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Synopsis

Neutrino physics has now entered an era of precession measurments following im-
mense progress over the past few decades in establishing neutrino masses and mix-
ings. It also offers great potential for understanding physics beyond the standard model
(BSM). Neutrino oscillation and consequently, neutrino mass, remain one of the first
and few solid empirical indicators of BSM physics. The neutrino mixing parameters
(θ12, θ13, θ23,∆m

2
21, |∆m2

31|) have been already measured to good precision and this pre-
cision is expected to improve as ongoing and near-future experiments reach higher levels
of accuracy and statistics. The measurement of a non-zero value of the mixing angle θ13

by the reactor experiments Double-Chooz, Daya-Bay and RENO heralds a major advance
in neutrino physics. There are, however several questions in neutrino physics which are
not yet resolved. The most two important unknown parameters are the CP violating
phase, δcp, and the sign of the mass-squared difference, ∆m2

31. There are two possible
arrangements of the three neutrino mass states: (i) m1 < m2 < m3 corresponding to Nor-
mal Hierarchy (NH) and (ii) m3 < m1 < m2 corresponding to Inverted Hierarchy (IH).
Determination of the sign of ∆m2

31 will provide the correct mass ordering of the neutrino.
The current discovery of non-zero and relatively large θ13 strengthens the possibility of
discovering the true hierarchy of neutrino masses via matter effect.

Motivated by these aspects, I have mainly worked on detector simulation and per-
formed a physics sensitivity study of the ICAL(Iron Calorimeter) detector. ICAL is the
proposed detector at the India-Based Neutrino Observatory(INO) experiment. It is pro-
posed to be built at Theni in Southern India. The detector consists of 151 layers of mag-
netised iron plates interleaved with Resistive Plate Chambers (RPCs) as active detector
element with a total mass of about 52 kt. It is designed primarily to study neutrino fla-
vor oscillations through interactions of atmospheric neutrinos in the detector. The main
goals of the ICAL detector are to make precision measurements of the neutrino oscilla-
tion parameters (θ23 and |∆m2

31|), and more importantly, to determine the neutrino mass
hierarchy, the sign of ∆m2

31. These goals can be achieved by observing charged-current
(CC) interactions of atmospheric muon neutrinos and anti-neutrinos (νµ and νµ) in the
detector.

Muon Resolution Studies: The detector is mainly sensitive to charged-current events

1



from interactions of atmospheric neutrinos with detector material (mostly iron) where
muons are produced (sometimes with additional hadrons as well), depending on the type
and nature of the interaction. Hence it is crucial to correctly understand the response of
ICAL to muons by detailed simulations and this is the focus of this work.
The ICAL geometry was simulated using GEANT4 software and muons with fixed mo-
menta from 1–20 GeV/c and with direction cos θ > 0.35 were propagated through this
simulated detector and their characteristics studied. In the current study, muons were
generated in what is called the central part of the ICAL detector where the magnetic field
is large and uniform. Both contained and partially contained (with muons exiting the de-
tector) events were analysed. Each sample was analysed for the momentum resolution,
reconstruction efficiency, charge identification efficiency and direction resolution. While
the momentum resolution was about 9–14%, the momentum reconstruction efficiency
was better than about 80% in most of the regions. The direction resolution was found
to be indeed very good, being better than a degree for all angles for momenta greater
than about 4 GeV/c, which is most important for studying the neutrino mass hierarchy
through matter effects. The relative charge identification efficiency was also about 98%
over this range.

Study of the Octant of θ23: Our current knowledge of the mixing angle θ23 is mainly
due to the SuperKamiokande (SK) atmospheric neutrino data. However the octant in
which this mixing angle lies is not yet decisively determined by the data since previ-
ous experiments have been sensitive to only sin22θ23. We have studied the possibility of
determining the octant of θ23 at the ICAL detector in conjunction with long baseline ex-
periments T2K and NOνA, in the light of the non-zero value of θ13 measured by reactor
experiments.
We present the octant sensitivity for T2K/NOνA and atmospheric neutrino experiments
separately as well as the combined sensitivity. For the long baseline experiments, a pre-
cise measurement of θ13, which can exclude degenerate solutions in the wrong octant,
increases the sensitivity drastically. For θ23 = 39o and sin2 2θ13 = 0.1, at least ∼ 2σ sensi-
tivity can be achieved by T2K + NOνA for all values of δCP for both normal and inverted
hierarchy. For atmospheric neutrinos, the moderately large value of θ13 measured in the
reactor experiments is conducive to octant sensitivity because of enhanced matter effects.
The ICAL detector can give a 2σ octant sensitivity for 500 kt yr exposure for θ23 = 39o,
δCP = 0 and normal hierarchy. This increases to 3σ for both hierarchies by combining
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with T2K and NOνA. This is due to a preference of different θ23 values at the minimum
χ2 by T2K/NOνA and atmospheric neutrino experiments.

Lorentz and CPT violation studies: Apart from the standard oscillation physics, we
have also studied the sensitivity of the ICAL detector to Lorentz and CPT violation in
the neutrino sector. Its ability to identify the charge of muons in addition to their direc-
tion and energy makes ICAL a useful tool in putting constraints on these fundamental
symmetries. Using resolution, efficiencies, errors and uncertainties obtained from ICAL
detector simulations, we determine sensitivities to δb31, which parametizes the violations
in the muon neutrino sector. We carry out calculations for three generic cases represent-
ing mixing in the CPT violating part of the hamiltonian, specifically , when the mixing is
1) small, 2) large, 3) the same as that in the PMNS matrix. We find that for both types of
hierarchy, ICAL at INO should be sensitive to δb31 & 4 × 10−23 GeV at 99 % C.L. for 500
kt-yr exposure, unless the mixing in the CPT violation sector is small.

Non Standard Interactions: We study the effects of non-standard interactions on the
oscillation pattern of atmospheric neutrinos. We use neutrino oscillograms as our main
tool to infer the role of the NSI parameters at the probability level in the energy range,
E ∈ 1 − 20 GeV and zenith angle range, cos θ ∈ −1 − 0. We compute the event rates
for atmospheric neutrino events in presence of NSI in the energy range E ∈ 1 − 10 GeV
for ICAL detector. We have tried to find bounds on different NSI parameters using this
detector. As an application, we discuss how NSI impacts the determination of the correct
octant of θ23.
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Chapter 1

Introduction

Neutrinos are some of the most elusive Standard Model (SM) particles even though they
are the most abundant particles in the universe after photon. They are neutral, inter-
act only through the weak interaction and therefore, do not readily interact with other
particles. As a result, neutrinos are particularly difficult to study. Neutrino experiments
require extremely massive detectors in order to produce statistically significant results.
With so little knowledge about neutrinos, neutrino experiments are integral to under-
standing weak interaction and are an important probe of new physics.

Neutrino physics has now entered an exciting era in which we are in the process of
getting precession measurements of neutrino masses and mixings. It also offers great po-
tential for understanding physics beyond the standard model (BSM). A number of present
and future experiments are expected to yield more precise knowledge regarding the many
unresolved questions.

In this chapter, we will first briefly summarize the history of neutrinos. Then, after
describing the sources of neutrinos, we will talk about the phenomenology of neutrino
mixing and neutrino oscillations. We will then mention the present status of the neutrino
oscillations and then briefly discuss physics beyond oscillations. Finally, we describe the
content of the thesis concisely.
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1.1 History of Neutrinos

The history of neutrinos started with the famous letter from Wolfgang Pauli [1]. The ex-
perimental data [2, 3] forced Pauli to assume the existence of a new particle, which was
later called the neutrino. In 1911 Lise Meitner and Otto Hahn performed an experiment
which showed that the energies of electrons emitted during β-decay had a continuous
spectrum, this led to the obvious problem of having the conservation of linear momen-
tum and angular momenta. In his most famous letter written in December 1930, Pauli
suggested that in addition to the electrons and protons contained inside the atom, there
are also extremely light neutral particles, which he called neutrons. He proposed that
these neutrons, which were also emitted during β-decay and accounted for the missing
energy and momentum, had simply not yet been discovered. In 1931, Enrico Fermi built
upon Pauli,s ideas of a yet undetected particle, and three years later published a very suc-
cessful model of β-decay in which neutrinos were produced. At this time Fermi coined
the term "neutrino", which is Italian for "small neutral one", thus giving birth to the neu-
trino.

In 1956 [4] Clyde Cowan and Frederick Reines discovered the neutrino (actually the
antineutrino), by observing the inverse beta decay reaction p+ ν̄e → n+e+ occurring from
antineutrinos produced in a nuclear reactor. This proved the hypothesis set forth by Pauli
many years before. The muon neutrino was discovered in 1962 by Lederman, Schwartz
and Steinberger [5] and the tau neutrino was detected in 2000 by the direct observation of
the Nu-Tau (DONuT) collaboration [6]. In 1957 Pontecorvo conceptualized the possibility
of neutrino oscillations by generalizing the notions related to kaon mixing. As only one
flavour of neutrino had been discovered at that time, Pontecorvo’s hypothesis focused on
mixing between ν and ν̄. In 1962, with the knowledge that multiple flavours of neutrinos
existed in nature, Maki, Nakagawa and Sakata proposed oscillations between νe and νµ.
This framework later extended to tau neutrino.

In 1967, the Homestake experiment, pioneered by Davis and Bahcall uncovered the
first indication that supported the neutrino oscillation theory. They sought to measure
the rate at which solar neutrinos were captured by chlorine nuclei. They had observed a
deficit between the measurement and the prediction, but the source of the discrepancy re-
mained unclear. Many pointed towards an inadequate understanding of the solar model
or errors in the neutrino experiments. The deficit phenomenon, however, was not lim-
ited to solar neutrino observations. Atmospheric neutrino experiments also reported a
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deviation from the approximately 2:1 ratio between muon and electron neutrinos that
were produced through the π → µνµ, µ → eνeνµ. IMB [7] experiment, MACRO [8],
and Kamiokande collaboration [9] found significant deficits in νµ fluxes. In 1998, Super-
Kamiokande [10] explained the shortfall by fitting their results with νµ ↔ ντ oscillation
framework. The debate in the solar neutrino sector ended in 2001 when the Sudbury
Neutrino Observatory (SNO) [11] experiment provided conclusive evidence that roughly
two-thirds of the solar neutrino flux was related to non νe flavours. This result supported
the notion of neutrino oscillations and reconciled the total flux measurement with the
standard solar model (SSM) prediction.

1.2 Sources of Neutrinos

Neutrinos are generated from different sources with a wide range of energies. They can
be classified as natural and artificial. In this section we summarize different sources of
neutrinos which will play a major role in understanding neutrino oscillations.

Solar neutrinos: According to the standard solar model (SSM), the net thermonu-
clear reaction which takes places inside the core of the Sun is the fusion of four protons
and two electrons into a 4He nucleus, two electron neutrinos and an energy release of Q
= 26.73 MeV, in the form of photons. This process can be written as

4p+ 2e−→4He+ 2νe +Q (1.1)

With the extremely large number of reactions taking place inside the core of the Sun,
it can be seen that a large flux of electron flavour neutrinos is created. The reaction is
mainly divided into two processes: a) proton-proton (pp) chain and b) Carbon-Nitrogen-
Oxygen(CNO)cycle. The energies of the solar neutrinos are in the hundreds of KeV to a
few MeV range. The total solar neutrino flux on the earth is about 5.94× 1010 cm−2s−1.

Atmospheric neutrinos: When primary cosmic rays interact with nuclei in the at-
mosphere of the Earth, secondary particles, mostly pions and some kaons, are produced
in hadronic showers. Atmospheric neutrinos are produced from the decay of those sec-
ondary particles, dominantly by the following decay chains of pions :

π+ → µ+ + νµ; π− → µ− + ν̄µ (1.2)
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At high energies, kaons also contribute to the production of muons and neutrinos. The
muons then decay before reaching the Earth’s surface and give rise to electrons, electron
neutrinos and muon neutrinos through the following processes

µ+ → e+ + νe + ν̄µ; µ− → e− + ν̄e + νµ (1.3)

Hence the ratio of muon and electron type neutrino is 2:1. Energy range of the atmo-
spheric neutrinos is from a few hundred of MeV to 108 GeV. Atmospheric neutrino flux
falls steeply as E−2.7 for energies above 1 GeV and the flux becomes undetectably small
after about a 100 TeV (See [12] for a detail review). Atmospheric neutrino flux peaks at
zenith angle ≈ 90o, i.e near the horizon, due to the larger length of atmosphere available
in this direction. Atmospheric neutrinos have long energy and oscillation length, hence
atmospheric neutrinos will be very useful to study neutrino oscillations as well as new
physics.

Relic neutrinos: Relic neutrinos are one of the most important products of the Big
Bang. In the early Universe, neutrinos were in thermal equilibrium through weak interac-
tion with the other particles. As the Universe expanded and cooled, the rates of weak in-
teraction processes decreased and neutrinos decoupled when these rates became smaller
than the expansion rate. The weak interaction cross-section of the Relic neutrino with
matter is very small due to extremely small temperatures. Therefore, the direct detection
of Relic neutrinos is an extremely difficult task with present experimental techniques.

Astrophysical source of neutrinos: Very high energy neutrinos are produced
by astrophysical sources like Gamma-Ray Burst (GRB), Active Galactic Nuclei (AGN).
Supernova Remnants (SNRs), AGNs, GRBs and other astrophysical sources can accel-
erate protons to such energies (and above) by the Fermi acceleration mechanism. The
interactions of these protons with soft photons or matter from the source can give Ul-
tra high energy (UHE) neutrinos through the following process: pγ, pp → π±X, π± →
µ±νµ(ν̄µ), µ± → e±ν̄µ(νµ)νe(ν̄e) with a flux ratio of φνe : φνµ : φντ = 1 : 2 : 0. Recently, the
IceCube detector [13] has observed a total of 37 neutrino events with deposited energies
ranging from 30 TeV to 2 PeV. The 2 PeV event is the highest-energy neutrino event ever
observed.

Accelerator based neutrinos: Accelerator based neutrino beam are mainly com-
posed of muon neutrinos. They are produced by the decay of charged pions and kaons.
Initially a beam of high energy protons is directed to a thick nuclear target, producing
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secondaries such as positively charged pions and kaons which are collected and focused
using a magnetic horn. These mesons then enter an evacuated decay tunnel where they
decay to produce muons and neutrinos. The muons and the remaining mesons are ab-
sorbed in a beam dump at the end of the tunnel, producing a neutrino beam. Semi-
leptonic decays of charmed particles have also been used to produce neutrinos where a
high-energy proton beam is stopped in a thick target to generate heavy hadrons. The
charmed heavy hadrons decay promptly emitting equal fluxes of high-energy electron
and muon neutrinos.

Reactor neutrinos: Nuclear reactors are the major sources of artificially produced
neutrinos. Power generation in nuclear reactors take place through the fission of neutron-
rich isotopes like 235U, 238U, 239Pu. Electron antineutrinos are produced by the chain of
β-decays of the fission products in the energy range of 0.1 to 10 MeV.

1.3 Neutrino Oscillations

It has been seen that neutrinos change flavour during their propagation. To explain this
it is essential that at least two of the neutrinos have masses, which are different from each
other and the flavour eigenstates are different from the mass eigenstates. In this section,
the standard formalism and expressions for neutrino oscillation and survival probabili-
ties are described in detail.
Neutrino oscillation arises from a mixture between the flavour and mass eigenstates of
neutrinos. The neutrino flavour eigenstate |να〉(α = e, µ, τ ) can be written as a superposi-
tion of mass eigenstates |νj〉( j=1,2,3).

|να〉 =
∑
j=1,2,3

U∗αj |νj〉 (1.4)

where Uαj is a 3×3 unitary mixing matrix, known as the Pontecorvo-Maki-Nakagawa-
Sakata(PMNS) matrix [14, 15].

Parametrization of U:
In general for an N×N unitary matrix, there are N(N−1)

2
mixing angles and N(N+1)

2
phases.

But 2(N-1) phases can be absorbed by the redefinition of the fields. Hence, in case of N
flavours the leptonic mixing matrix Uαj depends on (N−1)(N−2)

2
Dirac CP- violating phases

(δCP ). If the neutrinos are Majorana particles, there are (N-1) additional Majorana phases.
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Standard Derivation of the Oscillation Probability:
In the standard theory of neutrino oscillations, the mass states |νj〉 are eigenstates of the
Hamiltonian,

H |νj〉 = Ej |νj〉 (1.5)

with energy eigenvalues Ej =
√
p2 +m2

j . By solving the Schrodinger equation, the time
evolution of neutrino mass eigenstates can be written as

|νj(t)〉 = e−iEjt |νj〉 (1.6)

Thus the time evolution of a flavour state can be written as

|να(t)〉 =
∑
j

U∗αje
−iEjt |νj〉 (1.7)

At t = 0, the flavour state can be written as |να(t = 0)〉 = |να〉. Using the unitary relation
U †U = 1, the mass eigenstates can be written in terms of flavour eigenstates as

|νj〉 =
∑
α

Uαj |να〉 (1.8)

The amplitude of transition from a flavour state να to νβ can then be written as

Sνα→νβ(t) = 〈νβ|να(t)〉 =
∑
j

U∗αjUβje
−iEjt (1.9)

The oscillation probability from a flavour state να to νβ can be written as

Pνα→νβ(t) = |Sνα→νβ(t)|2 =
∑
j,k

U∗αjUβjUαkU
∗
βke
−i(Ej−Ek)t (1.10)

The quartic products in eqn 1.10 are free from the Majorana phases, hence Majorana
phases cannot be measured in neutrino oscillation experiment. Neutrino oscillations have
two different channels, if the flavour να 6= νβ , then it is called the oscillation probability
and if να = νβ then it is known as the survival probability.
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1.3.1 Neutrino Oscillations in vacuum

We will first describe neutrino oscillations in vacuum. In vacuum, neutrino mass eigen-
states evolve independently. At first, we will derive the oscillation probability formula
for the two neutrino flavour case. Then we will go on to the three flavour case.

Two flavour oscillations:

In the two flavour oscillation case, we consider two flavour eigenstates of neutrinos as
να and νβ . They are the superposition of two mass eigenstates ν1 and ν2 of masses m1 and
m2 respectively. The mixing matrix in the two flavour case is

U =

 cosθ sinθ

−sinθ cosθ

 (1.11)

where θ is the mixing angle. In the two flavour case, there is only one mixing angle, θ,
and there is no CP phase.
From equation 1.10, it is straightforward to derive the expression for the probability of
oscillation from να to νβ

P (να → νβ) = sin22θsin2(
∆m2L

4E
) (1.12)

In the case α = β, the survival probability can be obtained from the unitarity- relation of
the probability

P (να → να) = 1− sin22θsin2(
∆m2L

4E
) (1.13)

If we use natural units then the survival probability can be written as

P (να → να) = 1− sin22θsin2(1.27
∆m2[eV 2]L[km]

E[GeV ]
) (1.14)

The oscillation length is Losc = 4πE
∆m2 . From equations 1.12 and 1.14, we see that the oscilla-

tion and survival probabilities depend on the mixing angle θ, the mass squared difference
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∆m2, oscillation distance L and energy E of the neutrino.

