sensitivity arises, due to the difference in the NH

and IH event rates is consistent. The difference in the χ2 distribution for µ− and µ+

comes due to different event statistics and scattering kinematics.

5.3 Binning Optimization

For the analysis of the real ICAL data, one would like to perform an unbinned likeli-

hood analysis to extract maximum information on the oscillation parameters. How-

ever, in the current work, we are performing a binned analysis of the simulated data.

The neutrino oscillation probability vary rapidly as functions of neutrino energy and

zenith angle and consequently in the muon energy/zenith angle. As a rule of thumb,

the bin width should be of the order of the width of the resolution function for the

concerned bin. Taking wider bins can wash out these rapid features in the (Eµ, cos θµ)

distribution, diluting the mass hierarchy sensitivity. Whereas using too fine binning

may result in bin-to-bin correlation of the data as well as insufficient statistics for

several bins.

Fig. 5.4 show the ICAL mass hierarchy ∆χ2 as a function of number of Eµ and

cos θµ bins. Here we use the fixed parameter χ2 to avoid the complication of marginal-
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Figure 5.3: χ2 distribution in the plane Eµ − cos θµ, for (a) µ−, and (b) µ+. An
exposure of 50 kt × 10 years and the central values of the benchmark oscillation
parameters have been used.
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Figure 5.4: Fixed parameter χ2 as a function of number of Eµ and cos θµ bins. An
exposure of 50 kt × 10 years and the central values of the benchmark oscillation
parameters have been used.

ization, which is irrelevant for the binning optimization studies. While generating this

plot, we have used the central values of the benchmark oscillation parameters and

considered an exposure of 50 kt × 10 years. It can be seen that χ2 rises rapidly while

going from 20 to 100 cos θµ bins, before getting saturated. It also rises while going

from 10 to 20 Eµ bins. We have checked that for 40 Eµ bins, there is no significant

gain in χ2. Using large number of bins results in higher computing time without

giving a substantial improvement in the hierarchy sensitivity. Therefore, we have

chosen to work with 20 Eµ bins and 80 cos θµ bins as an optimal choice. As noted

in Section 3.4.3, the average ICAL muon energy and cos θ resolutions are about 15%

and 2%. These resolutions permit the binning scheme considered here.

5.4 Sensitivity for fixed oscillation parameters

Fig. 5.5 shows the mass hierarchy sensitivity for sin2 θ23 = 0.5 and for three different

values of sin2 2θ13. It can be seen that for 10 years of ICAL operation, the wrong

hierarchy can be ruled out at a significance of 2.7σ (2.7σ), for sin2 2θ13 = 0.1, if

the true hierarchy is normal (inverted). We find that χ2
ino increases linearly with

increasing exposure, as the hierarchy measurement is dominated by statistics. Also,
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Figure 5.5: Mass hierarchy sensitivity for the fixed oscillation parameters, and
sin2 θ23 = 0.5
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the MH discovery sensitivity is almost identical for the normal and inverted hierarchy.

A larger value of θ13 enhances the sensitivity. This can be understood from the fact

that the matter effects are enhanced for large θ13 and give rise to a larger difference

in the µ− and µ+ event rates [134]. Larger θ23 values also enhance the MH discovery

sensitivity due to enhanced matter effects [134]. Fig. 5.6 shows χ2
ino for sin2 θ23 = 0.4

and 0.6. With 10 years of ICAL exposure, 3.8σ hierarchy determination may be made

if sin2 2θ13 = 0.12 and sin2 θ23 = 0.6. Depending upon the true values of sin2 2θ13 and

sin2 θ23, the ICAL can discover the MH with a significance of (2.2–3.8)σ with 10 years

of data and assuming that these parameters are known exactly.

5.5 Sensitivity after marginalization over the os-

cillation parameters

In the previous section, we assumed that the neutrino oscillation parameters are

known to an infinite precision. However, this is not the case. Certain combinations

of the oscillation parameters with the wrong MH may mimic the signal for the true

MH. While obtaining the MH discovery sensitivity, we must take this into account.