Three flavour oscillations:

In case of 3 flavour oscillation, there are 3 flavour eigenstates and 3 mass eigenstates.
There will be 3 mixing angles and one Dirac CP phase. If the neutrinos are Majorana, there
will be extra 2 phases. However, the rephasing invariants in eqn 1.10(quartic products)
are independent of the Majorana phases, hence it follows that they have no effect on the
neutrino oscillations. The mixing matrix can be written using the PMNS parametrization
in terms of θ12,θ13, θ23 and phase δ

U = R23R13R12 =


1 0 0

0 c23 s23

0 −s23 c23




c13 0 s13e

−iδ

0 1 0

−s13e
−iδ 0 c13




c12 s12 0

−s12 c12 0

0 0 1

 (1.15)

U =


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 (1.16)

where cij = cosθij , sij = sinθij . Now using the mixing matrix and using equation 1.10, we
can write the oscillation probability

P (να → νβ) = δαβ − 4
∑
j>k

Re[U∗αjUβjUαkU
∗
βK ]sin2(

∆m2
jkL

4E
)

+ 2
∑
j>k

Im[U∗αjUβjUαkU
∗
βK ]sin2(

∆m2
jkL

2E
) (1.17)

Imaginary part of the probability expression contains information about the CP violating
phase. For CP-transformed reaction ν̄α → ν̄β , the transition probability will be the same
except that the sign of the imaginary term is reversed.
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The probability expressions are not as simple as in the case of two flavour case, but
one can use approximations to get ideas about the probability. One of the most important
approximation is one mass squared dominance approximation(OMSD), where ∆m2

21 is
taken as zero. The OMSD approximation is good enough for a reasonably large range
of energies and baselines, and it has the advantage of being exact in the parameter θ13.
The expressions of the probabilities Pµµ and Pµe in vacuum are given by the following
expressions obtained in the OMSD approximation [16–20],

Pv
µµ = 1− sin2 2θ23 sin2

[
1.27 ∆m2

31

L

E

]
+ 4 sin2 θ13 sin2 θ23 cos 2θ23 sin2

[
1.27 ∆m2

31

L

E

]
(1.18)

Pv
µe = sin2 θ23 sin2 2θ13 sin2

[
1.27 ∆m2

31

L

E

]
(1.19)

Atmospheric neutrinos cover large distances and wide range of energies, additionally
recent large value of θ13 will be good enough to use OMSD approximation. Hence, the
expressions of Pµµ and Pµe using OMSD approximation will be relevant in this thesis.

1.3.2 Neutrino Oscillations in matter

When neutrinos travel through a dense medium, their propagation can be significantly
modified by the coherent forward scattering from particles they encounter along the way.
Potential due to the scattering on matter modifies the mixing of the neutrinos. As a result,
the oscillation probability differs from the oscillation in vacuum. The flavour-changing
mechanism in matter was formulated by Mikhaev, Smirnov and Wolfenstein (MSW) [21],
who first pointed out that there is an interplay between flavour-non-changing neutrino-
matter interactions and neutrino mass and mixing. The MSW effect stems from the fact
that electron neutrinos (and antineutrinos) have different interactions with matter com-
pared to neutrinos of other flavours. In particular, νe can have both charged current and
neutral current elastic scattering with electrons, while νµ or ντ have only neutral current
interactions with electron. When the neutrino traverses the Earth, the oscillation probabil-
ity is calculated taking into account Earth’s matter potential due to the forward scattering
amplitude of charged current νe interactions with electrons. Neutral current interactions
are neglected here because they lead to flavour-independent terms which are irrelevant
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for the oscillation probabilities.
The effective CC Hamiltonian for an electron neutrino propagating through mat-
ter(electrons) can be written as

Heff =
GF√

2
[ν̄eγ

µ(1− γ5)e][ēγµ(1− γ5)νe] (1.20)

Using Fierz transformation, we can write

Heff =
GF√

2
[ν̄eγ

µ(1− γ5)νe][ēγµ(1− γ5)e] (1.21)

If we consider the effective Hamiltonian over the electron background and integrate over
the electron momentum, the Hamiltonian can then be written as

Heff = Vccν̄eγ
0νe (1.22)

where the charged current potential

Vcc =
√

2GFNe (1.23)

Here Ne is the electron density of the medium.
Similarly, the neutral current potential of neutrinos propagating in a medium can be cal-
culated. In an electrically neutral medium, the total number of protons and electrons is
the same, hence they will cancel the overall potential. The potential will arise only from
the interaction with neutrons. Hence, the net effective potential will be

VNC =
GFNn√

2
(1.24)

It is important to note that the neutral current potential is flavour independent, hence it
will not have any effect on neutrino oscillations.
It is useful to write the matter potential in terms of the matter density ρ and the electron-
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fraction in the nucleon, Ye as

Vcc = 7.56× 10−14(
ρ

g/cm3
)YeeV (1.25)

For earth matter Ye ≈ 0.5. For anti-neutrinos the matter potential will be negative, this
is mainly due to the anti-commutation relation of the creation and annihilation operator.
The number operator for neutrino is positive and for anti-neutrino it is negative, so Vcc

will be −Vcc for anti-neutrinos.

Two flavour oscillations in matter:

The matter effect on neutrino oscillation probability can be better understood if we
start with the two flavour case. Lets take two flavour eigenstates νe and νµ and two mass
eigenstates ν1 and ν2. The time evolution equation in flavour state can be written as

i
d

dt

 νe(t)

νµ(t)

 = Hf

 νe(t)

νµ(t)

 (1.26)

The effective Hamiltonian in flavour basis is

Hf = U

 −∆ 0

0 ∆

U † +

 Vc 0

0 0

 =

 −∆cos2θ + Vc ∆sin2θ

∆sin2θ ∆cos2θ − Vc

 (1.27)

where ∆ = ∆m2

4E
and Vc =

√
2GFNe. We will diagonalize the Hf by the orthogonal trans-

formation
Hm = U †mHfUm (1.28)

where the unitary matrix

Um =

 cosθm sinθm

−sinθm cosθm

 (1.29)

is the effective mixing matrix in matter. After diagonalization, the mass squared differ-
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ence and mixing angle in matter are

∆m2
m =

√
(∆m2cos2θ − A)2 + (∆m2sin2θ)2 (1.30)

and the mixing angle in presence of matter is

tan2θm =
tan2θ

1− A
∆m2cos2θ

(1.31)

where A = 2EVc. The oscillation probability will be the same but with modified mixing
parameters

P (να → νβ) = sin22θmsin
2(

∆m2
mL

4E
) (1.32)

Long baselines or high matter densities are required to observe significant matter ef-
fects. Under the resonant condition ∆m2cos2θ = A, the oscillation will be significantly
enhanced. The mixing angle in matter will be θm = π

4
or maximal irrespective of the vac-

uum mixing angle.

Three flavour oscillations in matter:

In the case of 3 neutrino flavours, the effective matter Hamiltonian in flavour basis is
given by

Hf = U


0 0 0

0 ∆21 0

0 0 ∆31

U † +


Vc 0 0

0 0 0

0 0 0

 (1.33)

In order to compute the effective masses and mixing angles in matter, the above Hamil-
tonian is diagonalized. The normalized eigenvectors of Hf form the modified matter
mixing matrix. Hence, the matter and vacuum parameters are related by comparison.
This technique has been implemented exactly by a numerical solution of the evolution
equation in matter.

Here we give the analytic expressions for the probabilities in the OMSD approxima-
tion, which amounts to neglecting the smaller mass-squared difference ∆m2

21 in compar-
ison to ∆m2

31, as we have already discussed. We have checked that this approximation
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works well at energies and length scales relevant here. However, all the plots we give
are obtained by numerically solving the full three flavour neutrino propagation equation
using Prem Reference Earth Model (PREM) [22] density profile for the earth.
Making this approximation, the mass squared difference (∆m2

31)m and mixing angle
sin22θm13 in matter can be related to their vacuum values by

(∆m2
31)m =

√
(∆m2

31cos2θ13 − A)2 + (∆m2
31sin2θ13)2 (1.34)

sin2θm13 =
∆m2

31sin2θ13√
(∆m2

31cos2θ13 − A)2 + (∆m2
31sin2θ13)2

(1.35)

Using the above substitutions, the OMSD probabilities Pµµ and Pµe in matter are given
by

Pm
µµ = 1− cos2 θm

13 sin2 2θ23 sin2

[
1.27

(
∆m2

31 + A + (∆m2
31)m

2

)
L

E

]
− sin2 θm

13 sin2 2θ23 sin2

[
1.27

(
∆m2

31 + A− (∆m2
31)m

2

)
L

E

]
− sin4 θ23 sin2 2θm

13 sin2

[
1.27 (∆m2

31)m L

E

]
(1.36)

Pm
µe = sin2 θ23 sin2 2θm

13 sin2

[
1.27 (∆m2

31)m L

E

]
(1.37)

The probability for the time-reversed transition Pm
µe is same as Pm

eµ with the replace-
ment δcp → −δcp. The OMSD analytical expressions are insensitive to δcp, hence Pm

µe = Pm
eµ.

For an inverted neutrino mass hierarchy, the corresponding probabilities are obtained by
reversing the sign of ∆m2

31. The antineutrino probabilities can be written down by mak-
ing the replacement A→ −A in the above equations.

In Fig 1.1 and 1.2, we plot the 3-flavour muon neutrino(left panel), anti-neutrino (right
panel) survival and oscillation probabilities in vacuum(upper panel) and in matter(lower
panel) as a function of energy for both normal and inverted hierarchies for a baseline of
6000 km. The oscillation parameters used as mentioned in Table 1.1. In case of inverted
hierarchy, we have only changed the sign of ∆m2

31 as negative, other oscillation parame-
ters are taken same as the normal hierarchy oscillation parameters.
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Figure 1.1: Muon neutrino (left) and anti-neutrino(right) survival probability as a func-
tion of energy for 6000 Km. Lower and upper panel shows for vacuum and matter respec-
tively. Black solid and magenta dotted curve are for ∆m2

31 > 0 and ∆m2
31 < 0 respectively.

True value of δcp taken as zero.
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Figure 1.2: Muon neutrino (left) and anti-neutrino(right) oscillation probability as a func-
tion of energy for 6000 Km. Lower and upper panel shows for vacuum and matter respec-
tively. Black solid and magenta dotted curve are for ∆m2

31 > 0 and ∆m2
31 < 0 respectively.

True value of δcp taken as zero.

25



We point out some of the interesting qualitative features demonstrated by the proba-
bilities in Fig 1.1 and 1.2

a) It is clear from the figures that the survival probabilities for neutrinos and anti-
neutrinos are same for vacuum. This is due to the fact that, there is no matter interactions,
which are different for neutrinos and anti-neutrinos.

b) In case of matter effects, the differences between the probability values for normal
and inverted hierarchy in all the channels are maximized in the energy range 4-8 GeV.

c) It shows that Pµµ in matter for neutrinos with normal hierarchy deviates from the
vacuum oscillations and for anti-neutrinos it is Pµ̄µ̄ that exhibits this deviation for in-
verted hierarchy.

d) Matter effects in Pµe in case of a NH manifest themselves by a rise over the corre-
sponding value for an IH. In the case of Pµ̄ē, IH rises over the NH.

1.4 Present status of neutrino parameters

In the current Standard Model (SM) framework, neutrinos are regarded as massless,
uncharged leptons that interact with matter only via the weak force. However, there
is strong evidence which suggests that neutrinos undergo transformations between
flavours, a quantum mechanical phenomenon known as "neutrino oscillations", which
require neutrinos to be massive. Recently large number of neutrino experiments started
data taking and reconfirming the neutrino oscillations as well as precision measurement
of the oscillation parameters.

The neutrino mixing matrix, or the PMNS matrix can be parametrized in terms of
three mixing angles θ12, θ13, θ23, and a CP violating phase δcp. Neutrino oscillations are
also governed by two mass squared differences ∆m2

21 and ∆m2
31. Solar neutrino oscilla-

tion parameters, θ12 and ∆m2
21 have been measured from the combined analysis of the

KamLAND and solar neutrino data. Super-Kamiokande (SK) atmospheric, T2K [23] and
MINOS [24] and other atmospheric neutrino experiments have measured the value of
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sin22θ23 and |∆m2
31|. After decades of speculation on whether or not θ13 is zero, data

from these experiments have revealed that the value of θ13 is non-zero. The short baseline
reactor neutrino experiments, Daya Bay [25], RENO [26] and Double Chooz [27] have ex-
cluded θ13 = 0 at 5.2σ, 4.9σ and 3.1σ respectively. Recent [28] global analysis best fit value
of the oscillation parameters are given in Table 1.1

Oscillation Parameter Best-fit value 3σ range

sin2 θ12/10−1 3.23 2.78 - 3.75
sin2 θ23/10−1 (NH) 5.67 3.92 - 6.43
sin2 θ23/10−1 (IH) 5.73 4.03 - 6.40
sin2 θ13/10−1 (NH) 2.34 1.77 - 2.94
sin2 θ13/10−1 (IH) 2.40 1.83 - 2.97
∆m2

21 [10−5 eV2] 7.60 7.11 - 8.18
|∆m2

31| [10−3 eV2] (NH) 2.48 2.30 - 2.65
|∆m2

31| [10−3 eV2] (IH) 2.38 2.30 - 2.54
δ/π (NH) 1.34 0.0 - 2.0
δ/π (IH) 1.48 0.0 - 2.0

Table 1.1: Recent best-fit and 3σ range of the oscillation parameters.

1.4.1 Open challenges in oscillations physics

Large value of θ13 has expedited the possibility of resolving the two most important ques-
tions, namely, neutrino mass hierarchy or the sign of ∆m2

31, and, measuring the CP vio-
lation in the neutrino sector. Apart from these two there is also an important question,
known as the Octant degeneracy of θ23.

Neutrino mass hierarchy: Neutrino has three mass eigenstates, m1,m2,m3. There are
two possibilities, i) m3 > m2 > m1, called as Normal hierarchy, or ii) m2 > m1 > m3,
namely, Inverted hierarchy as shown in Fig 1.3. Oscillation experiments have measured
only the absolute value of ∆m2

31, but hierarchy of the mass-spectrum is still unknown.
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Figure 1.3: The two possible hierarchies of neutrino mass eigenstates, normal hierarchy
(left) and inverted hierarchy (right)

Large value of non zero θ13 will enhance the oscillation when neutrinos will pass through
matter, hence the sign of the mass squared difference can be known from the matter effect.
Atmospheric neutrinos travel maximum distance through earth matter. Neutrinos and
anti-neutrinos interact differently with earth matter. Non zero value of θ13 will help to
resolve mass hierarchy if any atmospheric neutrino experiment can detect neutrino and
anti-neutrino differently.

CP violation: δCP appears in the PMNS matrix, if the PMNS is real then there is no
CP violation, in other words if δCP is zero or π then CP is conserved. CP violation has
been observed in the quark sector, hence there can be a complex phase analogous to the
CKM phase. Since δCP occurs with the mixing angle θ13 in the PMNS matrix, the recent
measurement of non zero and moderately large value of θ13 by reactor and accelerator
experiment is expected to be conducive for the measurement of δCP .

28



Octant degeneracy: Another unknown parameter in neutrino oscillation physics is
the exact value of θ23. Atmospheric neutrino experiments, like SK has measured sin22θ23,
however the octant in which this mixing angle lies is not yet decisively determined by
the data. Octant degeneracy in neutrino oscillation means that, it is not known clearly
whether the angle is θ23 or π

2
− θ23.

1.5 Beyond neutrino oscillations

Recently, mass eigenstate mixing induced neutrino oscillations has become the standard
theory accounting for the solar, atmospheric and long baseline neutrino experiments.
However, there are other alternative theories which can also induce neutrino oscillations
or can cause effects similar to some of the experimental observations. Mass eigenstate
mixing induced neutrino oscillations are basically due to the fact that different mass
eigenstates have different energies for the same momentum. Thus, in principle, any theo-
ries which can modify the dispersion relation to meet this condition can induce neutrino
oscillations, such as violation of Lorentz invariance (LIV) and CPT(CPTV), non standard
interactions etc.

1.5.1 Lorentz Invariance Violation / CPT Violation

Lorentz invariance is intimately related to CPT symmetry as stated in the CPT theo-
rem [29–31]. For a local field theory, the Lorentz invariance leads to CPT symmetry, while
breaking CPT symmetry naturally causes Lorentz invariance violation, which is proven
in [32].

The Standard Model (SM) and supersymmetric (SUSY) models are designed to incor-
porate CPT invariance. However, these models do not include gravity. The Standard
Model Extension (SME) [33, 34] is an effective field theory that incorporates gravity with
the SM, by way of introducing CPT-even and CPT-odd terms. The fundamental scale
of the SME is the Planck scale mp ≈ 1019GeV , which is about 17 orders of magnitude
larger than electroweak scale mw associated with SM. By treating the SM as a low energy
effective theory of underlining fundamental physics, all the possible Lorentz symmetry
breaking terms are added into the SM Lagrangian using the SM fields and gravitational
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fields. To generate neutrino oscillation effects, it turns out that the minimal renormaliz-
able version of SME [35] is sufficient.

The possible origin of CPT violation in the neutrino sector has been studied in the
context of extra dimensions [36, 37], non-factorizable geometry [38], and non-local causal
Lorentz invariant theories [39]. There are other alternative studies, which tries to put
bounds on CPT sector in many different contexts(See [40–42] for a detailed review). The
original formalism to analyze CPT violating effects on neutrino oscillations has been pro-
posed in [43]. The CPT violating term contributes to the standard Hamiltonian, which
will alter the effective neutrino masses. This change in neutrino mass would affect the
neutrino oscillation wavelengths. CPT violation in neutrino oscillations would manifest
itself in the observation P (να → νβ) 6= P (ν̄β → ν̄α). However, when neutrinos propagate
through matter, the matter effects give rise to "fake" CP and CPT violation even if the vac-
uum Hamiltonian is CPT conserving. These fake effects need to be accounted for while
searching for CPT violation.