In order to get a realistic estimate of the hierarchy sensitivity, we must allow for

the current 3σ uncertainty in the oscillation parameters while fitting the data. The

marginalized ∆χ2
ino is found by allowing sin2 θ23, sin2 2θ13 and ∆m2

eff to vary in the

ranges indicated in Table 5.1. The solar oscillation parameters (sin2 2θ12, ∆m2
21) are

kept fixed at values mentioned in Table 5.1, as they do not play a significant role in

the MH analysis. We also keep δCP fixed at 0◦.

Fig. 5.7 shows the marginalized sensitivity for sin2 θ23 = 0.5. We observe that

for 10 years of ICAL exposure and for sin2 2θ13 = 0.1, the statistical significance for

the hierarchy discovery drops to 2.4σ from 2.7σ(for fixed parameters) after marginal-

ization. The marginalized ∆χ2
ino for non-maximal sin2 θ23 is shown in Fig. 5.8. If

sin2 2θ13 = 0.12 and sin2 θ23 = 0.6, ICAL can determine the hierarchy with a 3σ

significance for 10 year of exposure. Depending on the true values of the oscillation

parameters, the MH may be determined with a significance between (1.4–3.3)σ with

a 10 year run.
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Figure 5.6: Mass hierarchy sensitivity for the fixed oscillation parameters, and
sin2 θ23 =0.4,0.6
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Figure 5.7: Marginalized mass hierarchy sensitivity for sin2 θ23 = 0.5

5.6 Effect of Systematic Errors

The atmospheric neutrino flux predictions have large systematic uncertainties asso-

ciated with them. This is in contrast to the accelerator neutrino experiments where

the flux uncertainties can be kept under control with a near and a far detector setup

and the beamline can be tuned to obtain the desired neutrino spectrum.
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Figure 5.8: Marginalized mass hierarchy sensitivity for sin2 θ23 =0.4 and 0.6

For the ICAL analysis, we have considered five systematics as described in Sec-

tion 4.5.5. We have checked that the uncertainty of the flux normalization, cross-

section and the overall systematic produce minimal effect. The reason for such a

behaviour is that these uncertainties are energy/angle independent and they get can-

celled amongst up-going and down-going muon bins. The remaining two systematics

on the neutrino energy spectrum (tilt error) and the zenith angle error are bin depen-

dent and they create appreciable effects on the MH sensitivity. The most significant
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Figure 5.9: The effect of systematic error on MH sensitivity for Fixed and Marginal-
ized oscillation parameters. The central values of the benchmark oscillation parame-
ters have been used.

dilution in the ICAL sensitivity comes due to the error on the zenith angle. Fig. 5.9

shows the ICAL MH sensitivity without and with the inclusion of systematics, as a

function of exposure, for the central values of the benchmark oscillation parameters.

For an exposure of 50 kt × 10 years and fixed oscillation parameters, the significance

of MH determination falls from 3.2σ to 2.8σ. In case of marginalized χ2 it drops

from 2.7σ to 2.4σ. We also note that with the inclusion of systematics, the linear
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behaviour of χ2 still holds. Thus, the MH sensitivity at the ICAL is dominated by

statistics.

5.7 Sensitivity with Priors on Oscillation Param-

eters

By the time the ICAL detector starts taking data, values of the oscillation parame-

ters sin2 θ23, sin2 2θ13 and ∆m2
eff will further be constrained by other accelerator and

reactor neutrino experiments, such as T2K, NOνA, Daya Bay, RENO and Double

Chooz. To reflect this, we add priors to χ2
ino defined in Eqn. 4.16 :

χ2
ino = χ2

ino +

(
sin2 2θ23(true)− sin2 2θ23

σsin2 2θ23

)2

+

(
|∆m2

eff |(true)− |∆m2
eff |

σ∆m2
eff

)2

+

(
sin2 2θ13(true)− sin2 2θ13

σsin2 2θ13

)2

. (5.4)

We have taken projected priors of 0.65% prior on sin2 θ23, 2% prior on ∆m2
eff and 0.1%

prior on sin2 2θ13 [135]. Fig. 5.10 shows the comparison of χ2
ino for fixed parameters,

marginalized without priors and marginalized with priors. It is seen that with the

addition of priors, the marginalized χ2
ino is restored to the fixed parameter value. A

more realistic analysis may be carried out by performing a global fit of the data from

the ICAL, accelerator and reactor neutrino experiments, instead of adding priors. In

such an analysis, higher MH sensitivities can be obtained due to, (i) the accelerator

and reactor neutrino experimental constraint of the oscillation parameters, and (ii)

their own MH sensitivities are combined with other experiments.

5.8 Sensitivity as a function of δCP

In the analysis so far, δCP was assumed to be fixed to 0◦. In Fig. 5.11, we show the

effect on ∆χ2
ino as a function of δCP (true). It can be seen that the fixed parameter

81



Chapter 5. Neutrino Mass Hierarchy Determination with ICAL

 50 kt)×Exposure (Years 
6 8 10 12 14 16 18 20

in
o

2 χ∆

0

5

10

15

20

25

30

35

40

45

σ5 

σ4 

σ3 

σ2 

Fixed Parameters

Marginalized without Priors

Marginalized with Priors

 = 0.5, NH(true)23θ 2 = 0.10, sin13θ 22sin

Figure 5.10: Marginalized hierarchy sensitivity with priors

∆χ2
ino is independent of true δCP value (pink line). Further, a marginalization over δCP

only, produces no change in the hierarchy sensitivity (blue line). A full marginalization

over sin2 θ23, sin2 2θ13, ∆m2
eff and δCP also gives the hierarchy sensitivity independent

of true δCP value (red line). Therefore, it is not necessary to marginalize χ2
ino over

δCP and the mass hierarchy sensitivity at ICAL is independent of the δCP value. This

feature is expected because of the fact that the Pµµ dependence on δCP is suppressed

by the factor ∆m2
21/∆m

2
32 [134]. The fact that the MH determination is independent

of δCP in the atmospheric experiments is complementary to the accelerator neutrino

experiments T2K and NOνA, where the MH determination depends on the δCP value.

5.9 Summary

The determination of the neutrino mass hierarchy has become the prime goal in the

area of neutrino physics after the discovery of a relatively large θ13. The ICAL@INO

experiment will exploit the earth matter effects for this measurement. Matter effects

cause a suppression of Pµµ for NH in the neutrino energy range 5-10 GeV and for base-

lines of 7000 - 11,000 km. For true IH, Pµµ suppression occurs for the anti-neutrinos.

The ICAL will attempt to discover the neutrino mass hierarchy by measuring the

event rates for µ− and µ+. The fine muon energy and direction resolutions, high
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Figure 5.11: Effect of changing δCP on the sensitivity

reconstruction and CID efficiencies make the ICAL an ideal detector for this task.

We find that with 10 years of ICAL data, the mass hierarchy can be discovered with

a significance of (1.4–3.3)σ for the benchmark values of the oscillation parameters,

after marginalizing the χ2
ino over the allowed 3σ range of the parameters sin2 2θ13,

sin2 θ23 and ∆m2
31. Addition of priors helps to restore the MH sensitivity to their

fixed parameter values, or a significance of(2.2 – 3.8)σ for 10 years. χ2
ino rises linearly

with the exposure. The MH sensitivities are identical for true NH and IH. The

systematic errors in the neutrino energy spectrum (tilt error) and the zenith angle

error contribute dominantly to lower the MH sensitivity. The MH discovery at ICAL

with atmospheric neutrinos is independent of the phase δCP, which is a complementary

feature to the long baseline neutrino experiments.
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Chapter 6

Precision Measurements of

Atmospheric Oscillation

Parameters with ICAL

After the SK experiment established oscillations in the atmospheric neutrinos, the

associated parameters (sin2 θ23, |∆m2
32|) have been measured with increasing preci-

sion over time. The accelerator neutrino experiments MINOS and T2K have more

recently greatly refined the precision on these parameters. The ICAL experiment,

whose goal is to determine the neutrino mass hierarchy is also a good instrument for

the precision measurement of the atmospheric parameters. ICAL will reconfirm the

atmospheric neutrino oscillations and will provide the first observation of the first

oscillation minimum in the Pµµ channel. By utilizing the matter effects, ICAL may

also be able to provide hints on the octant of θ23, if it is non-maximal.