CPT violation may also occur if particle and anti-particle masses are different. Such
violation, however, also breaks the locality assumption of quantum field theories [32].
Many authors have studied how best to parametrize and/or use neutrino oscillations
and neutrino interactions to perform tests of CPT and Lorentz symmetry breaking in
different contexts, ranging from neutrino factories and telescopes to long baseline, atmo-
spheric, solar and reactor experiments, including those looking for supernova neutrinos
(See [43–68] for a detail review) .

1.5.2 Non standard neutrino interactions

As discussed in section 1.3, standard matter interactions affect the survival and oscillation
probability of the electron neutrino, but not of the muon and tau neutrinos, since muon
and tau particle are absent in normal matter. There can be, however, non-standard matter
interactions (NSI) that influence the survival and oscillation probabilities of second and
third generation neutrinos. These are interactions of neutrinos with matter (up and down
quarks and leptons). One way in which non-standard interactions can arise is through the
violation of the unitarity of the lepton mixing matrix in certain see-saw models [69]. Siz-
able NSI effects can be introduced via new scalar exchange bosons such as Higgs bosons
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or scalar leptoquarks, some supersymmetric models may also give rise to NSI [70].

In future neutrino experiments, ’new physics’, beyond the SM may appear in the form
of unknown couplings involving neutrinos, which are usually referred to as non-standard
neutrino interactions(NSI). Compared with standard neutrino oscillations, NSIs could
contribute to the oscillation probabilities and neutrino event rates as sub-leading effects,
and may bring in very distinctive phenomena. Running and future neutrino experiments
will provide us with more precision measurements on neutrino flavour transitions, and
therefore, the window of searching for NSIs is open.

In principle, NSIs could exist in the neutrino production, propagation, and detection
processes. In general, the NSI can impact the neutrino oscillation signals via two kinds of
interactions : (a) charged current (CC) interactions (b) neutral current (NC) interactions.
However, CC interactions affect processes only at the source or the detector and these are
clearly discernible at near detectors (via the zero distance effect). On the other hand, the
NC interactions affect the propagation of neutrinos. The main motivation to study NSIs
is that if they exist we ought to know their effects on physics.

In the literature, there exist several theoretical and phenomenological studies of
NSIs for atmospheric, accelerator, reactor, solar and supernova neutrinos(See for de-
tails [71–76]). In addition, some experimental collaborations have obtained bounds on
NSIs [77, 78].

Other than these two phenomena, there are various questions, which are yet unre-
solved, few of them are

Existence of sterile neutrinos:

The hypothesis of sterile neutrinos are based on recent anomalies observed in neutrino
experiments. Decades of experimentation have produced a vast number of results in
neutrino physics and astrophysics, some of which are in perfect agreement with only
three active neutrinos, while a small subset calls for physics beyond the standard model.

The first, and individually still most significant, piece pointing towards new physics
is the LSND [79] result, where electron antineutrinos were observed in a pure muon an-
tineutrino beam. The most straightforward interpretation of the LSND result is antineu-
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trino oscillation with a mass squared difference, ∆m2, of about 1 eV 2. Given the other
neutrino oscillation parameters, the LSND ∆m2 requires a fourth neutrino.

A new anomaly supporting the sterile neutrino hypothesis emerges from the recent
re-evaluations of reactor antineutrino fluxes [80], which find a 3% increased flux of an-
tineutrinos relative to the previous calculations. As a result, more than 30 years of data
from reactor neutrino experiments, which formerly agreed well with the flux prediction,
have become the observation of an apparent 6% deficit of electron antineutrinos. This
is known as the reactor antineutrino anomaly and is compatible with sterile neutrinos
having ∆m2

sterile > 1eV 2.
Another hint consistent with sterile neutrinos comes from the source calibrations per-

formed for radio-chemical solar neutrino experiments based on gallium [81,82]. Both the
source strength and reaction cross section are known with some precision and a 5-20%

deficit of the measured to expected count rate was observed. Again, this result would
find a natural explanation by a sterile neutrino ∆m2

sterile > 1eV 2.
However, cosmological data, observations of the cosmic microwave background and

large scale structure favor the existence of a fourth light degree-of-freedom which could
be a sterile neutrino. Recent Planck results [83] show that effective number of neutrinos
is, Neff = 3.30+/-0.27 and an upper limit of 0.23 eV for the summed neutrino mass.

Dirac or Majorana nature:

If massive neutrinos are Dirac particles, they must be distinguishable from their an-
tiparticles because of lepton number conservation. On the other hand, Majorana neutrino
is its own antiparticle which can participate in lepton-number-violating processes. Only
charge-neutral fermions can be Majorana and hence neutrinos stand out to be the only
probable candidates within the Standard Model.

Establishing whether neutrinos are Dirac fermions possessing distinct antiparticles, or
are Majorana fermions, i.e. spin 1/2 particles that are identical with their antiparticles,
is of fundamental importance for understanding the underlying symmetries of particle
interactions and the origin of neutrino masses. The neutrinos with definite mass will
be Dirac fermions if particle interactions conserve some additive lepton number, e.g. the
total lepton charge L = Le + Lµ + Lτ . If no lepton charge is conserved, the neutrinos will
be Majorana fermions (see, e.g. [84]).

The massive neutrinos are predicted to be of Majorana nature by the see-saw mecha-
nism of neutrino mass generation [85], which also provides an attractive explanation of
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the smallness of neutrino masses and, through the leptogenesis theory [86], of the ob-
served baryon asymmetry of the Universe. If the neutrinos are Majorana in nature, then
Majorana phases are same for all the massive neutrinos, which violates lepton number.
Hence, they do not have any effect on lepton number conserving process like the neutrino
oscillations.

Absolute scale of neutrino mass:

Significant constraints on the absolute scale of neutrino mass can be obtained through
β-decay, neutrinoless double beta decay experiments and also from cosmology. The
experimental searches for neutrinoless double beta decay have a long history (see,
e.g. [87, 88]). The best sensitivity was achieved in the Heidelberg–Moscow 76Ge exper-
iment [89]: Recent study [90]shows the strongest mass upper limit of m0ν

ββ ranges from
0.115 to 0.339 eV depending on different choices of nuclear matrix elements. While the
bound from cosmology [83] is 0.23 eV.

Mechanism of neutrino mass generation:

There are different mass models which try to explain small neutrino masses. Impor-
tant models are Left-Right symmetric models, models with spontaneous B-L violation,
radiative mass models, Grand unified models (SU(5),SO(10)) and supersymmetric mod-
els. One of the most important mechanism of neutrino mass generation is the see-saw
mechanism [85]. The see-saw mechanism is briefly described below–
see-saw mechanism:
The principle of the seesaw mechanism can be understood by looking at the neutrino
mass matrix. One has to assume that besides the usual left handed (LH) neutrinos νL,
there are right handed (RH) neutrinos νR. Therefore one can construct a Dirac mass term
for neutrinos,

LDmass = mDν̄RνL + h.c. =
1

2
(mDν̄RνL +mDν̄cLν

c
R) + h.c. (1.38)

since neutrinos have zero electric charge, in general also Majorana mass terms are possi-
ble,

LLmass =
1

2
mLν̄cLνL + h.c. (1.39)

33



LRmass =
1

2
mRν̄cRνR + h.c. (1.40)

Now one can introduce a mass matrix M, such that

Lmass = LDmass + LLmass + LRmass (1.41)

where

M =

 mL mD

mT
D mR

 (1.42)

in the most general case. In the seesaw scenario the RH neutrino fields νR = NR are
assumed to be fields with a heavy mass, whereas mD is of the electroweak scale. There-
fore mD << mR. Since νL possesses non zero isospin and hypercharge, LH Majorana is
forbidden by the SM, so mL = 0. Hence the mass eigenstates will be

m1 ≈
m2
D

mR

(1.43)

m2 ≈ mR (1.44)

As a consequence, one has a neutrino at a mass scale λN = mR of new physics and a very
light neutrino, the mass of which is suppressed by mD

λN
.

Whether these non-standard effects can explain neutrino experimental data is cer-
tainly worth investigating. On the other hand, these alternatives are new physics beyond
the Standard Model and testing them is theoretically important. Atmospheric neutrinos
cover a wide range of energies, path lengths and matter densities, and will prove to be a
powerful tool to explore new physics.
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1.6 An overview of the thesis

Large number of experiments have been designed to study these unresolved questions,
many are in proposal state, which have potential to resolve these interesting questions.
Motivated by these aspects, the thesis mainly focuses on the simulation study, oscillation
and new physics study at the future neutrino experiment ICAL detector at INO. The the-
sis is organized in the following way:

Chapter 2 describes the ICAL detector. In this chapter, we have described the ICAL
detector geometry, working principle of the active detector elements, which are Resistive
Plate chambers(RPC) and electronic systems of ICAL.

In Chapter 3, we have discussed the simulation of muons at the ICAL detector, which
is very crucial to study neutrino oscillation physics.

In Chapter 4, we have studied the possibility of determining the octant of θ23 at the
ICAL detector in conjunction with long baseline experiments T2K and NOνA, in the light
of the non-zero value of θ13 measured by reactor experiments.

Chapter 5 contains the sensitivity of the ICAL detector to Lorentz and CPT violation.
We have also shown that strong constraints on CPT violating parameters can be achieved.

In chapter 6 , we have shown the effects of non-standard interactions on the oscillation
pattern of atmospheric neutrinos at the ICAL detector.

Chapter 7 is a summary of the thesis and its main conclusion.
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Chapter 2

ICAL@INO

The India-based Neutrino Observatory, (INO) [91] Project is a multi-institutional effort
aimed at building a world-class underground laboratory with a rock cover of approx-
imately 1200 m for non-accelerator based high energy and nuclear physics research in
Southern India. The detector will be located inside a cavern with rock cover in order to
reduce the cosmic muon background. Iron Calorimeter (ICAL) detector is the proposed
detector for INO. The ICAL detector consists of 151 layers of magnetised iron plates inter-
leaved with Resistive Plate Chambers (RPCs) as the active detector element with a total
mass of about 52 ktons. Magnetization of the detector will help to identify neutrino and
anti-neutrino.

The chapter is organised as follows: In section 2.1, we have highlighted the physics
motivation of the ICAL detector. We have briefly described the ICAL detector geometry
in section 2.2. In section 2.3, we have talked about the active detector element RPC. Gas
flow system has been described in section 2.4. Finally, the electronic and readout system
has been briefly mentioned in section 2.5.

2.1 The physics motivation of ICAL@INO

The ICAL detector is contemplated as a detector mainly for atmospheric neutrinos. The
primary detection mechanism is via detection of muons produced in charged current (CC)
neutrino interactions. The major physics goals of the ICAL detector are

1. Precision measurement of the neutrino oscillation parameters (θ23 and |∆m2
31|).
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2. Determination of the sign of ∆m2
31, hence the neutrino mass hierarchy.

3. Measure the deviation of θ23 from maximality and resolving octant degeneracy.

Apart from the oscillation measurement, new physics can also be studied with the
magnetized ICAL detector.

4. Probing CPT violation in the atmospheric neutrino sector.

5. Testing non-standard neutrino matter interaction in atmospheric neutrino propaga-
tion.

6. Probing cosmic rays through very high energy muons underground.

7. Indirect search for dark matter using the large detector volume.
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Figure 2.1: Modular structure of the ICAL detector

2.2 ICAL Detector Geometry

The proposed ICAL detector has a modular structure, it will have three modules. The size
of each module is 16 m× 16 m× 14.45 m. A schematic illustration of the ICAL detector is
shown in Fig 2.1. Each module comprises 151 horizontal layers of 5.6 cm thick iron plates
of size 16 m × 16 m × 5.6 cm with a vertical gap of 4 cm, interleaved with RPCs.

The basic RPC units of size 1.84 m × 1.84 m × 2.5 cm are placed in grid-format within
the air gap, with a 16 cm horizontal gap between them accommodating steel support
structures in both x and y directions. Hence the iron sheets are supported every 2 m in
both the x and y directions. The typical value of the magnetic field strength is around 1.3
Tesla. The detail specification of the ICAL detector is given in Table 2.1.
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Number of Modules 3
Dimension of each Module 16 m× 16 m × 14.5 m
Detector Dimension 48 m× 16 m × 14.5 m
Number of RPC layers 151
Iron plate thickness 5.6 cm
Magnetic field 1.3 Tesla
Dimension of each RPC 1.84 m× 1.84 m × 2.4 cm
RPC units/ layer/ module 64
Total no. of RPC units 28800
No.of electronic readout channels 3.7×106

Table 2.1: Detail specification of the ICAL detector

2.3 The active detector element RPC

The resistive plate chamber is a DC operated gas based detector with good spatial as well
as timing resolution. It is a type of spark chamber with resistive electrodes. Good spatial
and timing resolution makes it well suited for fast tracking calorimetry. It is made of two
parallel electrodes(float glass) of thickness 3 mm with a volume resistivity of 1012Ω-cm.
These glass plates are separated with a spacing of 2 mm by means of highly insulated
spacers. A proper gas mixture at atmospheric pressure is circulated through the gap
and an appropriate electric field is applied across the glass electrodes through a resistive
coating on their outer surfaces. The gas mixture is required for the multiplication of
charge (streamer mode) produced when some ionizing particle passes through the gas
volume. The schematic diagram of a basic RPC is shown in Fig 2.2.

2.3.1 Principle of operation

An ionizing particle passing through the gaseous gap initiates a streamer in the gas vol-
ume which results in a local discharge of the electrodes. Owing to the high resistivity and
quenching characteristics of the glass electrodes, the discharge is limited to a tiny area
of about 0.1 cm2.This discharge induces an electrical signal on the external pick up strips
on both sides of the RPC, which can be used to record the location and time of ioniza-
tion. The schematic diagram is shown in Fig 2.3. The RPCs may be operated either in the
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Figure 2.2: Constructional schematic of a basic Resistive Plate Chamber

avalanche mode or streamer discharge mode. Avalanche mode corresponds to the gener-
ation of a Townsend avalanche followed by the release of primary charge by the ionizing
radiation. It operates at a lower voltage and the gain is less. Typical pulse amplitudes are
of the order of a few mV. In the streamer mode the avalanche generated is followed by a
streamer discharge. The secondary ionization continues until there is a breakdown of the
gas and a continuous discharge takes place. This mode operates at a higher voltage and
also results in high gain. Typical pulse amplitudes are of the order of 100-200 mV. We are
operating the RPCs in avalanche mode.
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Figure 2.3: Schematic images of the development of avalanche in an RPC.Top-left panel
shows ionised gas atoms by the passage of a charged particle, the avalanche size is shown
in top-right panel. Bottom-left panel shows the movement of the electrons and ions to the
electrode and bottom-right panel shows that the charges in the resistive layers influence
the field in a small area around the position where avalanche is developed.

2.4 Gas system

The suitable gases for RPCs were chosen considering the following aspects-low working
voltage, high gain, good proportionality, high rate capability. The gas mixture decides the
working mode of the RPC in avalanche or in streamer mode, resulting in different char-
acteristics and performances. Currently the RPC’s are operated in avalanche mode for
which the main component should be an electronegative gas, with high enough primary
ionization production but with small free path for electron capture. The high electronega-
tive attachment coefficient limits the avalanche electron number. The three gases used are
Argon, Isobutane and R-134a(Freon). R-134a is an eco friendly electronegative gas with
high enough primary ionization production but with small free path for electron capture.
Isobutane has high absorption probabilities for UV photons produced in electron ion re-
combination, so acts as a quenching gas. It limits the charge spread. Argon is added to
control the excess number of electrons. Composition of the gas mixture will be 95.42% of
Freon, 4.21% of Isobutane and 0.37% of Argon.
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2.5 Readout system

The readout of the RPCs will be performed by external orthogonal X and Y pickup strips.
A localized discharge due to the passage of charged particles will induce pulses on the
appropriate strips. The pulses will go to front end ASICs located near the strip ends. Fast
discriminators of the ASICs will provide a fast timing signal. The proposed strips are 3
cm wide. Hence in each module and in single layer of RPC, there will be 64 strips along
the X-direction and 512 strips along the Y direction.

2.5.1 Electronic readout system

The signal readout chain at the front-end essentially consists of fast, high gain, HMC
based pre-amplifiers and low-level, threshold leading-edge discriminators, followed by
the digital front-ends. The incoming detector signals are passed through programmable
threshold comparators for producing digital logic signals. These signals are used for
recording Boolean hit information, for generating trigger primitives as well by time mul-
tiplexing blocks for generating timing signals. Signals from only one coordinate will be
used for generating the trigger. Processing of only one coordinate signals for generat-
ing trigger primitives and using time multiplexing techniques for recording timing infor-
mation will reduce the DAQ channel count and hence the cost. The time multiplexing
scheme combines hit information from a block of strip channels into a single data stream
which can be passed on to multi-hit TDCs at the back end. In this scheme, the front-end
processing will be achieved by a custom ASIC chip whereas the hit recording and time
multiplexing is done by a commercial FPGA device.

The trigger generator is an independent sub-system which uses the same hit signals to
look for required patterns of hits in the detector and initiate data recording if any of the
interesting predefined hit patterns occur inside the detector. For instance, a trigger may
be generated when certain hit patterns such as 2 or 3 hit layers out of 5 consecutive layers
occur. This will ensure the trigger generation of nearly all the relevant atmospheric neu-
trino events. Programmability is the key requirement of this sub-system so that different
physics motivated data recording plans may be supported during the course of experi-
ment. A commercial FPGA device based design is best suited for this purpose. We plan
to use the VME standard for the DAQ system and hosts will be based on Linux PC boxes.
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Chapter 3

Simulation of ICAL for muons

An accurate determination of the muon energy and direction is crucial to achieve the
neutrino oscillation physics goals. Muons (and sometimes also associated hadrons) arise
from the CC interactions of atmospheric νµ and νµ in the detector; both the νµ → νµ and
νe → νµ oscillation channels are sources of νµ (νµ). Hence the muons produced in the
detector are sensitive to the pattern of neutrino flavour oscillations, and in turn can be
used to probe the neutrino oscillation parameters of interest.

In addition, the muon energy and direction information can be combined with that
of the hadrons to directly recover the energy and direction of the neutrinos. While CC
νe interactions produce electrons in the final state, ICAL is not optimised to reconstruct
their energy and direction with high precision due to their rapid energy loss mechanisms
in the dense iron. As νµ and νµ pass through the earth matter, they undergo different in-
teractions depending on the mass hierarchy. Hence, the hierarchy may be determined by
observing individual event rates for νµ and νµ, which give rise to µ− and µ+, respectively,
in CC interactions. Therefore, the ICAL detector must be optimised to correctly identify
the charge of muons.