6.1 Details of the Analysis

We simulate the “Observed” data set using the method described in Section 4.5. Since

in this analysis we want to constrain sin2 θ23 and |∆m2
32|, and the variation of θ12 or

|∆m2
21| within the current error bars is observed not to affect the results, we take the

value of these two parameters to be fixed to those given in Table 4.1. We use a prior
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on the parameter sin2 2θ13 as :

χ2 = χ2
ino +

(
sin2 2θ13(true)− sin2 2θ13

σsin2 2θ13

)2

, (6.1)

where σsin2 2θ13
is the current 1σ error on sin2 2θ13, and is taken as 0.013 in this analysis.

Of course, during the operation of INO, the error σsin2 2θ13
will reduce, and within a

few years, sin2 2θ13 may be considered to be a fixed parameter.

6.2 Precision Measurement Results

To present the reach of the ICAL on the atmospheric parameters sin2 θ23 and ∆m2
32,

we take the true values of the oscillation parameters as given in Table 4.1. Here, we

use the parameter ∆m2
32 ( = ∆m2

31 - ∆m2
21) instead of |∆m2

31|, the current limits on

which are given in [54]. The χ2 values as functions of sin2 θ23 and |∆m2
32| are shown

in Fig. 6.1(a) and 6.1(b), respectively. The minimum value of χ2 in this analysis is 0,

since the values of the oscillation parameters, as well as the NUANCE event set are

identical for both ”Prediction” and ”Observation” in the χ2 construction. (At the

true point for the oscillation parameters.)

23θ 2sin
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7

2 χ ∆

0

1

2

3

4

5

6
Exposure

 10 years×50 kt 
 5 years×50 kt 

σ1 

σ2 

(a)

)2| (eV32
2 m∆|

2 2.2 2.4 2.6 2.8

-310×

2 χ ∆

0

1

2

3

4

5

6
Exposure

 10 years×50 kt 
 5 years×50 kt 

σ1 

σ2 

(b)

Figure 6.1: The panel (a) shows the χ2 as a function of sin2 θ23 for |∆m2
32| = 2.424

× 10−3 eV2 and sin2 θ23(true) = 0.5 . The panel (b) shows the χ2 as a function of
|∆m2

32| for sin2 θ23 = 0.5 and |∆m2
32|(true) = 2.424 × 10−3 eV2
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The precision on these parameters may be quantified by

precision =
pmax − pmin
pmax + pmin

, (6.2)

where pmax and pmin are the largest and smallest value of the concerned oscillation

parameters determined at the given C.L. from the atmospheric neutrino measure-

ments at ICAL for a given exposure. We find that after 5 years of running of this

experiment, ICAL would be able to measure sin2 θ23 to a precision of 20% and |∆m2
32|

to 7.4% at 1σ. With 10 years exposure, these numbers improve to 17% and 5.1%

for sin2 θ23 and |∆m2
32|, respectively. The precision on sin2 θ23 is primarily governed

by the event statistics, and is expected to improve with higher statistics. It will also

improve as the systematic errors are reduced. If the flux normalization error were to

come down from 20% to 10%, the precision on sin2 θ23 would improve to 14% for 10

years of exposure. Reducing the zenith angle error from 5% to 1% would also improve

this precision to ∼ 14%. On the other hand, the precision on |∆m2
32| is governed by

the L/E resolution of the detector.

A few more detailed observations may be made from the χ2 plots in fig. 6.1.

From Fig. 6.1(a) one can notice that the precision on θ23 when it is in the first octant

(sin2 θ23 < 0.5) is slightly better than when it is in the second octant (sin2 θ23 > 0.5),

even though the muon neutrino survival probability depends on sin2 2θ23 at the leading

order. This asymmetry about sin2 θ23 = 0.5 stems mainly from the full three-flavor

analysis that we have performed in this study. In particular, we have checked that the

non-zero value of θ13 is responsible for the asymmetry observed in this figure. On the

other hand, the χ2 asymmetry about the true value of |∆m2
32| observed in Fig. 6.1(b)

is an effect that is present even with a two-flavor analysis.