The chapter is organised as follows: in section 3.1, we briefly explain the procedure to
simulate muon tracks in the detector and the algorithm to reconstruct their momentum
and charge. In section 3.2, we show the response of the ICAL detector to fixed energy and
fixed direction muons.
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3.1 Simulation Framework

The geometry of the proposed ICAL detector has been simulated using the GEANT4 [92]
package. Muons being minimum ionizing particles leave long, clean, tracks in the de-
tector, hence ICAL detector is most sensitive to muons. The muon momentum can be
determined from the curvature of its track as it propagates in the magnetized detector
and also by measuring its path length. The charge of the muon can also be found from
the direction of curvature of the track and this in turn distinguishes νµ and νµ interactions.
A sample track of 10 GeV neutrino is shown in Fig 3.1.

When a charged particle, for example, a muon, passes through an RPC, it gives a signal
which is counted as a “hit” in the detector with assigned x or y values from the respective
pick-up strip information, a z-value from the layer information, and a time stamp t. All
the possible pairs of nearby x and y hits in a plane are combined to form a cluster. A set
of clusters generated in a few successive layers is called a tracklet. The most important
part of the reconstruction are track finding and track fitting.

3.1.1 Track finding

The input to the track finding algorithm are the hits. Typically, muons leave only about
one hit per layer they traverse (∼ 1.6, on average) while hadrons and electrons, due to the
very different nature of their energy loss mechanisms, give showers which leave several
hits per layer. Including the possibility of cross-talk (which gives the possibility of more
than one hit in a plane for muons as well), the separation/rejection of hadronic showers
is done by an algorithm that uses a cut on the total number of hits in a given RPC module.
Track finder first find possible clusters in the three adjacent planes. It uses a simple curve
fitting algorithm to find tracklets from the clusters. Adjacent tracklets are associated into
tracks and the longest possible tracks are found [93] by iteration of this process.

The direction (up/down) of the track is calculated from the timing information which
is averaged over the x and y timing values in a plane. The track finder also separates out
tracks as “shower-like" or “muon-like"; for the case of muon-like tracks which have at
least 5 hits in the event, the clusters in a layer are averaged to yield a single hit per layer
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with x, y and timing information and are sent to the track fitter for further analysis.

3.1.2 Track fitting

A Kalman-filter [94] based algorithm is used to fit the tracks based on the bending of
the tracks in the magnetic field. Every track is identified by a starting vector X0 =

(x, y, dx/dz, dy/dz, q/p), which contains the position of the earliest hit (x, y, z) as recorded
by the finder, with the charge-weighted inverse momentum q/p taken to be zero. The ini-
tial track direction is calculated from the first two layers. This initial state vector is then
extrapolated to the next layer using a standard Kalman-filter based algorithm. In this al-
gorithm a track is represented by a set of parameters, called state vector which contains
the information about the position of the hits, direction of the track and the momentum of
the particle at that position. A state vector is defined as x = (x, y, dx/dz, dy/dz, q/p). The
state covariance matrix, C, a 5 × 5 matrix, contains the expected error in the state vector.
The state vector is updated in every next plane using the information about the current
state vector. The estimated state vector is given by

xk = Fk−1xk−1 + uk−1 ,

where F is the propagator matrix which transports the state vector from (k−1)th plane to
kth plane and u is the process noise which contains information about multiple scattering
and energy loss by the particle. The propagator matrix contains the information about
the magnetic field and it is calculated for every pair of detector planes. Track fitting is
done to get the accurate estimate of the state vector at each plane.

The process of iteration also achieves the best fit to the track. The track is then ex-
trapolated to another half-layer of iron (since the interaction is most likely to have taken
place in the iron) to determine the vertex of the interaction and the best fit value of the
momentum at the vertex is returned as the reconstructed momentum (both in magnitude
and direction). While q/p determines the magnitude of the momentum at the vertex, the
direction is reconstructed using dx/dz and dy/dz, which yield cos θ and φ.
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Figure 3.1: Sample track of a 10 GeV neutrino event generating a 5.1 GeV muon track and
associated hadron shower in the ICAL detector

3.2 Response of ICAL to muons

We propagate 10000 muons uniformly from a vertex randomly located in the central re-
gion of the central module of the detector. We study the number of tracks reconstructed,
the direction reconstruction, including up/down discrimination, momentum and zenith
angle resolution.

3.2.1 Momentum resolution

The momentum resolution, R, is defined (with its error δR) in terms of the RMS width σ
of the histogram of reconstructed momentum, Prec, as,

R ≡ σ/Pin, (3.1)

δR/R = δσ/σ .

Low energy distribution are fitted with a convolution of Landau and Gaussian probability
functions because they have asymmetric tail. Figure of such distribution has been shown
in Fig 3.2.

While the histograms at higher energies show no asymmetric tails, they fit poorly with
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Figure 3.2: Momentum distributions for (Pin, cos θ) = (1 GeV/c, 0.65) fitted with Landau
convoluted Gaussian; this fits better than a pure Gaussian at lower energies, Pin ≤ 2
GeV/c.
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Figure 3.3: Muon resolution as a function of input momentum and cos θ.

Gaussian probability distribution. In the case of Landau-Gauss fits, the width is defined
as σ ≡ FWHM/2.35, where FWHM = Full Width at Half Maximum, in order to make a
consistent and meaningful comparison with the Gaussian fits at higher energies, where
the square root of the variance or the RMS width equals FWHM/2.35.

49



The momentum resolution as a function of input momentum for different values of
cos θ is shown in Fig 3.3 for momenta from 1–20 GeV/c. It can be seen that initially (upto
about 6 GeV/c), the resolution improves with increasing energy. This is because, at such
small momenta, as the momentum increases, the number of RPC layers crossed by the
muons also increases, thus increasing the number of layers and hits; in addition, the mag-
netic field causes appreciable bending so the accuracy of momentum reconstruction also
increases. Thus the resolution improves. As the input momentum increases further, the
particle begins to exit the detector, so that only a partial track is contained in the detec-
tor; this comprises relatively straight sections since the radius of curvature increases with
momentum, resulting in a poorer fit. Due to this the resolution then worsens as the input
energy increases.

3.2.2 Zenith angle resolution

The θ resolution is the width obtained by fitting the reconstructed zenith angle distribu-
tion with Gaussian probability distribution functions (pdf). The events distribution as
a function of the reconstructed θ is shown in Fig 3.4 for a sample input (Pin, cos θin) =

(5 GeV/c, 0.65). It is seen that the distribution is very narrow, less than a degree, indicat-
ing a good angular resolution for muons.

The θ resolution is shown as a function of input momentum for different zenith angles
in Fig 3.5. The resolution quickly improves with input momentum, being better than a de-
gree for all input angles for Pin > 4 GeV/c. Beyond 10 GeV/c, the curves approximately
coincide.

3.2.3 Reconstruction efficiency

The momentum reconstruction efficiency (εrec) is defined as the ratio of the number of
reconstructed events, nrec (irrespective of charge), to the total number of generated events,
Ntotal. We have

εrec =
nrec

Ntotal

, (3.2)

and its error, δεrec =
√
εrec(1− εrec)/Ntotal.
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Figure 3.4: Reconstructed angular distribution for input (Pin, cos θin) = (5 GeV/c, 0.65);
θ = 49.46◦.
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Figure 3.5: Angular resolution in degrees as a function of input momentum.

Fig. 3.6 shows the muon momentum reconstruction efficiency as a function of input mo-
mentum for different cos θ bins. The momentum reconstruction efficiency is somewhat
smaller than the track reconstruction efficiency, especially at smaller angles. It is seen that
the efficiency of momentum reconstruction depends on the energy of the incident parti-
cle, the strength of the magnetic field, the angle of propagation, etc.
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Figure 3.6: Momentum reconstruction efficiency as a function of the input momentum for
different cos θ values.

Momentum values below 4 GeV/c as the input momentum increases, the reconstruction
efficiency increases for all angles, since the number of hits increases as the particle crosses
more number of layers. At larger angles, the reconstruction efficiency for small energies
is smaller compared to vertical angles since the number of hits for reconstructing tracks
is less. But as the input energy increases, since the particle crosses more number of lay-
ers, the efficiency of reconstructing momentum also increases and becomes comparable
with vertical angles. At higher energies the reconstruction efficiency becomes almost con-
stant. The drop in efficiency at high energies for vertical muons is due to the track being
partially contained as well as the requirement of single track being reconstructed.

3.2.4 Relative charge identification efficiency

The charge of the particle is determined from the direction of curvature of the track in the
magnetic field. Relative charge identification efficiency is defined as the ratio of number
of events with correct charge identification, ncid, to the total number of reconstructed
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Figure 3.7: The relative charge identification efficiency as a function of the input momen-
tum for different cos θ values. Note that the y-axis range is 0.87–1 and does not start from
zero.

events, i.e.,

εcid =
ncid

nrec

, (3.3)

with error, δεcid =
√
εcid(1− εcid)/nrec .

The total reconstructed events also includes those which are reconstructed in the wrong
θ quadrant. Fig. 3.7 shows the relative charge identification efficiency as a function of
input momentum for different polar angles cos θ. Here we consider the number of re-
constructed events after applying the additional selection criterion. A marginally worse
charge identification efficiency is obtained for vertical events (cos θ = 0.85) when this
additional criterion is not applied, while results at other angles are virtually the same.

The muon undergoes multiple scattering during propagation in the detector; for small
momentum, since the number of layers with hits is small, this may lead to an incorrectly
reconstructed direction of bending, resulting in the wrong charge identification. Hence
the charge identification efficiency is relatively poor at lower energies, as can be seen from
Fig. 3.7. As the energy increases the length of the track also increases due to which the
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charge identification efficiency also improves. Beyond a few GeV/c, the charge identifi-
cation efficiency becomes roughly constant, about 98–99%. While this is expected to hold
up to Pin ∼ 50 GeV/c or more, the momentum resolution at such high momenta will be
much worse; but this is outside the scope of the present study.
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Chapter 4

Octant sensitivity at ICAL

In Neutrino physics, most interesting unresolved questions are Neutrino mass hierarchy
determination, θ23 Octant degeneracy and measurement of CP violation. The recent mea-
surement of a non-zero value of the mixing angle θ13 by the reactor experiments Double-
Chooz [27], Daya-Bay [25] and RENO [26] heralds a major breakthrough in the advance-
ment of neutrino physics. Non zero value of the θ13 has opened up the possibility of
answering the major questions in neutrino oscillation physics. The large value of sin22θ13

will mostly enhance the possibility of determining the neutrino mass hierarchy. Precision
measurement of θ13 and mass hierarchy will help to determine the true octant of θ23. In
the PMNS matrix δcp occurs with the mixing angle θ13, hence moderate large value of θ13

is expected to be conducive for the measurement of δcp.

The mixing angle sin2 2θ23 is mainly determined by the SuperKamiokande (SK) at-
mospheric neutrino data. However the octant in which this mixing angle lies is not yet
decisively determined by the data. A full three-flavour fit to the SK data gives the best-fit
for NH in the lower octant (LO) and IH in the higher octant (HO) keeping θ13 as a free
parameter in the analysis [95].

The octant degeneracy means impossibility of distinguishing between θ23 and π/2 −
θ23. This is generic and robust for vacuum oscillation probabilities that are functions
of sin2 2θ23, e.g. the two flavour muon survival probability in vacuum [96]. If on the
other hand the leading term in the probability are functions of sin2 θ23 (e.g. Pµe) then the
inherent octant degeneracy is not there but lack of knowledge of other parameters like
θ13 and δCP can give rise to octant degeneracy [97, 98]. These issues may affect the octant
sensitivity of the long baseline experiments T2K and NOνA where the matter effect is not
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very significant and in particular resonant matter effects do not get a chance to develop.
Although conventionally the octant degeneracy refers to the indistinguishability of θ23

and π/2−θ23, in view of the present uncertainty in the measurement of θ23 the scope of this
can be generalized to any value of θ23 in the wrong octant within its allowed range. In this
chapter by octant sensitivity we refer to this "generalized" definition. If in addition the
hierarchy is unknown then there can also be the wrong-octant–wrong-hierarchy solutions
and one needs to marginalize over the wrong hierarchy as well.

Atmospheric neutrinos pass through long distances in matter and they span a wide
range in energy and can encounter resonant matter effects. In this case the octant sensitiv-
ity in Pµµ ensues from the term sin4 θ13 sin2 2θm13 [99]. Pµe in matter contains sin2 θ13 sin2 2θm13.
Since at resonance sin2 2θm13 ≈ 1, the octant degeneracy can be removed.

Atmospheric neutrinos provide fluxes of both neutrinos and antineutrinos as well as
neutrinos of both electron and muon flavour. On one hand it provides the advantage of
observing both electron and muon events. However on the other hand a particular type
of event gets contributions from both disappearance and appearance probabilities. This
can be a problem if the matter effects for these two channels go in opposite directions.
Thus it is necessary to carefully study the various contributions and ascertain what may
be the best possibility to decode the imprint of matter effects in atmospheric neutrino
propagation.

In this chapter we study in detail the possibility of removal of octant degeneracy in
view of the precise measurement of a relatively large value of θ13. We examine the oc-
tant sensitivity in the long baseline experiments T2K and NOνA and in the atmospheric
neutrino experiment ICAL, as well as the combined sensitivity of these experiments. In
particular we address whether degeneracy due to θ13 can still affect octant determination
at the current level of precision of this parameter.

The plan of the chapter is as follows. In Section 4.1, we discuss the octant degeneracy
at the level of oscillation and survival probabilities, for baselines corresponding to both
atmospheric neutrinos and those relevant to NOνA and T2K. Section 4.2 discusses the
simulation of atmospheric neutrinos. In Section 4.3, we discuss the results. First we
discuss the octant sensitivity in ICAL detector. Next we describe the results obtained for
octant sensitivity using NOνA and T2K. Finally we present combined octant sensitivity
of long baseline and ICAL experiment.
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4.1 Octant degeneracy in neutrino oscillation probability

The ambiguity in the determination of the octant of θ23 may appear in the oscillation and
survival probabilities as

(a) the intrinsic octant degeneracy, in which the probability is a function of sin2 2θ23

and hence the measurement cannot distinguish between θ23 and π/2− θ23,

P (θtr23) = P (π/2− θtr23) (4.1)

(b) the degeneracy of the octant with other neutrino parameters, which confuses octant
determination due to the uncertainty in these parameters. In particular, this degeneracy
arises in probabilities that are functions of sin2 θ23 or cos2 θ23. For such cases P (θtr23) 6=
P (π/2− θtr23). However for different values of the parameters θ13 and δCP the probability
functions become identical for values of θ23 in opposite octants for different values of
these parameters, i.e.

P (θtr23, θ13, δCP ) = P (π/2− θtr23, θ
′
13, δ

′
CP ), (4.2)

where θtr23 denotes the true value of the mixing angle and the primed and unprimed values
of θ13 and δCP lie within the current allowed ranges of these parameters.

In the case of δCP , this covers the entire range from 0 to 2π, while for θ13 the current
3σ range is given by sin2 2θ13 = 0.07 − 0.13 . From the above equation it is evident that
even if θ13 is determined very precisely, this degeneracy can still remain due to complete
uncertainty in the CP phase. In fact, the scope of this degeneracy can be enlarged to define
this as

P (θtr23, θ13, δCP ) = P (θwrong23 , θ′13, δ
′
CP ) (4.3)

where θwrong23 denote values of the mixing angle in the opposite octant.

The features of the octant degeneracy and the potential for its resolution in differ-
ent neutrino energy and baseline ranges can be understood from the expressions for the
oscillation and survival probabilities relevant to specific ranges. We discuss below the
probability expressions in the context of the fixed baseline experiments NOνA/T2K and
for atmospheric neutrino experiment.
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4.1.1 Ambiguity in Pµe and Pµµ

For NOνA/T2K, the baselines are 812 and 295 Km respectively and the peak energies
of the beams are in the range 0.5-2 GeV. For these values of baselines, the earth matter
density is in the range 2.3 − 2.5 g/cc, and the corresponding matter resonance energies
are above 10 GeV. Hence the neutrino energies of both experiments lie well below matter
resonance, and the oscillation probabilities will only display small sub-leading matter
effects. The expressions of the relevant probabilities Pµµ and Pµe in using one-mass scale
dominant (OMSD) approximation are given in equations 1.18 and 1.19 respectively ,

The probability expressions have sub-leading corrections corresponding to small mat-
ter effect terms and the solar mass-squared difference [16–20]. We observe the following
salient features from these expressions:

(a) The disappearance channel Pµµ has in its leading order a dependence on sin2 2θ23,
and hence is dominated by the intrinsic octant degeneracy. There is a small θ13-dependent
correction in the measurement of θ23 which gives a minor (∼ 1%) resolution of the degen-
eracy if θ13 is known precisely.

(b) The appearance channel Pµe has the combination of parameters sin2 θ23 sin2 2θ13,
and hence does not suffer from the intrinsic octant degeneracy. However, the degeneracy
of the octant with the parameter θ13 comes into play, since the above combination may be
invariant for opposite octants for different values of θ13, and hence this degeneracy can-
not get lifted with a measurement from such experiments alone [100]. This channel can
be also affected by the large uncertainty in δCP when sub-leading corrections are included.

For atmospheric neutrinos, the relevant baselines and energies are in the range 1000
- 12500 Km and 1 - 10 GeV respectively. A large region in this L and E space exhibits
strong resonant earth matter effects, since the earth densities in this baseline range (3 - 8
g/cc) correspond to resonance energies Eres = 4− 9 GeV. Hence the relevant probability
expressions Pm

µe, Pm
ee and Pm

µµ can be written, in the OMSD approximation and with full
matter effects, as [17, 101]

Pm
µe = sin2 θ23 sin2 2θm

13 sin2

[
1.27 (∆m2

31)m L

E

]
(4.4)
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Pm
µµ = 1− cos2 θm

13 sin2 2θ23 sin2

[
1.27

(
∆m2

31 + A + (∆m2
31)m

2

)
L

E

]
− sin2 θm

13 sin2 2θ23 sin2

[
1.27

(
∆m2

31 + A− (∆m2
31)m

2

)
L

E

]
− sin4 θ23 sin2 2θm

13 sin2

[
1.27 (∆m2

31)m L

E

]
(4.5)

Pm
ee = 1− sin2 2θm

13 sin2

[
1.27 (∆m2

31)m L

E

]
(4.6)

The following features can be observed from the probability expressions:

(a) The oscillation probability in matter Pm
µe is still guided to leading order by a depen-

dence on sin2 θ23. But strong resonant earth matter effects help in resolving the degeneracy
since the mixing angle θ13 in matter gets amplified to maximal values (close to 45o) near
resonance. The combination sin2 θ23 sin2 2θm

13 no longer remains invariant over opposite
octants, since sin2 2θm

13 becomes close to 1 in both octants irrespective of the vacuum value
of θ13. This breaks the degeneracy of the octant with θ13.

(b) The muon survival probability in matter Pm
µµ has leading terms proportional to

sin2 2θ23, as in the vacuum case, which could give rise to the intrinsic octant degeneracy.
But the strong octant-sensitive behaviour of the term sin4 θ23 sin2 2θm

13 near resonance can
override the degeneracy present in the sin2 2θ23-dependent terms.

(c) The electron survival probability Pm
ee is independent of θ23 and hence does not con-

tribute to the octant sensitivity.

In the following discussion, we address the octant degeneracy due to θ23 in the wrong
octant, θ13 and unknown values of δCP , at a probability level. The probability figures are
drawn by solving the full three flavour propagation equation of the neutrinos in matter
using PREM density profile [22]. In all these figures the left panels are for the NOνA peak
energy and baseline (2 GeV, 812 Km), while the right panels are for a typical atmospheric
neutrino energy and baseline (6 GeV, 5000 Km). The top row denotes the appearance
channel Pµe, while the bottom row denotes the disappearance channel Pµµ.
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Figure 4.1: Behaviour of the muon survival and oscillation probabilities as a function of sin2 2θ13

showing the θ23 octant degeneracy and its breaking. The left panels are for the NOνA peak energy
and baseline (2 GeV, 812 Km), while the right panels are for a typical atmospheric neutrino energy
and baseline (6 GeV, 5000 Km). The top row denotes the appearance channels Pµe and Peµ, while
the bottom row denotes the disappearance channel Pµµ. The values of oscillation parameters
chosen are θtr23 = 39o, θwrong23 = 51o. The bands denote a variation over the full range of the phase
δCP . The inset shows the region of separation of the bands near sin2 2θ13 = 0.1.
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Figure 4.2: Same as Figure 4.1 with a fixed true and test δCP = 0 and true θtr23 = 39o, with the
band denoting a variation over the full allowed range of θwrong23 = 45o to 54o in the wrong octant.

Fig 4.1 depicts the probabilities Pµe and Pµµ as a function of sin2 2θ13 for θtr23 = 39o

and θwrong23 = 51o. The bands show the probability range in each case when δCP is varied
over its full range (0 to 2π). For a given fixed value of sin2 2θ13, the distinction between
θ23 in the two octants can be gauged from the separation of the two bands along the
relevant vertical line. The left panels show that for Pµe , the δCP bands overlap and the
two hierarchies cannot be distinguished till nearly sin2 2θ13 = 0.1. The inset in the upper
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left panel shows the region of separation of the bands near sin2 2θ13 = 0.1 in detail. Hence
the knowledge of the parameter θ13 upto its current level of precision becomes crucial,
since a θ13 range including lower values would wash out the octant sensitivity derivable
from such experiments due to the combined degeneracy with θ13 and δCP . For Pµµ , the
intrinsic degeneracy predominates and the effect of δCP variation is insignificant.

For the 5000 km baseline, due to the resonant matter effects breaking the octant de-
generacy at the leading order, both Pµe and Pµµ show a wider separation between the
opposite-octant bands, even for small values of θ13. This is due to the sin2 θ23 sin2 2θm

13

(sin4 θ23 sin2 2θm
13) term in Pµe (Pµµ ). The δCP bands in the right-hand panels are much

wider because of the enhancement of the subleading terms due to matter effects. How-
ever, the enhancement is more for the leading order term which alleviates the degeneracy
with δCP .

Fig 4.2 shows the probabilities Pµe and Pµµ as a function of sin2 2θ13. We have held
fixed, true and test δCP = 0 and true θtr23 = 39o, with the band denoting a variation over
the full allowed range of θwrong23 = 45o to 54o in the wrong octant. Thus this figure reveals
the effect of the uncertainty in the measurement of θ23 in the determination of octant, for
a given value of sin2 2θ13. For the NOνA baseline, the survival probability Pµµ shows an
overlap of the test θ23 band with the true curve, while in the probability Pµe there is a small
separation. Fig 4.1 and 4.2 thus indicate that for the NOνA baseline, the octant sensitivity
from Pµe is more affected by the uncertainty in δCP and less by the test θ23 variation, while
for Pµµ the opposite is true.

The plots for the atmospheric neutrino baseline show a clear breaking of the octant
degeneracy in both Pµe and Pµµ even for small values of θ13, indicating that the octant
sensitivity from the atmospheric neutrino signal is stable against the variation of both
δCP and the test value of θ23, even for small values of θ13.

We will now discuss the effect of precision measurement of θ13 on the determination
of octant degeneracy. In Fig 4.3, the energy spectra of the probabilities Pµe and Pµµ are
plotted. The figure shows the variation in the probabilities in each case when sin2 2θ13 is
varied over three values sin2 2θ13 = 0.07, 0.1 and 0.13 covering the current allowed range,
and for two illustrative values of θ23 39o and 51o in opposite octants. The value of δCP is
fixed to be 0. The figure indicates that the separation of the Lower Octant(LO) and Higher
Octant(HO) curves and hence the octant sensitivity depends on the value of sin2 2θ13 in
opposite ways depending on whether the true θ23 value lies in the higher or lower octant.

In Pµe , for θtr23 = 39o, lower values of true sin2 θ13 can give a higher octant sensitivity
since they are more separated from the band of variation of the probability over the whole
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Figure 4.3: Energy spectra of the probabilities Pµe and Pµµ for the NOνA baseline (left panels)
and for a sample atmospheric neutrino baseline 5000 Km (right panels). The figure shows the
variation in the probabilities in each case when sin2 2θ13 is varied over three values in the current
allowed range, fixing the true and test θ23 values θtr23 = 39o and θwrong23 = 51o. δCP is fixed to 0.

range of test sin2 2θ13, and as true sin2 2θ13 increases the degeneracy with the wrong θ23

band becomes more prominent. For θtr23 = 51o, the opposite is true, i.e. higher values of
sin2 2θtr13 have a better separation with the wrong θ23 band. For example, for the NOνA
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Figure 4.4: Energy spectra of the probabilities Pµe and Pµµ for the NOνA baseline (left panels)
and for a sample atmospheric neutrino baseline 5000 Km (right panels). The figure shows the
variation in the probabilities in each case when θwrong23 is varied over the entire allowed range in
the wrong octant, as well as varying the test δCP , fixing the true values θtr23 = 39o and δtrCP = 0 in
the solid curve. The spread due to variation of both test parameters is denoted by the blue band.
The black band shows the variation with test δCP for a fixed θwrong23 = 51o.

baseline, if θtr23 = 39o, the Pµe curve for sin2 2θtr13 = 0.07 is well-separated from the band
for θwrong23 = 51, while the curve for sin2 2θtr13 = 0.1 is seen to be just separated from it,
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and the sin2 2θtr13 = 0.13 curve lies entirely within the band of test sin2 2θ13 variation with
the wrong octant. But if θtr23 = 51o, the sin2 2θtr13 = 0.07 curve suffers from the degeneracy
while the curves for sin2 2θtr13 = 0.1 and upwards lie clearly outside the θwrong23 band. For
Pµµ , the effect of θ13 on the separation between the opposite octant bands is less, since the
behaviour is governed by the intrinsic octant degeneracy.

For the 5000 km baseline, due to strong matter effects, the separation of the true and
wrong θ23 bands is much better, and only the highest (lowest) values of sin2 2θtr13 suffer
from a degeneracy with the wrong octant for Pµe if the true octant is lower (higher), for
Pµµ , the behaviour is reversed.

Fig 4.4 again depicts the energy spectra of the probabilities Pµe and Pµµ . This figure
shows the variation in the probabilities in each case when θwrong23 is varied over the entire
allowed range in the wrong octant, as well as varying the test δCP , fixing θtr23 = 39o and
δtrCP = 0. The solid black band denotes the variation with test δCP for a fixed θwrong23 = 51o.

For the NOνA baseline, the test probability bands show an almost complete overlap
with the θtr23 = 39o, δtrCP = 0 curve. However, the octant sensitivity may still be retained
due to spectral information. So there always exist specific energy regions and bins from
which the octant sensitivity can be derived.

At 5000 km, the minimum separation between octants does not occur at or near
θwrong23 = 90o − θtr23 = 51o as can be seen from the solid black shaded region. The edge
of the striped blue band corresponding to some other value of θ23 is closest to the ‘true’
curve and well-separated from it. This shows that there is octant sensitivity for this base-
line even after including the uncertainty in δCP and θ23.

4.2 Simulation of atmospheric neutrinos at ICAL

Simulation of atmospheric neutrinos can be categorised in two different steps:1) Atmo-
spheric neutrino event generation 2) Statistical procedure.

4.2.1 Atmospheric neutrino event generation

The neutrino and anti-neutrino CC events are obtained by folding the incident neutrino
fluxes with the appropriate probabilities, relevant CC cross sections, the detector effi-
ciency, resolution, mass and the exposure time. We have taken HONDA et.al. fluxes [102]
for the analysis.
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The µ− event rate in a specific energy bin of width dE and the angle bin of width dΩ

can be written as :

d2Nµ

dΩ dE
=

1

2π

[(
d2Φµ

d cos θ dE

)
Pµµ +

(
d2Φe

d cos θ dE

)
Peµ

]
σCC Deff (4.7)

Here Φµ,e are the atmospheric fluxes (νµ and νe), σCC is the total CC cross section and Deff

is the detector efficiency. Similarly µ+ event rate can be obtained from anti-neutrino.

We have considered the smearing in both energy and angle, assuming a Gaussian form
of resolution function, R. The energy resolution function, we use,

REN(Et,Em) =
1√
2πσ

exp

[
− (Em − Et)

2

2σ2

]
(4.8)

Em and Et denote the measured and true values of energy respectively. The smearing
width σ is a function of Et. The function of σ used as, σ = 0.1

√
Et. We have used opti-

mistic resolution, while muon resolution of the ICAL detector is approximately σ = 0.1Et.

Angular smearing function is given by,

Rθ(θt, θm) = N exp

[
− (θt − θm)2 + sin2 θt (φt − φm)2

2 (∆θ)2

]
(4.9)

where N is a normalisation constant. θt and θm denote the true and measured values
of angle respectively and ∆θ is the smearing width. The value of ∆θ = 10o. We have
integrated the φ from 0 to 2π.

Now, the νµ event rate with the smearing factors taken into account is given by,

d2Nµ

dΩm dEm

=
1

2π

∫ ∫
dEt dΩt REN(Et,Em) Rθ(Ωt,Ωm)

[
Φd
µ Pµµ + Φd

e Peµ

]
σCC Deff (4.10)

where we have denoted (d2Φ/d cos θ dE)µ,e ≡ Φd
µ,e and Deff is the detector efficiency.

4.2.2 Statistical procedure

The difference between the events with two different sets of parameters has been calcu-
lated in terms of χ2 . The χ2 for a fixed set of parameters is done using the method of pulls,
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which allows us to take into account the various statistical and systematic uncertainties.
The flux, cross-sections and other systematic uncertainties are taken into account in the
computation of Nth

ij . Let the kth input deviate from its standard value by σk ξk, where σk

is its uncertainty. Then the value of Nth
ij with the changed inputs is given by,

Nth
ij = Nth

ij (std) +

npull∑
k=1

ck
ij ξk (4.11)

where Nth
ij (std) is the theoretical rate for i-jth bin, calculated with the standard values of

the inputs and npull is the number of sources of uncertainty, which in our case is 5. The
values of the systematic uncertainties are shown in Table 4.1

Uncertainties Values

Flux Normalization 20%

Tilt Factor 5%

Zenith angle dependence 5%

Overall cross section 10%

Overall systematic 5%

Table 4.1: Systematic uncertainties used in the χ2 analysis

The ξk’s are called the pull variables and they determine the number of σ’s by which
the kth input deviates from its standard value. In eqn 4.11, ck

ij is the change in Nth
ij when the

kth input is changed by σk . The uncertainties in the inputs are not very large. Therefore,
in eqn 4.11 we only considered the changes in Nth

ij which are linear in ξk. Thus we have a
modified χ2 defined by

χ2(ξk) =
∑

i,j

[
Nth

ij (std) +
∑npull

k=1 ck
ij ξk − Nex

ij

]2

Nex
ij

+

npull∑
k=1

ξ2
k (4.12)

where the additional term ξ2
k is the penalty imposed for moving kth input away from

its standard value by σk ξk. The χ2 with pulls, which includes the effects of all theoretical
and systematic uncertainties, is obtained by minimizing χ2(ξk), given in eqn 4.12, with
respect to all the pulls ξk:

χ2
pull = Minξk

[
χ2(ξk)

]
(4.13)
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4.3 Results
In this section we present the results of our analysis for T2K, NOνA and ICAL experiment.
We also give results for octant sensitivity when the results from both type of experiments
are combined. In Refs. [103, 104], it has been shown that the atmospheric parameters
∆m2

atm and θµµ measured in MINOS are related to the oscillation parameters in nature,
∆m2

31 and θ23 using the following non-trivial transformations:

sin θ23 =
sin θµµ
cos θ13

, (4.14)

∆m2
31 = ∆m2

atm + (cos2 θ12 − cos δ sin θ13 sin 2θ12 tan θ23)∆m2
21 . (4.15)

These transformations become significant in light of the moderately large measured value
of θ13. Therefore, in order to avoid getting an erroneous estimate of octant sensitivity, we
take these ‘corrected’ definitions into account.

The true value of the oscillation parameters used for this analysis are:

(∆m2
21)tr = 7.6× 10−5 eV2

(sin2 θ12)tr = 0.31

(sin2 2θ13)tr = 0.1 (4.16)

(∆m2
atm)tr = 2.4× 10−3 eV2 ,

and specific values of θtrµµ and δtrCP . In the theoretical predictions which are fitted to the
simulated experimental data, the ‘test’ parameters are marginalized over the following
ranges:

δCP ∈ [0, 2π)

θµµ ∈


(35o, 45o) (true higher octant)

(45o, 55o) (true lower octant)

sin2 2θ13 ∈ (0.07, 0.13) .

(4.17)
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∆m2
21 and sin2 θ12 are fixed to their true values since their effect is negligible. Also, af-

ter verifying that the effect of a marginalization over ∆m2
31 is minimal, we have fixed

∆m2
atm to its true value for computational convenience. In our calculation, the hierarchy

is assumed to be known in all the atmospheric neutrino experiments, since the time-scale
involved would ensure that the hierarchy is determined before any significant octant sen-
sitivity is achievable.

Priors are taken in terms of the measured quantities sin2 2θ13 and sin2 2θµµ as follows:

χ2
prior =

(
sin2 2θtrue

µµ − sin2 2θµµ

σ(sin2 2θµµ)

)2

+

(
sin2 2θtrue

13 − sin2 2θ13

σ(sin2 2θ13)

)2

(4.18)

with the 1σ error ranges as σsin2 2θµµ = 5% and σsin2 2θ13 = 0.01 unless otherwise stated. The
latter is the error on θ13 quoted recently by Double Chooz, Daya Bay and RENO.

4.3.1 Octant sensitivity at ICAL

In this analysis for ICAL detector we have considered 500 kt-yr fiducial volume. The
magnetized detector will be able to identify the charge of the muon events. We have
done the analysis when simulation results of muon energy and angle resolution have not
been done. We have used the following neutrino energy and angular resolution for ICAL
σEν = 0.1

√
Eν , σθν = 10o.

The χ2 is defined as,
(χ2

tot)
prior = min(χ2

Atm + χ2
prior) , (4.19)

where,
where χ2

Atm = χ2
µ + χ2

µ̄ (4.20)

For the atmospheric analysis, the flux and detector systematic uncertainties are included
using the method of χ2 pulls as outlined in [101, 105–107].

Magnetization of the ICAL detector gives an excellent sensitivity to hierarchy, hence
it is plausible to assume that hierarchy would be determined before octant in these de-
tectors. Thus in our analysis of atmospheric neutrinos, we assume the neutrino mass hi-
erarchy fixed to be either normal or inverted, and do not marginalize over the hierarchy.
This is tantamount to the assumption that the wrong-octant-wrong hierarchy solutions
are excluded.
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In Fig 4.5, we present the octant sensitivity of the ICAL detector with an exposure of
500 kt-yr. The second column of Table 4.2 displays the χ2 values for different values of
θ23 in the LO. The χ2 in this case is symmetric about π/4, and therefore the values in the
higher octant are similar. Assuming an inverted hierarchy gives worse results because in
this case, matter resonance and hence octant sensitivity occurs in the antineutrino com-
ponent of the event spectrum, for which the flux and detection cross-sections are lower.
A 2σ sensitivity is obtained at θ23 = 39o if NH is the true hierarchy.
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Figure 4.5: Marginalized octant sensitivity from muon events with the ICAL detector (500 kt yr
exposure), for the case of normal and inverted mass hierarchy. In this figure priors have been
added.

4.3.2 Octant sensitivity at NOνA and T2K

We simulate the current generation of long baseline experiments NOνA and T2K, using
the GLoBES package [108,109] and its associated data files [110,111]. For T2K, we assume
a 3 year run with neutrinos alone, running with beam power of 0.77 MW throughout. (We
choose this low running time for T2K to compensate for the fact that their beam power
will be increased to its proposed value over a period of a few years [112].) The energy
resolutions and backgrounds are taken from Refs. [113–117]. The detector mass is taken
to be 22.5 kt. For NOνA, we consider the set-up as described in Refs. [118, 119], which is
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Figure 4.6: Marginalized octant sensitivity from a combination of NOνA and T2K, for the case of
normal and inverted mass hierarchy. The test hierarchy has been fixed to be the same as the true
hierarchy in this case. In this figure priors have been added.

re-optimized for the moderately large measured value of θ13. The 14 kt detector receives
a neutrino and antineutrino beam for 3 years each, from the NuMI beam.

Fig 4.6 shows the octant sensitivity from a combination of NOνA and T2K marginal-
ized over the test parameters and with added priors. The χ2 is defined as

(χ2
tot)

prior = min(χ2
NOvA + χ2

T2K + χ2
prior) (4.21)

Here (and elsewhere), ‘min’ denotes a marginalization over the test parameters as out-
lined above. In Fig 4.6, the neutrino mass hierarchy is assumed to be known in each case.
These plots are done for four specific true values of the CP phase, δCP = 0, π/2, π and
-π/2.

4.3.3 Combined octant sensitivity

Fig 4.7 shows the combined octant sensitivity using the atmospheric muon neutrino sig-
nal in a magnetized iron detector with NOνA and T2K. In Table 4.2 we list the marginal-
ized octant sensitivity with priors for a magnetized iron detector (500 kt yr exposure), and
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Figure 4.7: Marginalized octant sensitivity from a combination of the atmospheric muon neutrino
signal at the ICAL detector (500 kt yr) + NOνA + T2K, for the case of normal and inverted mass
hierarchy. In this figure priors have been added.