The precisions obtainable at the ICAL for sin2 θ23 and |∆m2
32| are expected to

be correlated. The correlated reach of ICAL for these parameters are shown in

Figs. 6.2(a) and 6.2(b). These are the main results of this analysis. As noted above,

our three-neutrino analysis should be sensitive to the octant of θ23. Therefore we

choose to present our results in terms of sin2 θ23 instead of sin2 2θ23. Though the

constant-χ2 contours still look rather symmetric about sin2 θ23 = 0.5, that is mainly

due to the true value of sin2 θ23 being taken to be 0.5. The values of sin2 θ23 away

from 0.5 would make the contours asymmetric and would give rise to some sensitivity
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to the octant of θ23, as we shall see later.
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Figure 6.2: The precision reach expected at ICAL in the sin2 θ23 − |∆m2
32| plane at

various confidence levels. The black(broken), blue(dotted) and red(solid) lines show
68%, 90% and 99% C.L contours. The true values of sin2 θ23 and |∆m2

32| used for
generating data are shown by the black dots. The true values of other parameters
used are given in Table 4.1. Panel (a) is for five-year running of the 50 kt detector
while (b) is for ten years exposure.

6.3 Binning Study

For this analysis, we have taken cos θ bins of width 0.1. The muon angle resolution in

ICAL is however better than 1◦ for almost all values of the zenith angle. Therefore,

it is possible to take finer bins. In order to study the impact of our choice of binning

on the precision measurements of sin2 θ23 and |∆m2
32| in ICAL, we reduce the cos θ

bin size to 0.05 and the size of the E bins to 0.5 GeV. In Fig. 6.3, we show the effect

of taking these finer bins in E and cos θ on the precision reach of the two parameters.

The figure corresponds to 10 years of ICAL exposure. The finer bins bring only a

marginal improvement in the precision measurement of both sin2 θ23 and |∆m2
32|. We

therefore use 10 Eµ bins with width 1 GeV and 20 cos θµ bins with width 0.1.
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Figure 6.3: Effect of binning on the precision reach expected from the analysis of 50
kt × 10 years data of atmospheric neutrinos in ICAL. The black, blue and red lines
show 68%, 90% and 99% C.L contours. The solid lines show the contours for (E,
cos θ) bin widths of (1 GeV, 0.1) while the broken lines show the contours for (E,
cos θ) bin widths of (0.5 GeV, 0.05).

6.4 Comparison of projected ICAL constraints with

other Experiments

In Fig. 6.4 we show the comparison of the precision reach on the atmospheric neutrino

oscillation parameters at ICAL with that obtained from other experiments currently.

Note that here we use the parameter sin2 2θ23 instead of sin2 θ23 in order to make

a direct comparison. The blue and red lines show the expected sensitivity from

atmospheric neutrino measurements at ICAL after 5 years and the 10 years exposure,

respectively. The green line is the 90% C.L.-allowed contour obtained by the zenith

angle analysis of SK atmospheric neutrino measurements, while the pink line is the

contour obtained by their L/E analysis [136]. The black line shows the 90% C.L.

allowed region given by the combined analysis of the full MINOS data including

10.71 × 1020 POT for the νµ-beam, 3.36 × 1020 POT for the ν̄µ-beam, as well as

the atmospheric neutrino data corresponding to an exposure of 37.9 kt-years [137].
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The grey (dot-dot-dashed) line shows the T2K νµ disappearance analysis results for

3.01× 1020 POT [138].
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Figure 6.4: Comparison of the reach of ICAL@INO with the current results from
other neutrino experiments. The black dot in the figure denotes the point where the
ICAL data was generated. The true values of the other oscillation parameters are
given in Table 4.1.

From Fig. 6.4 it may be observed that, with 5 years of exposure, ICAL will be

able to almost match the precision on |∆m2
32| obtained from the SK L/E analysis

currently. With 10 years data this will improve, though it will still not be comparable

to the precision we already have from the MINOS experiment. Since the direction of

neutrinos in MINOS is known accurately, their L/E is known to a greater precision

and their measurement of |∆m2
32| is consequently more accurate. The precision of

ICAL on sin2 2θ23 in 10 years may be expected to be comparable to what we currently

have from SK. (Of course by the time ICAL completes 10 years, SK would have

collected more data.) This precision is controlled to a large extent by the total

number of events. It may be noticed that the sensitivity of ICAL to sin2 2θ23 and

|∆m2
32| is not expected to surpass the precision we already have from the current set

of experiments. In fact, the precision on these parameters are expected to improve
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significantly with the expected data from T2K [44] and NOνA [56], and ICAL will

not be competing with them as far as these precision measurements are concerned.