θtr23 ICAL(500 kt-yr) ICAL(500 kt-yr) +NOνA+T2K

36 8.5 (3.9) 21.1 (19.9)

37 6.8 (3.2) 17.0 (16.3)

38 5.3 (2.5) 13.2 (12.9)

39 3.9 (1.9) 9.1 (9.8)

40 2.7 (1.3) 7.1 (7.1)

41 1.5 (0.9) 4.9 (4.8)

42 0.6 (0.5) 3.2 (2.6)

43 0.2 (0.2) 1.4 (1.0)

44 0.1 (0.1) 0.2 (0.2)

Table 4.2: Marginalized octant sensitivity with ICAL detector (500 kt yr exposure), and a combi-
nation of either of them with NOνA + T2K, for the case of normal (inverted) mass hierarchy, with
sin2 2θtr13 = 0.1 and δCP

tr = 0. Priors have been included in this table.

a combination of each of them with NOνA + T2K, for the case of both NH and IH. All of
the above results are for δCP

tr = 0. For a magnetized iron detector, the combination with
NOνA + T2K gives a 3σ sensitivity at θ23 = 39o for NH.

In conclusion, we find that the improved precision of θ13 and the different dependence
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on θ23 in the disappearance and appearance channels probabilities leads to an enhanced
octant sensitivity. The ICAL detector can give a 2σ octant sensitivity for 500 kt yr exposure
for θ23 = 39o, δCP = 0 and normal hierarchy, this increases to 3σ for both hierarchies by
combining with T2K and NOνA.
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Chapter 5

Probing Lorentz and CPT Violation at

ICAL

Invariance under the product of charge conjugation (C), parity (P) and time reversal (T),
i .e the CPT theorem [120–122], is a linchpin of present-day quantum field theories under-
lying particle physics. It is noteworthy that this invariance under the product of purely
discrete symmetries is actually a consequence of the invariance of the Lagrangian (L)
under a connected continuous group, namely, proper Lorentz transformations. Addi-
tionally, it follows from the requirement that L be hermitian and the interactions in the
underlying field theory be local, with the fields obeying the commutation relations dic-
tated by the spin-statistics theorem.

Theories attempting to unify gravity and quantum mechanics may, however, break
such seemingly solid pillars of low energy effective field theories (like the Standard Model
(SM)) via new physics associated with the Planck scale. For a general mechanism for the
breaking of Lorentz symmetry in string theories, see, for instance, [123]. Other scenar-
ios for such breaking have been discussed in [124] and [125]. Also, as shown in [32],
a violation of CPT always breaks Lorentz invariance, while the converse is not true. A
framework for incorporating CPT and Lorentz violation into a general relativistically ex-
tended version of the SM has been formulated in [34, 126]. It is termed as the Standard
Model Extension (SME), and our discussion in this paper will utilize the effective CPT
violating (CPTV) terms that it introduces. Such terms, given the impressive agreement of
the (CPT and Lorentz invariant) SM with all present day experiments, must of necessity
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be small.

A characteristic attribute of neutrino oscillations is the amplification, via interference,
of the effects of certain small parameters (e.g . neutrino masses) in the underlying SM
Lagrangian. As discussed in [35] and [127], the CPT violation manifest in an effective
SME Hamiltonian can also be rendered measurable in neutrino oscillation experiments.
Its non-observation, on the other hand, can be used to set impressive limits on CPT and
Lorentz violation. This has been done, to cite a few recent examples, by IceCube [128],
Double Chooz [129, 130], LSND [131], MiniBooNE [132], MINOS [133, 134] and Super
Kamiokande [135].

In what follows, in Section 5.1, we review the perturbative phenomenological ap-
proach that allows us to introduce the effects of CPT violation in the neutrino oscillation
probability, based on the SME. We examine effects at the probability level, in order to get
a better understanding of the physics that drives the bounds we obtain using our event
rate calculations. In section 5.2, we describe our method of analysis, and in section 5.3,
we discuss our results in the form the bounds on CPT violating terms.

5.1 CPTV effects at the probability level

5.1.1 Formalism

The effective Lagrangian for a single fermion field, with Lorentz violation [33] induced
by new physics at higher energies can be written as

L = iψ̄∂µγ
µψ −mψ̄ψ − Aµψ̄γµψ −Bµψ̄γ5γ

µψ , (5.1)

whereAµ andBµ are real numbers, henceAµ andBµ necessarily induce Lorentz violation,
being invariant under boosts and rotations, for instance. Such violation under the group
of proper Lorentz transformations then leads to CPT violation [32]. CPT violation may
also occur if particle and anti-particle masses are different. Such violation, however, also
breaks the locality assumption of quantum field theories [32]. We do not consider this
mode of CPT breaking in our work.
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The effective contribution to the neutrino Lagrangian can then be parametrized [43] as

LCPTVν = ν̄αL b
αβ
µ γµ νβL (5.2)

where bαβµ are four Hermitian 3×3 matrices corresponding to the four Dirac indices µ and
α, β are flavour indices.In the literature the CPT and Lorentz violating term bαβµ is also
frequently denoted as (a)αβµ which combines the vector and axial couplings in equation
5.1. See, for example, [127]. Therefore the effective Hamiltonian in the vacuum for ultra-
relativistic neutrinos with definite momentum p is

H ≡ MM †

2p
+ b0 (5.3)

where M is the neutrino mass matrix in the CPT conserving limit. As mentioned above,
the bµ parametrize the extent of CPT violation.

In going to equation 5.3 from equation 5.2 above, we have made an implicit transition
to a preferred frame in which the cosmic microwave background is isotropic. We note
that this will result in small anisotropic correction terms in the laboratory frame.
We can also obtain the same effective Hamiltonian using modified dispersion relation.
We generally write the Lorentz Invariance(LI) dispersion relation as E2 = m2 + p2. But
to violate LI, we use the modified dispersion relation E2 = F(p,m). We note that our
world is almost LI, and at rest with respect to the CMB, hence any modified dispersion
relation must reduce to the LI dispersion at lower energies. The dispersion relation using
rotational invariance in CMB frame can be written as [136]

E2 = m2 + p2 + Eplf
(1|p|+ f (2)p2 + ... (5.4)

where fn,s are dimensionless and Epl is the Planck energy at which the LI is expected to
be broken in quantum gravity.

Thus the effective Hamiltonian in the vacuum for ultra-relativistic neutrinos with def-
inite momentum p is

H ≡ MM †

2p
+ b (5.5)

where b = Eplf
(1)

2
is the leading term which contributes to the CPT violation.
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In many experimental situations, the neutrino passes through appreciable amounts
of matter, including this effect, the Hamiltonian with CPT violation in the flavour basis
becomes

Hf =
1

2E
.U0.D(0,∆m2

21,∆m
2
31).U †0 + Ub.Db(0, δb21, δb31).U †b +Dm(Ve, 0, 0) (5.6)

where U0 & Ub are unitary matrices and Ve =
√

2GFNe, where GF is the fermi coupling
constant and Ne is the electron number density. Value of Ve = 0.76 × 10−4 × Ye [ ρ

g/cc
] eV,

where Ye is the fraction of electron, which is ≈ 0.5 for earth matter and ρ is matter density
inside earth. D, Dm and Db are diagonal matrices with their elements as listed. Here
δbi1 ≡ bi − b1 for i = 2, 3, where b1, b2 and b3 are the eigenvalues of b.

As is well-known, in standard neutrino oscillations, U0 is parametrized by three mix-
ing angles (θ12, θ23, θ13) and one phase δCP . In general for an N dimensional unitary ma-
trix, there are N independent rotation angles (i.e. real numbers) and N(N + 1)/2 imag-
inary quantities (phases) which define it. For Dirac fields, (2N − 1) of these may be ab-
sorbed into the representative spinor, while for Majorana fields this can be done for N
phases. In the latter case, the N − 1 additional phases in U0 become irrelevant when the
product MM † is taken.

It is clear that the results will depend on the mixing angles and phases in the CPT
violation sector. In general Ub has 3 mixing angles and 3 phases, but for simplicity and
to understand the effect of the mixing angle in the CPT sector, we have assumed phases
of Ub to be zero. In what follows, we examine the effects of three different representative
sets of mixing angles, 1) small mixing (θb12 = 6 ◦, θb23 = 9 ◦, θb13 = 3 ◦), 2) large mixing
(θb12 = 38 ◦, θb23 = 45 ◦, θb13 = 30 ◦) and the third set 3) uses the same values as the mixing
in neutrino PMNS, (θb12 = θ12, θb23 = θ23, θb13 = θ13). We use the recent best fit neutrino
oscillation parameters in our calculation as mentioned in Table 5.1.

Before going into the detailed numerical calculations, we can roughly estimate the
bound on CPTV term. As an example, let us assume case 3) i .e when Ub = U0, then δb can
effectively be added to ∆m2

2E
. If we take 10 GeV for a typical neutrino energy, the value of

∆m2

2E
will be about 10−22 GeV. Assuming the CPT violating term to be of the same order,

and assuming that neutrino mass splitting can be measured at ICAL to 10% accuracy, we
expect sensitivity to δb values of approximately around 10−23 GeV.

From case 3 above, we note further that in its probability expressions, δb21 will always
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appear with the smaller (by a factor of 30) mass squared difference ∆m2
21. Thus we expect

its effects on oscillations will be sub-dominant in general, limiting the capability of atmo-
spheric neutrinos to constrain it, and in our work we have not been able to put useful
constraints on δb21.Although, for completeness, in our analysis δb21 is marginalized over
the range 0 to 5 × 10−23 GeV. Thus, our effort has been to find a method which will give
the most stringent bounds on CPT violation as parametrized by δb31. For simplicity, all
phases are set to zero, hence the distinction between Dirac and Majorana neutrinos with
regard to the number of non-trivial phases does not play a role in what follows. We note
here that phases are contained in the imaginary part of the CPT violating matrix in the
flavour basis, and hence setting then to zero allows an emphasis on CPT as opposed to
the pure CP effects. Moreover, in the approximation where the effects of δb21 are much
smaller than those of δb31, the impact of at least some of the non-trivial phases anyway
will be negligible. We also study the effect and impact of hierarchy in putting constraints
on CPT violating terms.

5.1.2 Effect at the level of probability

Prior to discussing the results of our numerical simulations, it is useful to examine these
effects at the level of probabilities. We note that the matter target in our case is CP asym-
metric, which will automatically lead to effects similar to those induced by Ub. In order
to separate effects arises due to dynamical CPT violation from those originating due to
the CP asymmetry of the earth, it helps to consider the difference in the disappearance
probabilities with Ub effects turned on and off, respectively. We use the difference in
probabilities

∆P = PUb 6=0
νµνµ − P

Ub=0
νµνµ . (5.7)

We do this separately for νµ and ν̄µ events with NH and IH assumed as the true hier-
archy. The results are shown in the Fig 5.1 and 5.2. We note that at the event level, the
total muon events receive contributions from both the Pνµνµ disappearance and Pνeνµ ap-
pearance channels, and the same is true for anti-neutrinos. In our final numerical results,
we have taken both these contributions into account.

Several general features are apparent in Fig 5.1-5.2. First, effects are uniformly small
at shorter baselines irrespective of the value of the energy. From the 2 flavour analysis,
e.g . [46] we recall that the survival probability difference in vacuum is proportional to
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sin( δm
2L

2E
) sin(δbL). The qualitative feature that CPT effects are larger at long baselines

continues to be manifest even when one incorporates three flavour mixing and the pres-
ence of matter, and this is brought out in all the figures.

Secondly, as is well-known, matter effects are large and resonant for neutrinos and NH,
and for anti-neutrinos with IH. Thus in both these cases, they mask the (smaller) effect
of CPT stemming from Ub. Hence for neutrino events, CPT sensitivity is significantly
higher if the hierarchy is inverted as opposed to normal, and the converse is true for
anti-neutrino events.

Finally, effects are largest for cases 3) and 2), and smaller for case 1). The effect is
smaller for case 1) is due to the fact that mixing is very small compared to other two. The
origin of the difference for the case 2) and 3) is likely due to the fact that CPT violating
effects are smaller when θb13 is large, as shown in Fig 5.3.

We carry through this mode of looking at the difference between the case when Ub is
non-zero and zero respectively to the event and χ2 levels in our calculations below. To use
the lepton charge identification capability of a magnetized iron calorimeter optimally, we
calculate χ2 from µ− and µ+ events separately. Following this procedure, the contribution
arising through matter being CP asymmetric will expectedly cancel for each µ− and µ+

event for any given zenith angle and energy. The numerical procedure adopted and the
details of our calculation are provided in the following section.
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Figure 5.1: The oscillograms of ∆P = (PUb 6=0
νµνµ − P

Ub=0
νµνµ ) for 3 different mixing cases have

been shown. The value of δb31 = 3 × 10−23GeV is taken for Ub 6= 0. Left and right panels
are for Normal and Inverted hierarchy respectively.
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Figure 5.2: The oscillograms of ∆P = (PUb 6=0
ν̄µν̄µ − P

Ub=0
ν̄µν̄µ ) for 3 different mixing cases have

been shown. The value of δb31 = 3 × 10−23GeV is taken for Ub 6= 0. Left and right panels
are for Normal and Inverted hierarchy respectively.
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5.2 Numerical procedure

Our work uses the ICAL detector as a reference configuration, but the qualitative content
of the results will hold for any similar detector. Magnetized iron calorimeters typically
have very good energy and direction resolution for reconstructing µ+ and µ− events. The
analysis proceeds in two steps: (1) Event simulation (2) Statistical procedure and the χ2

analysis.

5.2.1 Event simulation

We use the NUANCE [137] neutrino generator to generate events. The ICAL detector
composition and geometry are incorporated within NUANCE and atmospheric neutrino
fluxes( Honda et al. [102]) have been used. In order to reduce the Monte Carlo (MC)
fluctuations in the number of events given by NUANCE, we generate a very large number
of neutrino events with an exposure of 50 kt × 1000 years and then finally normalize to
500 kt-yr.

Cos(θ)=-0.95, NH Sin22θb13=0.1
Sin22θb13=0.75

ΔP

−1

−0.5

0

0.5

1

E(GeV)
2 4 6 8 10

Figure 5.3: The difference of the Pνµνµ with and without CPTV for δb31 = 3 × 10−23GeV for
two θb13 values as a function of energy for a specific value of zenith angle. All other oscillation
parameters are same.

Each changed-current neutrino event is characterized by neutrino energy and neutrino
zenith angle, as well as by a muon energy and muon zenith angle. In order to save on
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Oscillation parameter true values Oscillation parameter true values

sin2 2θ12 0.86 δCP 0.0

sin2 2θ23 1.0 sin2 2θb12 1) 0.043, 2) 0.94, 3) 0.86

sin2 2θ13 0.1 sin2 2θb23 1) 0.095, 2) 1.0, 3) 1.0

∆m2
21 (eV2) 7.5 × 10−5 sin2 2θb13 1) 0.011, 2) 0.75, 3) 0.1

|∆m2
32| (eV2) 2.4 × 10−3 δb, φb2, φb3 0.0, 0.0, 0.0

Table 5.1: True values of the oscillation parameters used in the analysis

computational time, we use a re-weighting algorithm to generate oscillated events. This
algorithm, takes the neutrino energy and angle for each event and calculates probabilities
Pνµνµ and Pνµνe for any given set of oscillation parameters. It then compares it with a
random number r between 0 to 1. If r < Pνµνe , then it is classified as a νe event. If
r > (Pνµνe + Pνµνµ), it classified as a ντ event. If Pνµνe ≤ r ≤ (Pνµνe + Pνµνµ), then it
is considered to come from an atmospheric νµ which has survived as a νµ. Similarly
muon neutrinos from the oscillation of νe to νµ are also calculated using this re-weighting
method.

Oscillated muon events are binned as a function of muon energy and muon zenith an-
gle. We have divided each of the ten energy bins into 40 zenith angle bins. These binned
data are folded with detector efficiencies and resolution functions as described in equa-
tion (6) to simulate reconstructed muon events. In this work we have used the (i) muon
reconstruction efficiency (ii) muon charge identification efficiency (iii) muon energy res-
olution (iv) muon zenith angle resolution, obtained by the INO collaboration [138], sepa-
rately for µ+ and µ−.

The measured muon events after implementing efficiencies and resolution are

N(µ−) =

∫
dEµ

∫
dθµ[REµRθµ(ReffCeffNosc(µ

−) + R̄eff (1− C̄eff )Nosc(µ
+))] (5.8)

whereReff , Ceff , R̄eff , C̄eff are reconstruction and charge identification efficiencies for
µ− and µ+ respectively, Nosc is the number of oscillated muons in each true muon energy
and zenith angle bin and REµ , Rθµ are energy and angular resolution functions.
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The energy and angular resolution function in Gaussian form are given by

RE =
1√

2πσE
exp

[
− (Em − Et)2

2σ2
E

]
(5.9)

Rθ = Nθ exp

[
− (θt − θm)2

2(σθ)2

]
(5.10)

Here Em, Et and θm,θt are measured and true energy and angle respectively. Nθ is the
normalization constant, σθ, σE are angular and energy smearing of muons. σθ, σE are
obtained from ICAL simulations [138].

5.2.2 Statistical procedure and the χ2 analysis

We have generated event rate data with the true values of oscillation parameters given
in Table 5.1 and assuming no CPT violation, these are defined as N ex. They are then
fitted with another set of data, labelled as (N th), where we have assumed CPT violation.
The statistical significance of the difference between these two sets of data will provide
constraints on the CPT violation parameters.
We define χ2 for the data as

χ2
pull = minξk [2(N th′ −N ex −N ex ln(

N th′

N ex
)) +

npull∑
k=1

ξ2
k] (5.11)

where

N th′ = N th +

npull∑
k=1

ckξk (5.12)

npull is the number of pull variable, in our analysis we have taken npull=5. ξk is the pull
variable and ck are the systematic uncertainties. We have used 5 systematic uncertainties
in this analysis as mentioned in Table 4.1 as generally used in the other analysis of the col-
laboration. We have assumed a Poissonian distribution for χ2 because for higher energy
bins the number of atmospheric events will be small.

Since ICAL can discriminate charge of the particle, it is useful to calculate χ2(µ−) and
χ2(µ+) separately for µ− and µ+ events and then added to get total χ2. We have marginal-
ized the total χ2 within a 3σ range of the best fit value. χ2 has been marginalized over
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Figure 5.4: ∆χ2 as a function of δb31 for different mixing of θb. Best fit oscillation parame-
ters used as mentioned in Table 5.1 . The results are marginalized over θ23, θ13, δCP , ∆m2

31

and δb21. Left and right panel are for Normal and Inverted hierarchy respectively.

the oscillation parameters ∆m2
31, θ23, θ13, δCP , δb21 for both normal and inverted hierarchy

with µ+ and µ− separately for given set of input data.