(The recent T2K results [139] already claim a better precision than the ICAL reach

in 10 years.) The ICAL data will however give complementary information on these

parameters, which will significantly contribute to the improvement of the precision

on the global fit.

6.5 Octact of θ23
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0.342)
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(b) sin2 2θ23 = 0.9, second octant (sin2 θ23 =
0.658)
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(c) sin2 2θ23 = 0.95, first octant (sin2 θ23 =
0.388)
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(d) sin2 2θ23 = 0.95, second octant (sin2 θ23 =
0.612)

Figure 6.5: The projected reach in the sin2 θ23 − |∆m2
32| plane for four different non-

maximal choices of θ23. The black(broken), blue(dotted) and red(solid) lines show
68%, 90% and 99% C.L. contours for 10 years of 50 kt ICAL run. Note that we use
normal hierarchy, and assume that it is already known.

90
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The leading terms in Pµµ are proportional to sin2 2θ23 and the θ23 octant discrim-

ination is not possible. However, the Earth matter effects in atmospheric neutrinos

can be used to distinguish maximal from non-maximal θ23 mixing and can lead to

the determination of the correct θ23 octant [140, 141, 142]. We show in Fig. 6.5

the potential of 10 years of ICAL run for distinguishing a non-maximal value of θ23

from maximal mixing in the case where sin2 2θ23 = 0.90 (sin2 θ23 = 0.342, 0.658) and

sin2 2θ23 = 0.95 (sin2 θ23 = 0.388, 0.612). Note that the current 3σ allowed range of

sin2 2θ23 is (0.91, 1.0). The figure shows that, if the value of θ23 is near the current 3σ

bound and in the first octant, then it may be possible to exclude maximal mixing to

99% C.L. with this 2-parameter analysis. If θ23 is in the second octant, or if sin2 2θ23

is larger than 0.9, the exclusion of the maximal mixing becomes a much harder task.

Fig. 6.5 can also be used to quantify the reach of ICAL for determining the correct

octant of θ23, if the value of sin2 2θ23 is known. This can be seen by comparing the χ2

value corresponding to the true value of sin2 θ23, but in the wrong octant, with that

corresponding to the true value of sin2 θ23. We find that, for sin2 2θ23 = 0.9, i.e. just

at the allowed 3σ bound, the octant can be identified at >95% C.L. with 10 years

of ICAL run if θ23 is in the first octant. However if θ23 is in the second octant, the

identification of the octant would be much harder: θ23 in the wrong octant can be

disfavored only to about 85% C.L.. The situation is more pessimistic if sin2 2θ23 is

closer to unity.

The precision on |∆m2
32| will keep improving with ongoing and future long baseline

experiments. The inclusion of the information may improve the chance of ICAL@INO

being able to identify deviation of θ23 from maximal mixing and its octant to some

extent.

6.6 Conclusions

Even though the primary goal of the ICAL is to determine the neutrino mass hi-

erarchy, it can also make precision measurements of the atmospheric parameters

(sin2 θ23, |∆m2
32|).

We find that the values of sin2 θ23 and |∆m2
32| may be determined at an accuracy

91



Chapter 6. Precision Measurements of Atmospheric Oscillation Parameters with ICAL

of 17% and 5.1% respectively. The sensitivities with the data at ICAL only are

not expected to be better than the current constraints. Indeed, some of the other

experiments in the next decade may do much better. However the measurement at

ICAL will be complementary and may be expected to contribute significantly towards

the precision of parameters in a global fit.

By using the matter effects in the atmospheric neutrinos, ICAL may also be able

to provide hints on θ23 octant and its deviation from maximality. We find that 10

years of ICAL can exclude maximal mixing or the θ23 value in the other octant to

>95% C.L. only if the actual θ23 is in the first octant and close to the current 3σ

lower bound to 99 % C.L., for true NH. Octant determination seems to be a difficult

task with the ICAL data alone.
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Chapter 7

Summary

The field of neutrino physics has evolved rapidly over the last 10 years. Several atmo-

spheric, solar, reactor and accelerator neutrino experiments have established neutrino

oscillations and have made precision measurements of the oscillation parameters.

The ICAL detector at INO is an upcoming experiment in India. It consists of a

50 kt magnetized iron calorimeter with 150 alternate layers of iron plates as target

mass for neutrino interactions and the RPCs as active detector elements. The RPCs

register the position and the time of the hit when a particle passes through it. The

iron plates are magnetized with a field of 1.3–1.5 tesla, which will enable it to identify

the charge of particles and to separate neutrinos and anti-neutrinos. The ICAL is

optimized to measure the muon energy, direction and charge, produced in the CC νµ

interactions in the energy range up to a few GeV.

Using the GEANT4-based simulation and reconstruction code developed by the

INO collaboration, the muon response of the ICAL detector has been studied under

certain assumptions. This software uses a Kalman Filter based algorithm to recon-

struct the muon momentum, charge and the interaction vertex. The muon recon-

struction in the ICAL detector is parametrized in terms of (i) energy resolution (σE),

(ii) direction resolution (σcos θ), (iii) reconstruction efficiency (εR), and (iv) charge

identification efficiency (εC) in the energy range 0.5–25 GeV and for all directions.

We find that all these quantities are strongly dependent on the incident energy and

direction. The energy resolutions for the muons is found to be 10–25 %, while the
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cos θµ resolutions are about 0.005–0.045 (or the θµ resolution of about 1◦). The effi-

ciency of reconstruction varies between 10–90 %, improving with energy. The charge

identification efficiencies are found to be between 95–100 %. The presence of dead

spaces such as the support structures, gaps between the RPCs, magnet coils, gener-

ally degrades the muon energy reconstruction, as no hits are recorded in these areas.

Sometimes, a single muon track is reconstructed as two or more tracklets, resulting

into a poor energy estimation. The best muon response is obtained around Eµ ∼
5–8 GeV, which is a very important region for the neutrino mass hierarchy discovery.

The muon resolutions and the efficiencies are stored as a look-up table for the physics

analysis.

For the oscillation analysis, a ROOT-based package has been developed for this

thesis work. We use the event generator NUANCE to simulate the neutrino in-

teractions inside the detector. To generate events, un-oscillated atmospheric neu-

trino fluxes have been used. The oscillation effects are then incorporated using the

Re-weighting algorithm, which is based on the MC accept-reject algorithm. The

Re-Weighting algorithm greatly helps to reduce the computing requirements for the

analysis. We perform binning of the muon events in terms of (Eµ, cos θµ). After

obtaining the true muon distribution from the Re-Weighted NUANCE events, the

ICAL muon response is folded in to smear it. Thus we obtain the measured distri-

bution of muons. We then construct the χ2 from the measured muon distributions.

The systematic errors are included in the χ2 analysis via the method of pulls. Five

systematics have been considered in this analysis : (i) Flux normalization error, (ii)

Cross-section error, (iii) Overall systematics, (iv) Tilt error, and (iv) Zenith angle

error.

The ICAL will employ the Earth Matter effects in the atmospheric neutrinos to

determine the neutrino mass hierarchy. The charge separation capability and the

fine energy and direction resolutions gives the ICAL an edge over other experiments.

The ICAL can determine the mass hierarchy to a significance of (1.4–3.3)σ in a 10

years run, depending on the value of the oscillation parameters sin2 θ23 and sin2 2θ13.

Including information on oscillation parameters obtained from other neutrino exper-

iments will improve the statistical significance to (2.2 – 3.8)σ in a 10 years run. The

hierarchy measurement at ICAL is independent of the δCP value.
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The ICAL is also a suitable experiment to make precision measurements of the

atmospheric oscillation parameters (sin2 θ23, |∆m2
32|). With 10 years of ICAL data,

we can determine sin2 θ23 and |∆m2
32| to a precision of 17 % and 5.1 %, respectively.

We also explore the possibility of determining the deviation of θ23 from maximal

mixing and its octant. We find that both these tasks will be possible with ICAL,

if the true value of θ23 is close to its current 3σ bound and is in the first octant.

Otherwise they appear to be difficult for the ICAL to determine. The ICAL data will

be complementary to the LBL data for the precision measurement of the atmospheric

parameters and will help to improve the global fits.

The results presented in this thesis are obtained by using only the information on

the muon energy and direction. However, the ICAL can measure the hadron energy

with coarse resolutions. Including the hadron energy information into the analysis

will help to improve the ICAL physics sensitivities.
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