5.3 Results

Figure(5.4) illustrates ∆χ2 analysis performed by marginalizing over all the oscillation
parameters ∆m2

31, θ23, θ13 within a 3σ range of their best fit values as given in Table 5.1.
δCP is marginalized over 0 to 2π. δb21 is marginalized over the range 0 to 5 × 10−23 GeV.
Left and right panel are for the Normal and Inverted Hierarchy respectively. While from
figure(5.4) we see that the best bounds arise for case 3) for both the hierarchy, where mix-
ing in the CPTV sector is the same as in the case of neutrino mixing, good bounds are also
obtainable for large mixing. Since θb12 and θb23 in both cases 2) and 3) are large, the origin
of this difference is likely due to the fact that CPT violating effects are smaller when θb13

is large, as shown in fig 5.3.
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Figure 5.5: ∆χ2 as a function of δb31 for case 3) is shown. The Red curve represents that both
sets of data has Normal hierarchy as true hierarchy, and the green curve for Inverted hierarchy
respectively. Black curve shows the bounds where hierarchy is marginalized over.

From figure(5.4) we see that 99% C.L. or better constraints on the CPT violating pa-
rameter, δb31 are possible for both hierarchies if it is & 4 × 10−23 GeV, if the mixing in the
CPTV sector is not small.

It is clear from the fig 5.5 that if marginalization over the hierarchy is carried out, the
constraints are considerably weaker. Hence a knowledge of the hierarchy certainly helps
in getting useful constraints on CPT. The sensitivities obtained are comparable to those
anticipated from other types of experiments and estimates in the literature [44–47, 50].
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Chapter 6

Non-Standard Interactions in neutrino

propagation at ICAL

In this chapter, we have described the effect of Non-Standard neutrino Interaction(NSI)
on neutrino oscillation pattern at atmospheric neutrinos with the help of ICAL detector.
We use neutrino oscillograms as our main tool to understand the role of NSI parameters
at the probability level. We have tried to find bounds on different NSI parameters using
this detector. Some of the results presented in this chapter are published in [139].

The minimal theoretical scenario needed to describe oscillations requires the existence
of neutrino masses. The simplest way is to add right handed neutrino fields to the SM
particle content (something that the originators of the SM would, no doubt, have trivially
done were non-zero neutrino masses known then) and generate a Dirac mass term for
neutrinos. However it is hard to explain the smallness of the neutrino mass terms via
this mechanism. Once we invoke new physics in order to explain the non-zero neutrino
masses, it seems rather unnatural to exclude the possibility of non standard interactions
(NSI) which can, in principle, allow for flavour changing interactions. Simultaneously,
these are new sources of CP violation which can affect production, detection and propa-
gation of neutrinos [140].

In recent years, the emphasis has shifted towards understanding the interplay between
SI and NSI and whether future oscillation experiments can test such NSI apart from de-
termining the standard oscillation parameters precisely. This has led to an upsurge in
research activity in this area (see the references in [140]). There are also other motiva-
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tions for NSI such as (electroweak) leptogenesis [141], neutrino magnetic moments [142],
neutrino condensate as dark energy [143, 144].

Neutrino oscillation experiments can probe these NSI by exploiting the interference of
standard amplitude with the NSI one. In view of the excellent agreement of data with
standard flavour conversion via oscillations, we would like to explore how large an NSI
is still viable or how sub-dominant effects show up in oscillation probabilities.

The plan of the chapter is as follows. We first briefly outline the NSI framework in
Sec. 6.1 and then discuss the neutrino oscillation probabilities in presence of NSI using
perturbation theory approach in Sec. 6.2. We describe the features of the neutrino oscillo-
grams in Sec. 6.3. In section 6.4, we discuss about the effect of nsi parameters on octant of
θ23. Analysis procedure and event spectrum has been described in section 6.5 and finally
results are shown in section 6.6.

6.1 Neutrino NSI Framework: relevant parameters and

constraints

As in case of standard weak neutrino interactions, a wide class of “new physics sce-
narios" can be conveniently parametrised in a model independent way at low energies
(E � MEW ) by using effective four-fermion interactions. In general, the NSI can impact
the neutrino oscillation signals via two kinds of interactions : (a) charged current (CC) in-
teractions (b) neutral current (NC) interactions. However, CC interactions affect processes
only at the source or the detector and these are clearly discernible at near detectors (via
the zero distance effect). On the other hand, the NC interactions affect the propagation
of neutrinos (via baseline dependent effect) which can be studied at far detectors. Due to
this decoupling, the two can be treated in isolation. Usually, it is assumed that the CC NSI
terms (e.g., of the type (ν̄βγ

µPLlα)(f̄LγµPCf
′
L) with f, f ′ being the components of a weak

doublet) are more tightly constrained than the NC terms and, hence, are not considered.
It turns out, though, that, in specific models, the two can be of comparable strengths [145].
However, we are interested in the NSI that alters the propagation of neutrinos, we shall
consider the NC type of interactions alone.

The effective Lagrangian describing the NC type neutrino NSI of the type (V −A)(V ±
A)

LNSI = −2
√

2GF ε
f C
αβ [ν̄αγ

µPLνβ][f̄γµPCf ] , (6.1)
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where GF is the Fermi constant, να, νβ are neutrinos of different flavours, f is a first gen-
eration SM fermion (e, u, d). The chiral projection operators are given by PL = (1 − γ5)/2

and PC = (1 ± γ5)/2. In general, the NSI terms can be complex. The new NC inter-
action terms can affect the neutrino oscillation physics either by causing the flavour of
neutrino to change (να + f → νβ + f ) i.e., flavour changing (FC) interaction or, by having
a non-universal scattering amplitude of NC for different neutrino flavours i.e., flavour
preserving (FP) interaction. At the level of the underlying Lagrangian, the NSI coupling
of the neutrino can be to e, u, d. However, from a phenomenological point of view, only
the sum (incoherent) of all these individual contributions (from different scatterers) con-
tributes to the coherent forward scattering of neutrinos off matter. If we normalize to ne,
the effective NSI parameter for neutral Earth matter is

εαβ =
∑

f=e,u,d

nf
ne
εfαβ = εeαβ + 2εuαβ + εdαβ +

nn
ne

(2εdαβ + εuαβ) = εeαβ + 3εuαβ + 3εdαβ (6.2)

where nf is the density of fermion f in medium crossed by the neutrino and nn is the
neutron number density. Also εfαβ = εfLαβ + εfRαβ which implies that NC type NSI matter
effects are sensitive to the vector sum of the NSI couplings.
Let us now discuss the constraints on NC type NSI parameters. As mentioned above,
the contribution that enters oscillation framework is given by Eq.6.2. The individual NSI
terms such as εfLαβ or εfRαβ are constrained in any experiment (keeping only one of them
non-zero at a time) and moreover the coupling is either to e, u, d individually [70]. In
view of this, it is not so straightforward to interpret those bounds in terms of effective
εαβ .

There are two ways : (a) One could take the most stringent constraint in the individual
NSI terms (say, |εuµτ |) and use that to bound the effective term (say, |εµτ |) in Eq 6.2 and that
leads to

|εαβ| <


0.06 0.05 0.27

0.05 0.003 0.05

0.27 0.05 0.16

 (6.3)

b) With the assumption that the errors on individual NSI terms are uncorrelated, the
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authors in Ref. [145] (see also Ref. [70]) deduce model-independent bounds on effective
NC NSI terms for neutral Earth matter leads to

|εαβ| <


4.2 0.33 3.0

0.33 0.068 0.33

3.0 0.33 21

 (6.4)

Following the other studies on neutrino NSI during propagation, we will use a conser-
vative value of |εαβ| = 0.15 for the parameters εµτ , εeµ and εeτ appearing in the present
work. NSI in the context of atmospheric neutrinos has been studied by various au-
thors [71, 72, 146, 147]. The SK NSI search in atmospheric neutrinos crossing the Earth
found no evidence in favour of NSI and the study led to upper bounds on NSI parame-
ters [77] given by |εµτ | < 1.1 × 10−2, |ε′| = |εµµ − εττ | < 4.9 × 10−2. Although, SK collab-
oration uses a different normalization (nd) while writing the effective NSI parameter (see
Eq. (6.2)) and hence we need to multiply the bounds mentioned in Ref. [77] by a factor of
3. Also the off-diagonal NSI parameter is constrained −0.20 < εµτ < 0.07 from MINOS
data using neutrino and antineutrino beams [75, 148]. In Ref. [149], the global analysis of
oscillation data is used to extract allowed ranges of NSI parameters.

6.2 Neutrino oscillation probability in matter with NSI

In this chapter we have tried to write analytical expressions of the probability formula.
The purpose of the analytic expressions presented here is to understand the features in
the probability in presence of NSI. All the plots presented in this chapter are obtained nu-
merically by solving the full three flavour neutrino propagation equation through Earth
using the PREM density profile of the Earth, and the latest values of the neutrino param-
eters as obtained from global fits (see Table 1.1).
In case of atmospheric neutrinos, one can safely neglect the smaller mass squared differ-
ence ∆m2

21 in comparison to ∆m2
31 since ∆m2

21L/4E � 1 for a large range of values of L
andE (especially above a GeV). This "one mass scale dominance" (OMSD) approximation
allows for a relatively simple exact analytic computation of the probability (as a function
of only three parameters θ23, θ13 and ∆m2

31) for the case of constant density matter [98]. In
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order to systematically take into account the effect of small parameters, the perturbation
theory approach is used.

In the ultra-relativistic limit, the neutrino propagation is governed by a Schrödinger-
type equation with an effective Hamiltonian

H = Hvac +HSI +HNSI (6.5)

where Hvac is the vacuum Hamiltonian and HSI,HNSI are the effective Hamiltonian in
presence of Standard Interactions (SI) and non-standard interactions (NSI) respectively.

H =
1

2E


U


0

∆m2
21

∆m2
31

U
† + A(x)


1 + εee εeµ εeτ

εeµ
? εµµ εµτ

εeτ
? εµτ

? εττ




(6.6)

where A(x) =
√

2GFne(x) is the standard CC potential due to the coherent forward scat-
tering of neutrinos and ne is the electron number density. If we define dimensionless
ratios

∆ ≡ ∆m2
31

2E
; r∆ ≡

∆m2
21

∆m2
31

; rA ≡
A(x)

∆m2
31

(6.7)

Then the oscillation probability for νe → νµ can be obtained as

PNSI
eµ ' 4s2

13s
2
23

[
sin2 (1− rA)∆L/2

(1− rA)2

]
+ 8s13s23c23(|εeµ|c23cχ − |εeτ |s23cω) rA

[
sin rA∆L/2

rA

sin (1− rA)∆L/2

(1− rA)
cos

∆L

2

]
+ 8s13s23c23(|εeµ|c23sχ − |εeτ |s23sω)rA

[
sin rA∆L/2

rA

sin (1− rA)∆L/2

(1− rA)
sin

∆L

2

]
+ 8s13s

2
23(|εeµ|s23cχ + |εeτ |c23cω)rA

[
sin2 (1− rA)∆L/2

(1− rA)2

]
(6.8)

where we have used s̃13 ≡ sin θ̃13 = s13/(1−rA) to the leading order in s13, and χ = φeµ+δ,
ω = φeτ +δ and sij = sin θij, cij = cos θij . Only the parameters εeµ and εeτ enter in the prob-
ability expression.
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The probability for νµ → νµ channel is given by

PNSI
µµ ' 1− s2

2×23

[
sin2 ∆L

2

]
− |εµτ | cosφµτs2×23

[
s2

2×23(rA∆L) sin ∆L+ 4c2
2×23rA sin2 ∆L

2

]
+ (|εµµ| − |εττ |)s2

2×23c2×23

[
rA∆L

2
sin ∆L− 2rA sin2 ∆L

2

]
(6.9)

where s2×23 ≡ sin 2θ23 and c2×23 ≡ cos 2θ23. This means that NSI elements in the µ−τ sector
are completely decoupled from the νe [150–152] and the survival probability depends on
three parameters εµµ, εµτ , εττ leading order expression [152].

In order to quantify the impact of NSI, it is useful to define a difference

∆Pαβ = P SI
αβ − PNSI

αβ (6.10)

where P SI
αβ is probability of transition assuming standard interactions (i.e.with εαβ being

set to zero in Eqs. (6.8) and (6.9)) and PNSI
αβ is the transition probability in presence of the

NSI parameters. For the different channels that are relevant to our study, the ∆Pαβ are
given below :

∆Peµ ' − 8s13s23c23(|εeµ|c23cχ − |εeτ |s23cω) rA

[
sin rA∆L/2

rA

sin (1− rA)∆L/2

(1− rA)
cos

∆L

2

]
− 8s13s23c23(|εeµ|c23sχ − |εeτ |s23sω)rA

[
sin rA∆L/2

rA

sin (1− rA)∆L/2

(1− rA)
sin

∆L

2

]
− 8s13s

2
23(|εeµ|s23cχ + |εeτ |c23cω)rA

[
sin2 (1− rA)∆L/2

(1− rA)2

]
. (6.11)

∆Pµµ ' |εµτ | cosφµτs2×23

(
s2

2×23(rA∆L) sin ∆L+ 4c2
2×23rA sin2 ∆L

2

)
− (|εµµ| − |εττ |)s2

2×23c2×23

[
rA∆L

2
sin ∆L− 2rA sin2 ∆L

2

]
. (6.12)

For the case of anti-neutrinos, A→ −A which implies that rA → −rA while ∆→ ∆, r∆ →
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r∆. Similarly for IH, ∆m2
31 → −∆m2

31, which implies ∆ → −∆, r∆ → −r∆, rA → −rA but
∆rA → ∆rA. In the present work, for the sake of simplicity, NSI parameters are taken to
be real (εαβ = ε?αβ) and also δCP = 0.

6.3 Neutrino oscillograms in presence of NSI

For a given hierarchy (NH or IH) and best-fit values of the oscillation parameters (as
given in Table 1.1), the oscillation probability depends on only two quantities : the neu-
trino energy E and the zenith angle of the direction of the neutrino (cos θ). cos θ = −1 and
cos θ = 0 correspond to vertically upward and horizontal directions respectively. The os-
cillation pattern can then be fully described by contours of equal oscillation probabilities
in the E − cos θ plane. We use these neutrino oscillograms of Earth to discuss the effect of
neutrino - matter interactions on the atmospheric neutrinos passing through the Earth.

Let us now address the impact of NSI on neutrinos and anti-neutrinos traversing the
Earth. To best illustrate the features, we consider only one NSI parameter to be non-zero.
In the leading order expression there are only two combinations of the three NSI param-
eters (εµτ , εµµ, εττ ) that appear. Let us discuss them in turn below :

(a) εµτ 6= 0; εµµ = εττ = 0 : In Fig. 6.1, we show the corresponding PNSI
µµ for the case of

NH (top row) and IH (bottom row) and and two specific values of the NSI parameter
εµτ consistent with the current bounds. Note that the case of NH and εµτ > 0 is grossly
similar to the case of IH and εµτ < 0 (and, similarly, NH and εµτ < 0 vs. IH and εµτ > 0) .

From Eq. (6.9), we see that there are two terms proportional to εµτ , one where the os-
cillation argument is sin ∆L and other one with sin2 ∆L/2. Thus the first term can be
positive or negative depending upon the value of the phase, while the second term is al-
ways positive. It is the interplay of these two terms that leads to the features in these plots.
The mass hierarchy dependence comes from the first term since we have rA∆L sin(∆L)

which changes sign when we go from NH to IH. Near the vacuum dip ∆L = (2p+ 1)π/2,
this term will be dominant. Due to this for NH and εµτ > 0, we see an oscillatory pat-
tern which is a modification of the standard oscillation pattern. For IH and εµτ > 0, the
term proportional to |εµτ | will have a negative overall sign and this leads to a somewhat
washout of the oscillation pattern.

The difference between SI and NSI contributions to the probability ∆Pµµ is shown in
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Figure 6.1: Oscillograms of Pµµ for NH and IH with non-zero εµτ .

Fig. 6.2. |∆Pµµ| can be as large as 1 for regions in the core and in mantle for some choice
of εµτ and hierarchy. We also note large changes in probability (the regions where the
difference is large ∼ ±1) along the diagonal line.

(b) εµµ − εττ 6= 0; εµτ = 0 : This case will correspond to diagonal FP NSI parameter,
εµµ − εττ . As mentioned above, the εµµ is tightly constrained (see Eq. (6.4)) and the bound
on εττ is very loose.

(c) Sub-dominant effects due to εeµ, εeτ 6= 0 : Next we discuss how the εeµ and εeτ affect
∆Pµµ. For the case of NH, we compare the cases of non-zero εµτ , εeµ, εeτ in Fig. 6.3. From
Eq. (6.4), we see that the bounds for εeµ and εµτ are similar 0.33 while that of εeτ is rather
loose (3.0). It is seen that the other parameters involving the electron sector play only a
sub-dominant role in this channel. This can also be understood from the fact that these
terms do not appear in the first order expression of PNSI

µµ (see Eq. (6.9)) but only appear
at second order [150].
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Figure 6.2: Oscillograms of ∆Pµµ with non-zero εµτ .

νe → νµ appearance channel :

In Fig. 6.4, we show the effect of εµτ on the oscillograms of ∆Peµ. Since the parameter
εµτ does not appear in the first order expression (Eq. (6.8)), naturally its impact is expected
to be small. |∆Peµ| ' 0.3 − 0.4 only in very tiny regions. We compare the effects due to
the three NSI parameters on this channel in Fig. 6.5. Since the parameters εeµ, εeτ appear
in the first order expression (Eq. (6.8)), naturally its impact is expected to be some what
more as compared to εµτ .

(a) Subdominant effects due to εµτ 6= 0 : In Fig. 6.4, we show the effect of εµτ on the
oscillograms of ∆Peµ. Since the parameter εµτ does not appear at all in the first order
expression (Eq. (6.8)), naturally its impact is expected to be small. Consequently, |∆Peµ| 6=
0 only in very tiny regions and can at best be as large as 0.3− 0.4.

(b) Comparison of effects due to εeµ 6= 0, εeτ 6= 0 and εµτ 6= 0 : In Fig. 6.5, we compare
the effects due to the three NSI parameters for the case of NH, allowing only one of them
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Figure 6.3: Oscillogram pattern of ∆Pµµ with non-zero εeµ, εeτ , εµτ .

to be non-zero at a time. Since the parameters εeµ, εeτ appear in the first order expression
(Eq. (6.8)), they naturally have a larger impact as compared to εµτ and, in the favourable
situation, |∆Peµ| can be as large as 0.5. This is to be contrasted with |∆Pµµ| which could
take values as large as 1 under favourable conditions. Also, if we look at Eq. (6.8), we
note that εeµ and εeτ appear on equal footing as far as PNSI

eµ is concerned.
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Figure 6.4: Oscillograms of ∆Peµ for the NSI parameter εµτ .
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6.4 θ23 Octant determination in presence of NSI using the

muon disappearance channel

If we closely examine the expression for muon neutrino disappearance probability, we
note that in vacuum, the two flavour expression depends on sin2 2θ23. In matter (in the
OMSD approximation) too, the leading order term is proportional to sin2 2θ23. This leads
to octant degeneracy which means that θ23 and π/2−θ23 are indistinguishable. For a given
value of sin2 2θ23 = X , the two degenerate solutions for θ23 are,

θ23 =
sin−1

√
X

2
or, θ23 =

π

2
− sin−1

√
X

2
(6.13)

Obviously, for maximal 23 mixing, the two coincide and θ23 = π/4 uniquely. However
for non-maximal (X 6= 1) mixing, there is clearly an ambiguity in determining the true
value of θ23, since there exist two degenerate solutions : one in the lower octant (LO) and
other in the higher octant (HO) (see Eq. (6.13)). From Table. 1.1, we note that there is a
hint for the value of sin2 θ23 to be non-maximal and the preferred value lies in the HO
for both the hierarchies (ignoring that there is a local minima in the LO for the case of
NH). The data indicates an average value of sin2 θ23 ∼ 0.57 which leads to θ23 ' 49◦ and
the corresponding value of X = 0.98. Now for X = 0.98, one can have θ23 ' 0.43 (41◦)
and θ23 ' 0.86 (49◦) which correspond to sin2 θ23 ' 0.43 and sin2 θ23 ' 0.57 respectively.
If we call the true value as sin2 θ23(true), and the false value as, sin2 θ23(false) = 1 −
sin2 θ23(true). This leads to degeneracy as Pαβ(sin2 θ23(true)) = Pαβ(1− sin2 θ23(true)).

For atmospheric neutrinos, the resolution of this degeneracy relies on the resonant
earth matter effects and using the OMSD formulae (which are valid for a large range of
E and L), one notes that for neutrinos (anti-neutrinos), there is a term ∝ sin4 θ23 sin2 2θ̃13

which is sensitive to the octant and can be large near MSW resonance for NH (IH). For
neutrinos and IH (anti-neutrinos and NH), the vacuum oscillation formula holds which
has the dominant term depending on sin2 2θ23 as well as a sub-dominant θ13 dependent
term that can aid in the resolution of degeneracy (via a combination sin2 θ23 cos 2θ23). It is
therefore natural to investigate the influence of non-zero NSI parameter εµτ on resolution
of this degeneracy.

In Fig. 6.6, we show the Pµµ as a function of sin2 2θ13 within the allowed range (Ta-
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Figure 6.6: Pµµ for LO and HO and for NH and IH. Here L = 5000 km and E = 5 GeV
has been taken as input. The width of bands represents variation over δCP ∈ [−π, π].
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ble. 1.1) for θtrue23 = 49◦ and θfalse23 = 41◦. The thickening of curves into bands take into
account the variation of δCP in [−π, π]. The vertical solid line depicts the best-fit value of
θ13. We compare the effect of non-zero εµτ (both signs) for NH and IH respectively. For
NH, we see that the curves (red and green) for LO and HO are well separated while for
IH the curves for LO and HO overlap in the absence of NSI as expected. If we focus on
the vertical line, we note that NSI term can shift the probability from ∼ 0.8 to a lower
value ∼ 0.6 − 0.65 for NH, LO and both signs of εµτ . And, NSI, LO (and HO) (blue and
magenta) curves overlap with SI, HO (green) for εµτ > 0 while for εµτ < 0, the curves for
NSI, LO (blue) barely separate out from NSI, HO (magenta) but still SI, HO curves (green)
overlap with NSI, LO (blue). Similarly, for the IH, the probability changes from ∼ 1 to
a lower value ∼ 0.7 − 0.8 but the two octants are indistinguishable both in absence and
presence of NSI.

Thus, in presence of NSI, the octant determination using matter effects needs to be
done more carefully taking into account additional admissible parameters.

6.5 Analysis and Event spectrum

We have generated the atmospheric neutrino events at ICAL detector as mentioned in
sec 4.2.1. We have assumed the smearing in energy of neutrino as σE = 0.15

√
E, angular

resolution of the neutrino as σθ = 10o and detector efficiency as 85%. We have done our
analysis considering simplistic detector properties, such as, neutrino resolutions, efficien-
cies etc. This is because, our main aim in this chapter is to understand how NSI affects
the standard oscillations while propagation. If we can understand the physics without
considering complicated detector properties, then later one can use the realistic detector
properties.The best fit oscillation parameters have been used as mentioned in Table 1.1.
The difference with and without NSI of the νµ events using parameters εµτ and εµe is
shown in Fig. 6.7. For ICAL, it is evident that ∆Nµ ' ±10 in some of the bins for εµτ 6= 0

while for εµe 6= 0, the ∆Nµ ∼ ±4. This was expected from the probability level analysis
since the leading dependence was through εµτ .

We have followed the statistical technique as mentioned in 4.2.2. We have marginalize
χ2 within the 3σ range as mention in Table 1.1. In our analysis, we have assumed a
particular hierarchy, because primary goal of ICAL is to find hierarchy. Hence, when
constraints on NSI parameter will be analysed, by that time hierarchy will be known
preciously.
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Figure 6.7: The difference with and without NSI of νµ (only) events for non-zero εµτ (left)
and εµe (right). All the data are generated for 500 kt-yr of exposure for magnetized ICAL
assuming NH as the true hierarchy.

6.6 Constraints on εµτ , εµe, εeτ

We have shown the constraints on εµτ , εµe, εeτ with ICAL detector of fiducial volume 500
kt-yr. At first, we have taken the limits on these NSI parameters as mentioned in eq. 6.4.
We have considered both the positive and negative values. The bounds on εµτ and εµe are
shown in the left and right panel of figure 6.8 respectively. Constraints on εeτ is shown
in figure 6.9. We have taken other values of NSI parameters as zero, while calculating
the constraints on one parameter. This shows that the ICAL will be able to provide best
constraints on εµτ . It can be understood easily, because for ICAL dominant channel is Pµµ
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and εµτ has maximum effect on Pµµ . The constraints are larger for Inverted hierarchy.
This is because the dominant contribution is coming from Pµµ. If we examine the plots
of ∆Pµµ and ∆Pµe (Figs. 6.2 and 6.4), we note that there are larger regions in E − cos θ

parameter space in case of IH than NH for ∆Pµµ. It can be noted that the opposite is
seen in case of ∆Pµe - the regions with large change in probability actually shrink for IH
compared to NH. But, since the contribution from Peµ to Nµ is suppressed by the electron
to muon flux ratio for the atmospheric neutrinos and also the maximum possible change
is ∼ ±0.5 (which is much smaller than ∼ ±1 for ∆Pµµ), this does not nullify the large
changes induced due to Pµµ.

Left panel of figure 6.10 shows the contour in εµτ - εµe plane. The contour shows the
regions in εµτ - εµe plane for which ICAL can not distinguish between SI and NSI with
90%(green solid) and 95%(red dotted) C.L. respectively. Similar, 6.11 and 6.12 show the
regions in εeτ - εµe and εµτ - εeτ plane respectively.
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Figure 6.8: Constraints on NSI parameters εµτ (left) and εµe (right) with ICAL detector
for 500 kt-yr fiducial volume. Magenta and green curve are for Normal and Inverted
hierarchy respectively.
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Figure 6.9: Constraints on NSI parameters εeτ with ICAL detector for 500 kt-yr fiducial
volume. Magenta and green curve are for Normal and Inverted hierarchy respectively.
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Figure 6.10: Contours of exclusion between SI and NSI in εµτ - εµe plane with ICAL detec-
tor of fiducial volume 500kt-yr. NH is taken as true hierarchy.
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Figure 6.11: Contours of exclusion between SI and NSI in εeτ - εµe plane with ICAL detec-
tor of fiducial volume 500kt-yr. NH is taken as true hierarchy.
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Chapter 7

Summary

In this thesis, we have studied the simulation of muons and the sensitivity to new physics
for the ICAL detector. Using standard oscillations, we have also shown the possibility of
determining the octant of θ23 at ICAL in conjunction with T2K and NOνA data. In new
physics searches, we have shown that it is possible to constrain Lorentz/CPT violation in
the neutrino sector, and the effect of non-standard interactions on the oscillation pattern
of atmospheric neutrinos.

7.1 Summary of simulation of muons

The proposed ICAL detector geometry has been simulated using the GEANT4 package.
Muons are the minimum ionizing particle, it generates clean, long tracks inside a detec-
tor compared to other leptons. Hence, the muon is the most important detected particle
as far as ICAL is concerned. For each energy and angle bin, we propagate 10000 muons
uniformly from a vertex position located at the central region of the detector, where the
magnetic field is uniform. When the muon passes through the RPC, it gives a signal
which is counted as a hit. We have then described how those hits at different layers form
a cluster. From all possible clusters, the track finder finds the possible tracklets which are
input to the track fitter. A Kalman filter based algorithm is used to fit the tracks based on
their bending in the magnetic field. Each muon track is then analysed using momentum
resolution, angle resolution, reconstruction efficiency and relative charge identification ef-
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ficiency. We carry out the analysis of muon with momentum range from 1-20 GeV/c and
direction cos(θ) > 0.35. We show that momentum resolution is about 9-14%. The recon-
struction efficiency is about 80% in all most all the regions of the detector. The direction
resolution of muon is very good, it is better than a degree for all angles and momentum
greater 4 GeV/C. The excellent direction resolution of muon is one of the most key factor
for the study of the neutrino mass hierarchy. The relative charge identification efficiency
is about 98% over all the range of momentum and angle.

7.2 Summary of the Octant sensitivity study

In this chapter, we study the possibilities of determining the octant of the atmospheric
mixing angle θ23 at the ICAL detector, in conjunction with T2K and NOνA. Although
the octant degeneracy conventionally refers to the indistinguishability between θ23 and
π/2 − θ23, we have generalized this to include the whole range of allowed value of θ23 in
the wrong octant in our analysis.

At first, we present a probability level discussion on the effect of uncertainty in θ13,
δCP and values of θ23 in the wrong octant for atmospheric neutrino and long baseline ex-
periment. The following features has been shown in our study: Atmospheric neutrinos
which traverse a baseline of 5000 km can lift the intrinsic octant degeneracy in Pµµ and the
octant degeneracy with θ13 and δCP in Pµe with the help of strong matter effects. This is be-
cause the term sin2 2θm

13 becomes close to 1 at or near matter resonance, and this makes the
leading-order term proportional to sin2 θ23 (sin4 θ23) in Pµe (Pµµ ) dominate, giving distinct
values in the two octants irrespective of the vacuum value of θ13. For smaller baselines,
where the matter effect is small, the appearance probability Pµe displays a degeneracy of
the θ23 octant with the values of θ13 and δCP due to its dependence on the combination
sin2 θ23 sin2 2θ13 at leading order as well as in its subleading δCP dependent terms. The
disappearance probability Pµµ suffers from an intrinsic octant degeneracy between θ23

and π/2 − θ23 due to being a function of sin2 2θ23 at leading order. We also find that after
including the improved precision in θ13 from the recent reactor results, the octant degen-
eracy with respect to θ13 is greatly reduced.

We then perform a χ2 analysis of the octant sensitivity for ICAL, T2K/NOνA and
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perform a combined analysis. The ICAL detector gives a 2σ sensitivity to the octant for
θ23 = 39o and sin2 2θ13 = 0.1 for a true normal hierarchy. Combining the NOνA and
T2K data leads to a higher octant sensitivity due to the addition of sensitivities from
the two experiments. The major role played in enhancing the octant sensitivity in these
experiments is the addition of priors, especially on θ13, which helps in ruling out the
degenerate solutions in the wrong octant. After adding priors one can achieve a ∼ 2σ

sensitivity at θ23 = 39o for sin2 2θ13 = 0.1 and δCP = 0 for both normal and inverted
hierarchies. We have also shown the combined χ2 data table for all true value of θ23.

To summarize, we show that the improved precision of θ13 and the different depen-
dence on θ23 in the disappearance and appearance channels and in vacuum and matter
probabilities leads to an enhanced octant sensitivity when long baseline and atmospheric
neutrino experiments are combined.

7.3 Summary of Lorentz / CPT violation study

In the next chapter we show that a magnetized iron calorimeter like ICAL, with its at-
tributes of good energy and angular resolution for muons and its charge identification
capability can be a useful tool in investigating Lorentz invariance violation and CPT vi-
olation stemming from physics at higher energy scales, even though its main physics
objective may be hierarchy determination.
First, we describe the phenomenological formalism incorporating CPT violation in neu-
trino oscillations. We define the effective Hamiltonian of the neutrinos in the flavour
basis, and add a generic CPT violating term. The effective new Hamiltonian contains
six mixing angle and seven phases. It is clear that the results will depend on the mixing
angles in the CPT violation sector. We have examined the effects of three different repre-
sentative sets of mixing angles characterized by 1) small mixing, 2) large mixing and 3)
the same mixing as the PMNS mixing.

Before discussing the results of numerical simulations, we have tried to understand
the effects at the level of probabilities. We note that the matter target in our case is CP
asymmetric, which will automatically lead to effects similar to those induced by the mix-
ing matrix Ub in the CPT violating sector. In order to separate the effects arising due to
dynamical CPT violation from those originating due to the CP asymmetry of the earth, it
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helps to consider the difference in the disappearance probabilities with Ub effects turned
on and off, respectively. We have presented the difference of the probability in the form
of oscillogram. We do this separately for νµ and ν̄µ events with NH and IH assumed as
the true hierarchy. The oscillogram shows several general features. First effects are uni-
formly small at shorter baselines irrespective of the value of the energy. The qualitative
feature that CPT effects are larger at long baselines continues to be manifest even when
one incorporates three flavour mixing and the presence of matter, and this is brought out
in all the figures. Secondly, as is well-known, matter effects are large and resonant for
neutrinos and NH, and for anti-neutrinos with IH. Thus in both these cases, they mask
the (smaller) effect of CPT stemming from Ub. Hence for neutrino events, CPT sensitivity
is significantly higher if the hierarchy is inverted as opposed to normal, and the converse
is true for anti-neutrino events. Finally, effects are largest for cases 3) and 2), and smaller
for case 1). The effect is smaller for case 1) is due to the fact that mixing is very small
compared to other two. The origin of the difference for the case 2) and 3) is likely due to
the fact that CPT violating effects are smaller when θb13 is large.

Using resolutions, efficiencies, errors and uncertainties generated by ICAL detector
simulation, we have calculated reliable sensitivities to the presence of CPTV at the ICAL
detector. We carry through the mode of looking at the difference between the case when
Ub is non-zero and zero respectively to the event and χ2 levels in our calculations in this
chapter. To use the lepton charge identification capability of a magnetized iron calorime-
ter optimally, we calculate χ2 from µ− and µ+ events separately. Following this procedure,
the contribution arising through matter being CPT asymmetric will expectedly cancel for
any given zenith angle and energy. We have carried out our calculations for all three rep-
resentative cases mentioned above. We find that for both types of hierarchy, ICAL should
be sensitive to δb31 & 4 × 10−23 GeV at 99% C.L. with 500 kt-yr of exposure, unless the
mixing in the CPTV sector is small. As discussed earlier, CP (and CPT) effects due to
earth matter asymmetry are subtracted out.

7.4 Summary of Non standard Interaction study

In this chapter, we describe the effect of non-standard neutrino interactions on the neu-
trino oscillation pattern of atmospheric neutrinos with the help of ICAL detector. First,
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we discuss the framework of Non-Standard Interactions(NSI) of neutrinos with the mat-
ter fermions. In general, NSI can impact the neutrino oscillation signals via two kinds of
interactions, a) Charge current interactions (CC), b) Neutral current (NC) interactions. CC
interactions mainly affect processes only at the source and at the detector. On the other
hand, the NC interactions affect the propagation of neutrinos, and we focus on this.Then,
we discuss the model-independent bounds on NSI parameters. After that, we have de-
rived the analytic expressions of the oscillation probability in presence of NSI. The NSI
term has been added as a perturbation to the standard Hamiltonian. We have used "one
mass-squared dominant"(OMSD) approximation to understand the features of the prob-
ability expressions.

Apart from the oscillation parameters, the neutrino oscillations probability depends
on the neutrino energy and the zenith angle of the direction of the neutrinos. Hence, the
oscillation pattern can be fully described by contours of equal oscillation probabilities in
the E-Cosθ plane. We use the neutrino oscillograms to discuss the effect of neutrino mat-
ter interactions on the atmospheric neutrino propagation along with NSI parameters.

We show the effect of εµτ , εµe, εeτ on the oscillation probability. In the case of Pµµ , the
effect of εµτ is large compared to the other two. In the case of Pµe , since the parameters
εµe, εeτ appear in the first order expressions, its impact is expectedly more as compared to
that of εµτ .

In the next section, we have tried to understand the effect of NSI parameters on the
determination of octant of θ23 at the level of probability. As Pµµ has inherent octant degen-
eracy, we focus on Pµµ to understand whether the NSI parameter can improve or make
it more difficult to resolve the degeneracy. The plots in this chapter show that while dis-
cussing the octant degeneracy resolution, NSI parameters can mimic the opposite octant.

We calculate the constraints on the three NSI parameters. We have calculated ∆χ2

value between two sets of data, one of the data set with non zero value of nsi parameter
at a time and other set as standard interaction of neutrinos. The study shows that the
ICAL will be able to provide better constraints on εµτ as expected from the probability
expressions and from the event plot. Finally, the contours presented show the region in
ε’s plane for which the ICAL can not distinguish between SI and NSI with 90% and 95%

C.L.
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In conclusion, the thesis contents the first study of the simulation of muons at the ICAL
detector, which is very crucial to achieve the neutrino oscillation physics goals as well
as new physics searches. We have shown that 3σ octant sensitivity can be achieved by
combining ICAL with T2K and NOνA data. Besides the standard oscillation physics, we
have also shown new physics searches at ICAL. The thesis shows that ICAL can provide
significant information on CPT violation and Non-Standard neutrino interactions. The
updates and improvements in the simulation of muon and technique of our analysis will
improve the results presented in the thesis.
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